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Recent inapproximability results of Sly (2010), together with an approximation algorithm
presented by Weitz (2006), establish a beautiful picture of the computational complexity of
approximating the partition function of the hard-core model. Let 4.(Ta) denote the critical
activity for the hard-model on the infinite A-regular tree. Weitz presented an FPTAS for
the partition function when A < 4.(Tp) for graphs with constant maximum degree A. In
contrast, Sly showed that for all A > 3, there exists ex > 0 such that (unless RP = NP)
there is no FPRAS for approximating the partition function on graphs of maximum degree
A for activities 2 satisfying 1.(Ta) < 4 < A.(Ta) + €.

We prove that a similar phenomenon holds for the antiferromagnetic Ising model.
Sinclair, Srivastava and Thurley (2014) extended Weitz’s approach to the antiferromagnetic
Ising model, yielding an FPTAS for the partition function for all graphs of constant
maximum degree A when the parameters of the model lie in the uniqueness region of the
infinite A-regular tree. We prove the complementary result for the antiferromagnetic Ising
model without external field, namely, that unless RP = NP, for all A > 3, there is no FPRAS
for approximating the partition function on graphs of maximum degree A when the inverse
temperature lies in the non-uniqueness region of the infinite tree To. Our proof works by
relating certain second moment calculations for random A-regular bipartite graphs to the
tree recursions used to establish the critical points on the infinite tree.
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1. Introduction

A remarkable computational transition has recently been established for the complexity
of approximating the partition function of the hard-core model. Amazingly, this compu-
tational transition coincides exactly with the statistical physics phase transition on infinite
A-regular trees. In this work we prove that a similar phenomenon holds for a much more
general class of two-spin models.

Our general setup is two-spin systems on an input graph G = (V, E) with maximum
degree A. We follow the setup of several related previous works [12, 26, 18]. Configurations
of the system are assignments ¢ : V — {—1,+1}. For a given configuration ¢ € {—1,+1}",
let n_(o) denote the number of vertices assigned —1, let m™ (o) be the number of edges
with both endpoints assigned —1 and m™(s) the number of edges with both endpoints
assigned +1.

There are three non-negative parameters By, B, and A, where By is the edge activity
for (—,—) edges, B, is the edge activity for (+,+) edges, and A is the vertex activity (or
external field). A configuration ¢ € {—1,4+1}" has weight

wa(o) = OB @ @)

The Gibbs distribution pg(-) is over the set {—1,+1}", where pg(d) = wg(a)/Z and where
Z = Z;(By1, By, A) is a normalizing factor, known as the partition function, defined as

Z:= Y welo)= Y BB

se{—1+1}V ce{—1+1}V

Let us point out a few examples of two-spin models that are of particular interest.
Setting By =0 and B, = 1, the only configurations with positive weight in the Gibbs
distribution induce independent sets of G. This case is known as the hard-core model with
fugacity . Setting By = B, = B, one recovers the Ising model. The case A = 1 is the Ising
model without external field. When B < 1 it is the antiferromagnetic Ising model, and
when B > 1 it is the ferromagnetic Ising model. In general, when B;B; < 1 the model is
called antiferromagnetic, and when B1B, > 1 it is ferromagnetic.

The Ising and hard-core models (and, more generally, spin models) have been studied
thoroughly in various contexts, especially in statistical physics. Their interpretation as
idealized models of microscopic interaction within a body have nurtured research on
understanding their macroscopic behaviour on appropriate underlying graph structures,
such as the infinite grid or the infinite triangular lattice. The intriguing questions arising
have made an impact on other fields as well, most notably probability and computer
science. For illuminating accounts of such directions, we refer the reader to [21] and [29].

In this paper, we focus on the computational complexity of approximating the partition
function in two-spin models. A long series of works, which we only touch upon later in
this introduction, have identified the connection of the problem with decay of correlation
properties in Gibbs measures of the infinite A-regular tree. In statistical physics terms,
this is known as the phase transition on the Bethe lattice. To briefly sketch this important
concept, let Ty denote the infinite A-regular tree. When the parameters of the two-spin
model lie in the so-called uniqueness region of Ta, for finite complete trees of height h,
the influence on the root from fixing a configuration on the leaves dies off in the limit
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as the height goes to infinity. In sharp contrast, in the non-uniqueness region there exist
configurations of the leaves for which their influence on the root persists in the limit. For
convenience, we often refer to the uniqueness region, omitting the reference to Ta.

The uniqueness/non-uniqueness regions can be determined rather easily on T, (for
other infinite graphs this is far from easy; see [3] and [25] for recent advances in the
two-dimensional grid). For the hard-core model, Kelly [17] showed that non-uniqueness
holds if and only if

(A—1)A!

A> /IC(TA) = W

For the antiferromagnetic Ising model without external field, non-uniqueness holds if and
only if
A—-2
B < BC(TA) = T
(see e.g. [26]). For general antiferromagnetic two-spin models with soft constraints (i.e.,
B1B; > 0), non-uniqueness holds if and only if \/m <(A—2)/A and A € (14,4,) for
some critical values 4((A, By, By), A2(A, By, B,) (see e.g. [18]).

Before stating our results, it will be instructive to review some known results from the
literature. When A = 1, the partition function is the number of independent sets in G, and
this quantity is #P-complete to compute exactly [30], even when A = 3 [13]. For the Ising
model, once again, exact computation of the partition function for graphs of maximum
degree A is #P-complete, even for the ferromagnetic model [16]. Hence, the focus is on
the computational complexity of approximating the partition function.

This is where the phase transition on Ta comes into play. Specifically, for the hard-
core model, a deep connection has recently been established between uniqueness/non-
uniqueness and the complexity of approximating the partition function. Namely, for graphs
of constant maximum degree A, Weitz [31] presented a beautiful FPTAS for approximating
the partition function when A < 2.(Ta). On the other hand, Sly [27] presented a clever
reduction which proves that for every A > 3 there exists ¢4 > 0 such that it is NP-hard
(unless RP = NP) to approximate the partition function for graphs of maximum degree
A for any A where 1.(Tx) < A < 2.(Ta) + €a.

It was believed that Sly’s inapproximability result should hold for all 42 > 4.(Ta).
However, Sly’s work utilized results of Mossel, Weitz and Wormald [24] which showed
that for a random A-regular bipartite graph, an independent set chosen from the Gibbs
distribution is ‘unbalanced’ with high probability for A under the same condition as in
Sly’s result.

Mossel, Weitz and Wormald [24] used a technically complicated second moment
argument that is characterized in [27] as a ‘technical tour-de-force’. In [8] we extended
the results of [24] to all A > 4.(Ta) for A =3 and A > 6. However, that work built upon
[24] and had an even more complicated analysis. In this work, as a by-product of the
approach we devise for coping with the Ising model, we can prove inapproximability for
the hard-core model for all A > A.(Ty) for A = 3,4,5, and our proof is simpler than in [§].
This settles the picture for the hard-core model, and also proves Conjecture 1.2 of [24].
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Theorem 1.1. Unless NP = RP, for the hard-core model, for all A > 3, for all 4 in the non-
uniqueness region of the infinite tree Ty, there does not exist an FPRAS for the partition
Sfunction at activity A for graphs of maximum degree at most A.

Our main focus in this paper is to address whether the above phenomenon for the
hard-core model occurs for other models. In particular, our goal is to address for two-
spin antiferromagnetic models whether the computational complexity of approximating
the partition function for graphs with maximum degree A undergoes a transition that
coincides exactly with the uniqueness/non-uniqueness phase transition on the infinite tree
Ta.

Let us first review existing results in the literature. For the ferromagnetic Ising model,
Jerrum and Sinclair [16] presented an FPRAS for all graphs, for all B > 1 where B =
By = B,. For the antiferromagnetic Ising model, for general graphs there does not exist an
FPRAS for B < 1 [16], unless NP = RP. For constant A, Sinclair, Srivastava and Thurley
[26] extend Weitz’s approach to the antiferromagnetic Ising model (see also [33, 25, 18]
for other results on the Ising model), yielding in the uniqueness region an FPTAS for the
partition function of graphs with maximum degree A.

We prove for the antiferromagnetic Ising model without external field that for all B
in the non-uniqueness region of the infinite tree there does not exist an FPRAS for the
antiferromagnetic Ising model.

Theorem 1.2. Unless NP = RP, for the antiferromagnetic Ising model without external
field, for all A >3, for all B in the non-uniqueness region of the infinite tree Ta, there
does not exist an FPRAS for the partition function at inverse temperature B for graphs of
maximum degree at most A.

The hard-core model and Ising model are the two most well-studied examples of two-
spin systems. For ferromagnetic two-spin systems with no external field, that is, BB, > 1
and A =1, Goldberg, Jerrum and Paterson [12] presented an FPRAS for the partition
function for any graph. For any antiferromagnetic two-spin model, for constant A, an
FPTAS for the partition function was obtained by Sinclair, Srivastava and Thurley [26]
for A-regular graphs in the uniqueness region of the infinite tree T, and by Li, Lu
and Yin [18] for graphs of maximum degree A in the intersection of the uniqueness
regions for infinite trees T, for d < A. For antiferromagnetic two-spin models we obtain a
complementary inapproximability result in the non-uniqueness region. Our results do not
reach the uniqueness/non-uniqueness threshold in general.

Theorem 1.3. Unless NP = RP, for all A > 3, for all By, By, A that lie in the non-uniqueness
region of the infinite tree Tp and

JA—1-—1
V B1By A ia1
/ +1
there does not exist an FPRAS for the partition function at parameters By, By, /. for graphs
of maximum degree at most A.


http://journals.cambridge.org

504

1.1. Independent results of Sly and Sun

In an independent and simultaneous work, Sly and Sun [28] obtained closely related
results. They prove inapproximability of the partition function in the case of the hard-core
model and the antiferromagnetic Ising model. Their result for the Ising model also covers
the case of an external field, which then extends to general two-spin antiferromagnetic
models [26, 28].

The main technical result in our proof is a second moment argument to analyse the
partition function for the Ising model on random A-regular bipartite graphs, as outlined in
the following section (Section 2). As a consequence we can estimate the partition function
within any arbitrarily small polynomial factor, which allows us to use the reduction in
[27]. In contrast, Sly and Sun’s approach builds upon the recent interpolation scheme of
Dembo, Montanari and Sun [6] to analyse the logarithm of the partition function, which
yields estimates of the partition function within an arbitrarily small exponential factor.
To get their NP-hardness results, they use a modification of the approach appearing in
[27] which allows us to use a constant-sized gadget.

1.2. Further work

Since the original publication of this work on arXiv [9] there has been further progress
on this topic. In [10] we present a general approach for analysing the second moment
of spin systems on random regular bipartite graphs using induced matrix norms. As a
by-product, we obtain hardness results for all two-spin antiferromagnetic systems in the
tree non-uniqueness region as in [28], and in addition hardness results for approximately
counting k-colourings for even k < A and for the antiferromagnetic Potts model in the
conjectured tree non-uniqueness region.

We point out that the present high-level approach to analysing the second moment
is different to that in [10]. Here we give an analysis of the critical points of the second
moment in the case of the antiferromagnetic Ising model and the hard-core model;
this analysis is partly possible because the spins take binary values. As a consequence,
in certain cases we obtain stronger results than those needed for the desired hardness
results (see for example the discussion in Section 5.4). In contrast, in [10] the approach
is targeted to the maximizers of the second moment (which is sufficient for the desired
hardness results) and connecting them to the maximizers of the first moment.

We should also remark that, in [10], the gadget, which is a random regular bipartite
graph, has fixed size as in [28]. In contrast, the gadget studied here, which is Sly’s original
gadget in [27], allows us to quantify certain properties in terms of its size (see Lemma 6.2),
which is desirable in approximation-preserving reductions. For example, the results in this
paper combined with those in [10] were used in [5] to prove #BIS-hardness on bipartite
graphs for two-spin antiferromagnetic systems in the tree non-uniqueness region.

2. Proof outline

The main element of the proof of Theorem 1.3 (and similarly the proofs of Theorems 1.1
and 1.2) is to analyse random A-regular bipartite graphs to show a certain bimodality as
in [24] for the hard-core model. From there the same reduction of [27] applies with some
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non-trivial modifications in the analysis. Hence, in some sense our main technical result is
to show that in random A-regular bipartite graphs, under the conditions of Theorem 1.3,
a configuration selected from the Gibbs distribution is ‘unbalanced’ with high probability.

To formally state our results, let us introduce some notation. Let G(n,A) denote the
probability distribution over bipartite graphs with n 4 n vertices formed by taking the
union of A random perfect matchings. We will denote the two sides of the bipartition
of the graphs as V7, V5. Strictly speaking, this distribution is over bipartite multigraphs.
However, since our results hold asymptotically almost surely (a.a.s.) over G(n, A), as noted
n [24], by contiguity arguments they also hold a.a.s. for the uniform distribution over
bipartite A-regular graphs. For a complete account of contiguity, we refer the reader to
[15, Chapter 9].

For a graph G ~ G(n,A) and a given configuration ¢ € {—1,+1}", let N_(g) denote the
set of vertices assigned —1 and let N, (o) be the set of vertices assigned +1. For o, f > 0,
let

% =g € (—1,+1}" | [IN_(e) N Vi| = an, [N_(c) N V>| = fn},

that is, o (resp. f) is the fraction of the vertices in V; (resp. V,) whose spin is —1. Let
Bal denote the set of all balanced configurations, and for p > 0, let =¥ be the set of
pn-unbalanced configurations. Formally,

ZBal — sz,x’ TP — U 21,/3.

o la—BIZp
The following theorem, which is proved later in this section, establishes that in the

Gibbs distribution of a random A-regular bipartite graph, balanced configurations have
exponentially small measure.

Theorem 2.1. Under the hypotheses of Theorem 1.3, there exist constants a > 1 and p >
0, such that asymptotically almost surely, for a graph G sampled from G(n,A), the Gibbs
distribution ug satisfies

uG(ZP) < a™ - pg(TP).

Therefore, the Glauber dynamics is torpidly mixing.

While Theorem 2.1 is interesting in its own right, our inapproximability results require
a far more precise quantification of the bimodality than that given in Theorem 2.1.
Nevertheless, it is instructive to outline the proof of Theorem 2.1, since it will allow us to
introduce the key ingredients that are needed for the hardness results.

Namely, to establish Theorem 2.1, we use a second moment approach as in [24]. For
G ~ G(n,A) we analyse the random variable Zg’ﬁ , where

zy" = 3" wlo),
gexsb

for some well-suited values of «, f. In particular, the o, f will be selected to maximize the
first moment of Z(”;’ﬁ . One of the key ingredients in obtaining Theorem 2.1 is that the
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maximum of the first moment occurs for o # . More generally, this is true for general
antiferromagnetic two-spin systems in the non-uniqueness region of the infinite tree Ty
(see the upcoming Lemma 2.2). The proof of this fact is based on an explicit connection
with three specific Gibbs measures in the infinite tree T which are invariant under parity-
preserving transformations. We next introduce these relevant Gibbs measures, deferring a
more technical discussion to Section 3.

Let By, By, A specify an antiferromagnetic two-spin system. There exists a unique
translation-invariant Gibbs measure p* on Ta, known as the free measure, whose marginal
probability for the root p being assigned spin —1 will be denoted by p* = u*(c, = —1)
(the exponent denotes the boundary condition; * refers to the free boundary). In the non-
uniqueness region, there also exist two semi-translation-invariant measures pu™ and pu,
corresponding to the ‘even’ and ‘odd’ boundary conditions, respectively. These measures
can be obtained by conditioning the leaves on level 2/ (resp. 2/ + 1) of the tree to have
spin —1 and taking the weak limit as / — co. We will denote the marginals for the root
being assigned the spin —1 by p* = u*(g,), p~ := u (6,). In the non-uniqueness region
of Ty, it holds that u* # pT; in fact, it holds that p~ < p* < p+.

The following lemma illustrates the relevance of p—, p*, p* in our arguments.

Lemma 2.2. Let A > 3. For the distribution G(n,A),

Jim © log Eg[Z "]

n—oo n
is maximized for:

(1) (o, B) = (p*,p") when By, By, /. are in the uniqueness region of the infinite tree T,
(2) (o, B) = (p*, pT) when By, Bs, A are in the non-uniqueness region of the infinite tree Th.

Note that Lemma 2.2 already yields a weak form of a bimodality in the Gibbs
distribution on random A-regular graphs: in the non-uniqueness region, the configurations
with the largest contribution are unbalanced in expectation. Since Zé’ﬂ is typically
exponential in n, Markov’s inequality implies an upper bound on the number of balanced
configurations, which holds with high probability over the choice G ~ G(n, A).

However, to get tight results, we need a strong form of this bimodality. To do this,
we look more carefully at the random variable Zé’ﬁ for («, B) = (p*, pT). In particular,
suppose that we are able to show that th’p " is within a polynomial multiplicative factor
from its expectation. Lemma 2.2 would then yield that, for ¢ > 0 and all o/, ' satisfying
(e, B) — (pE, pD) > &, Zé/’ﬁ/ is exponentially smaller than Z(’}i”ﬁ. Using arguments in [7]
and [24], one can then easily deduce Theorem 2.1.

We will formalize the above argument shortly. Prior to that, let us remark that the same
idea underlies the reduction used by Sly [27] (which we will use to obtain Theorems 1.1,
1.2 and 1.3). Namely, define the phase of a configuration of G to be the bipartition which
has the largest number of vertices assigned —1. With high probability, a configuration
sampled from pug will be from the set rort (roughly) and hence the phase will take
binary values. Informally, this allows us to view G as a Boolean gadget (the precise
construction of the gadget used by Sly [27] is given in Section 6). Consider now an
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arbitrary graph H and replace each vertex of H with a (distinct) copy of the graph G. Sly
showed how to encode the edges of H (i.e., make connections between the copies of G),
so that the final graph has maximum degree A and its partition function is dominated by
configurations where the phases of the copies of G correspond to a maximum cut of H.
The quantification of this scheme involves hard work, but this has already been done in
[27] (certain calculations do require rather lengthy modifications to account for general
antiferromagnetic two-spin systems; see Section 6 for details).

Let us now return to the technical core of the argument, which requires analysis of
the second moment of Zg’ﬁ for (o, B) = (pT,pT). By symmetry, we may clearly focus
on (o, f) = (p*,p~). Pick two configurations 1,0, from the set =7 P (not necessarily
distinct). We need variables y,d that capture the overlap of the configurations a1, 05.
Formally, for y,6 > 0, let

fo = {(61,02) | 61,02 € Z*/,IN_(a1) N N_(c2) N V| = ym,
IN_(a1) " N_(02) N V2| = onj,
and

YY = Z we(a)weg(o2).

(01,02)62315

We will study Yg’é for («, B) = (p*,p™), so this is why we dropped the dependence on a, f8.
Observe that Eg[Yg"s] is the contribution to the second moment Eg[(Z é’ﬁ )] coming from
pairs of configurations in *# with overlap yn, én.

In our case, for the second moment approach to succeed we need the largest contribution
to the second moment to come from ‘uncorrelated’ pairs of configurations. This is captured
by the following condition.

Condition 2.3. For (o, f) = (pt,p7),
lim 1logIEg[Y();”(s]
n—oo N

is maximized at y = o>,6 = .
Lemma 2.4. Under the hypotheses of Theorem 1.3, Condition 2.3 holds.

Lemma 2.5. For the antiferromagnetic Ising model with =1, A=73 and B in the non-
uniqueness region of Ta, Condition 2.3 holds.

Lemma 2.6. For the hard-core model, A = 3,4,5 and J in the non-uniqueness region of Ta,
Condition 2.3 holds.

The innocuous statements of Lemmas 2.4, 2.5, and 2.6 are rather misleading. Namely,
proving that uncorrelated pairs of random variables ‘dominate’ the second moment is a
standard complication of the second moment approach in a variety of settings; see for
example [1, 2, 24]. To highlight the technical difficulties, the second moment typically has
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a number of other extra variables that need to be considered and those are usually treated
by sophisticated analysis arguments. We escape this paradigm in the following sense: our
arguments try to explain the success of the second moment by relating it to the intrinsic
nature of the problem at hand (in our context, uniqueness on the infinite tree). To stress
the advantages of such a scheme, it is possibly the foundation of a more generic method
to translate uniqueness proofs to similar second moment arguments.

In the hard-core model, due to the hard constraints, only one extra variable (besides
y,0) was needed and it could be expressed explicitly in terms of y,0, so that, in fact,
one had a two-variable optimization. Even with this seemingly simple setup and despite
the variety and complexity of approaches appearing in [24], [27] and [8], certain regions
for A = 4,5 remained open. In the general two-spin model the second moment is more
complex than in the hard-core model in the sense that the soft constraints cause the
number of extra variables to increase to nine. To make matters even worse, one cannot
get rid of those extra variables in some easy algebraic way, since such a scheme reduces
to a sixth-order polynomial equation in terms of y,d. These obstacles are overcome in the
proof of Lemma 2.4 by a clean argument: the analysis of the second moment is reduced
to certain tree recursions on Ty, allowing for a short inequality argument.

After establishing Condition 2.3, we obtain for («, ) = (pt, pT) that

2 p2
Egl(Zg" 1 = EglYS ).

At this point, we are in a position to study the ratio Eg [(Zé’ﬁ )21/ (Eg [Zé’ﬁ 1)?. This is
a technical computation and requires an asymptotic tight approximation of sums by
appropriate Gaussian integrals. While the asymptotic value of the ratio is a constant, as
in [24], the constant is greater than 1.

Lemma 2.7. When Condition 2.3 is true, for (o, p) = (pt, pT), it holds that

i EolZ5"Y]

O =(1—) A1 — (A -1 )
"= (g (217

where w is given by (3.4).

Remark. The formula given in the lemma is valid for the hard-core model as well
(B; =0, B, = 1), agreeing with the statement of [24, Theorem 3.3].

The fact that the ratio of the second moment to the first moment squared converges to
a constant greater than 1 does not allow us to get a.a.s. results using the standard second
moment method. This can be dealt with by the so-called small subgraph conditioning
method [32, 15]. The consequence of applying the small subgraph conditioning method is
the following result (proved in Section 8.1).

Lemma 2.8. When Condition 2.3 is true, for (o, f) = (pT, pT), it holds asymptotically almost
surely over the graph G ~ G(n,A) that

1
z§" > “BglZg.
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We next conclude Theorem 2.1.

Proof of Theorem 2.1. Lemmas 2.2 and 2.8 establish the necessary ingredients to carry
out the argument in [24, Proof of Theorem 2.2] (see also [8, Proofs of Theorems 2 and 3]).
The torpid mixing of Glauber dynamics follows immediately by a conductance argument,
using [7, Claim 2.3]. Ul

The outline of the rest of the paper is as follows. In Section 3 we derive certain
properties for the infinite tree which are used throughout the remainder of the paper.
We then look at the first and second moments in Section 4. In Section 5 we look at the
optimization problems for the first and second moments and prove Lemmas 2.2 and 2.4.
In Section 6 we give the proof of our inapproximability results (Theorems 1.1, 1.2 and 1.3)
based on Sly’s reduction for the hard-core model.

In Section 7 we analyse the ratio of the second moment to the first moment squared for
random A-regular graphs (Lemma 2.7) and for the modified graph used in Sly’s reduction.
In Section 8 we apply the small subgraph conditioning method to get a.a.s. results (over
the choice of the random graph), where we also prove Lemma 2.8. Finally, in Section 9
we give the proofs of some remaining lemmas, including Lemmas 2.5 and 2.6.

3. Extremal measures on the infinite tree for two-spin models

In Section 2 we defined the measures u*, u* on T, which will be of interest to us. In our
context, the phase transition on the infinite (A — 1)-ary tree Ta rooted at p will also be
of interest (note that T, differs from T, only in that the root has degree A —1). The
uniqueness/non-uniqueness regions for T, coincide with those of Ty, albeit with different
occupation probabilities for the root in the respective free and fixed boundary measures.

We let iit,i* denote the measures on T, which are the analogues of the measures
pE, 1 on Ty, respectively. Recall that we use +, — to denote the even and odd boundary
conditions, and * for the free boundary condition. We will let g%, ¢* denote the marginal
probabilities of the root being assigned —1 in each of these measures on Ty, that
is, ¢* = ji*(6, = —1) and ¢" = i*(s, = —1). Once again, it can easily be proved that
q~ < q" < q* using (anti)monotonicity arguments.

A well-known and interesting property that the measures uT (and fi) possess is that of
extremality. Namely, in the non-uniqueness region they cannot be written as non-trivial
convex combinations of other Gibbs measures. In this particular setting, this follows
from (and can be interpreted as) the fact that the even and odd boundaries force the
maximal bias on the probability that the root p is assigned the spin —1 as the height of
the tree goes to infinity. In other words, for every Gibbs measure u # u* on T,, we have
p~ <u(o, =—1) < p*. For a more complete account of extremality, we refer the reader
to [11].

In this section we state some further properties for the densities gT, ¢* and pT, p*, which
we are going to utilize throughout the text. Standard tree recursions for Gibbs measures
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(see e.g. [26]) establish that

t :/1(31.13;+1>A1 7 :/1<Bl'1fq*+1>A1 o)
1—g* e + B Cl—gq =+ B ’ '
We define separate expressions for
q q
1—g* 1—¢g*
that is,
" _ .
O =it 0=t 0=y (32)

The following lemma summarizes the properties of the occupation densities g*,q~,q"
which we are going to utilize. Its rather folklore proof is a straightforward analysis of
appropriate tree recursions, and is omitted.

Lemma 3.1. For A > 3 and By, By, A > 0, consider the system of equations

Biy+1 Al Bix+1 A-l
=) =1 3.3
¥ <Y+Bz> Y X+B,) (3.3)

with x,y > 0.

(1) In the uniqueness region of Ty, the only solution to (3.3) is (Q*, Q7).
(2) In the non-uniqueness region of Ta, (3.3) has exactly three solutions which are given by

(0%, 07) and (Q*,Q%). It holds that 0~ < Q* < Q.
Proof. See, for example, [20, Section 6.2]. ]

We also define the quantities w, ®", which will emerge throughout the paper (and will
be motivated shortly):
» = (1—BiB:)’0* 0~ o = UZBBQY
(B2+Q7)(B> + Q")(1 + B1Q7)(1 + B.Q*)’ (B2 + Q" )X(1+ B1Q)
Note that »* is obtained from w after identifying QF with Q*. The following lemma
for w,w” will be crucial for proving some optimality conditions required to establish
Lemma 2.2 and Condition 2.3. Its proof is given in Section 9.1.

Lemma 3.2. Let A > 3. For (By, By, ) in the non-uniqueness region of T, it holds that

A—1D*0 <1< (A—1) "

Let us explain the seemingly mysterious inequality in Lemma 3.2. While not obvious,
it is related to the two-step recurrence on the infinite tree Ta. The two-step recurrence is
obtained by the composition of two successive one-step recurrences. In the non-uniqueness
region, the fixed points of the two-step recurrence are exactly g*,q* (this is basically
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Lemma 3.1). The inequality in Lemma 3.2 establishes, after some calculations, that the
fixed point g+ (resp. ¢7) is an attractor of the two-step recurrence in ™ (resp. fi~), while
the fixed point ¢ is repulsive. More specifically, the derivative of the two-step function
at g% is equal to (A — 1)’w, and similarly at ¢* it is equal to (A — 1)>w*. This property
will be used to show that the measures it satisfy a strong form of non-reconstruction
with exponential decay of correlation. We should also note that the analysis in [26] (see
also [18]) establishes the following criterion for uniqueness, which we reformulate for our
purposes: uniqueness holds on T, if and only if (A —1)%0* < 1.

Finally, let us translate the above to obtain a handle on pE, p*. Using a slight modification
of the tree recursions in 'ﬁ‘A, we obtain that

F *
P g <B1 et 1) oo q <31 e+ 1) (35)
_pt _ gt T ’ 1 _g - : :
I=pt 1-¢*\ (o +B I=p 1=¢\ {=+B

Using (3.2) and (3.5), an easy calculation gives

+_ 0*(1 + B;Q7) (3.6)
By + Q"+ Q"+ BiQt0~ .

Equation (3.6) will prove to be very useful in simplifying seemingly intricate calculations.

For the case of the Ising model with zero external field (B; = B, = B,4A = 1), it holds
that p* +p~ =q* +q =1, p* = ¢q* = 1/2. These properties may be proved easily using
the symmetries of the model. Namely, observe that if (x,y) satisfy (3.3) then so do
(1/y,1/x). By items 1 and 2 of Lemma 3.1, this implies that ¢g* +¢~ =1 and ¢* = 1/2.
By (3.5), it also follows that p™ +p~ =1, p* = 1/2.

p

4. Moment analysis

In this section we give expressions for Eg [Zg’ﬁ 1, Eg[YGV"S] and then study the asymptotics
of

1 1 :
~logEg (227, —logEg [Y2].

4.1. First moment
The first moment of Zg’ﬁ is given by

f1 _ an(etp) [ T h (52) (((llf:?);;) on p(1—a—p+8)n A
Eg[zg'] =4 an) Upn > (,71)31 B} . (4.1)

<0, 0<p Bn

Ignoring the contribution of the external field A, the terms outside the sum count \225 | .
The sum gives the expected contribution to wg(o) (for o € Zéﬁ ) from a single matching,
where on is the number of edges between N_(o) NV} and N_(o) N V5 in a single matching.
The weight of ¢ for a single matching depends only on dn and is equal to Bf”Bg_“_ﬁM)”.
The fraction in the sum is the probability that there are exactly dn edges from N_(o) N V;
to N_(g) N V,. Since the matchings are chosen independently, the exponentiation to the
power A gives the expected contribution of ¢ € Zé/j to the partition function for A
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matchings. Finally, the 4 term accounts for the contribution of the external field for
o€ Zé’ﬂ .

A different way to arrive at a slightly different formulation for the first moment
is as follows. Here, we introduce some redundant variables at the cost of introducing
some complexity of the presentation, but underlying a general approach to treat such
expressions.

Observe that the sets N_(g) NV, Ni(g) N V; form a partition of V; and similarly for
V,. Thus for a perfect matching let x;;, (1 < i, j < 2) denote the number of edges having
their endpoints in partition i of V; and in partition j of V5. Note that the x;; must satisfy

X+ Xxp=a, X1+ x21 = f,
X2t +x0n=1—o0, Xpp+xp=1-0, 4.2)
Xij > 0.

The first moment may be written as

(1—ojn) ( B (1-p)
Eg I:Z(O’;,ﬂ] — /"L(O(+[§)n (O(nn> ( n ) (Z (ngln)( Xz]o(nn)n(mrln)( X21l1n) Bi‘qlnB,z\‘nn) A' (43)

n ( )
ﬁ X X111,X121,X21 1, X221

In the above sum we let X denote the x;; which satisfy (4.2). Note that the expressions
(4.1) and (4.3) are completely equivalent after identifying ¢ with x{; and using (4.2) to
express the variables xj», X1, X35 in terms of xyj.

4.2. Second moment

We continue with the ideas presented in Section 4.1 to get an expression for Eg [Yg’&].
Recall that for the formulation of the second moment o and f§ are fixed, and hence
omitted from the notation. Now there are four induced parts by 1,0, on each V| and
V. Let yn,on stand for the number of vertices in V; and V, whose spin is —1 in both
01,02, and let y;n be the number of edges incident with endpoints in partition i of V;
and partition j of 1, in a single matching. For ease of exposition, define

L=y, Ly=L;=0—y, Ly=1—-20a+y,
Ry =0, Ry=R;=p—9, Ry=1-2p+49.

In the same spirit, with expression (4.3) for the first moment, we have that

707 _ 920+pm [ 1 n on (1_“)’1 ﬂl’l (1_ﬁ)n
B [Y"] = () (ﬁ) (y) ((oc - y)n) (5> ((ﬁ - é)n) 44

4 L; 4 R;
% (Z Hi:l (YI] n,yizn,l;smyiﬂ) Hj:l (y1/'”,yzjn{}r’lsjmy‘t/n)
(suamiamnysen)

Y Y11m,Y120,..., Y440

A
B(2y1 1+yityitya+yntys+ysin B(y22+y24+y33+y34+y4z +Y43+2y44)n
X 1 5 .
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In the above sum, we let Y denote the y;; satisfying

iji_,-=Li, fori=1,...,4,
> vii =R, for j=1,...,4, (4.5)
yij 2 0.
The interpretation of (4.4) should be clear: ignoring the external field, the first line
accounts for |E;‘:§ |, while a term in the sum accounts for the weight of a matching

specified by the cardinalities Y (last line) as well as the probability of such a matching
occurring (middle line).

4.3. Asymptotics of the logarithms of the moments

We next turn to finding the asymptotics of ! logEg [Z&"], Llog Eg[Y(?]. The asymptotic
orders of the sums in (4.3) and (4.4) are dominated by their maximum terms. For the sole
purpose of having a unifying treatment for soft and hard constrained two-spin models,
here and in the rest of the paper we adopt the usual conventions that In0 = —oo and
0In0 = 0. Standard application of Stirling’s approximation yields for the first moment

11m logEg[23] = max @ (a, B, X), (4.6)

n—oon

where

®i(er, . X) := (2 + ) In 2+ (A = Df (o, f) + Agi(X),
fi(e,f) =oalne+ (1 —o)In(l —a) + flnf 4 (1 — ) In(l — f),
gl(X) (xnlnBl +X221HB2) Zi’jxijlnx,»j.

For the second moment it yields

lim — log Eg (Y] = max ®5(y,4,Y), (4.7)

n—oo N

where

@y(7,6,Y) :=2(c+ f)In A + (A — 1)f2(y, ) + Aga(Y),
f2(7,0) =2 —p)In(x =) +yIny + (1 = 2a+ ) In(1 — 20+ 7)
+2(f—0)In(f—0)+0Ind + (1 —28 4 9)In(1 — 2 4 9),
2(Y) == 2y11 + yi2 + yi3 + yar + y22 + y31 + y33) In By
+ (y22 + y2a+ y33 + y3a + Yar + yaz + 2yaa) In B,
- Zi,jyij In yi;.
Recall that we are going to study the second moment for specific values of o, f, namely
(o, B) = (pT, pT), so this is why we dropped the dependence of the functions ®,, f, on o, .
The functions g;, g, are defined on the regions (4.2), (4.5) respectively. For fixed o, 8,7, 9,
they are strictly concave over the convex regions on which they are defined, and hence
they have a unique maximum, so this is also the case for the functions @, ®,. The limits

(4.6) and (4.7) can thus be justified using the standard Laplace method (see for example
[4, Chapter 4]).
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5. Finding the maxima

In this section we use the information obtained in Section 4.3 to establish Lemmas 2.2
and 2.4. The proofs for Lemmas 2.5 and 2.6 are given in Sections 9.5 and 9.6 respectively,
see also Section 5.4 for an overview. These proofs are based on the approach given in this
section.

5.1. Optimizing entropy distributions
By the limits (4.6) and (4.7), to establish Lemmas 2.2 and 2.4 (and 2.5, 2.6 as well), it
suffices to study the maxima of the functions

¢1(o, f) == m)?xd)l(cx, B,X) and ¢a(y,0) = m‘e{lx Dy(7,9,Y). (5.1)

A small abstraction allows us to treat the two functions in a unifying way.

Namely, observe that ¢q, ¢, have the form ¢(u,v) = maxz ®(u,v,Z), where ® can be
decomposed as ®(u,v,Z) = f(u,v) + g(Z), for some functions f,g, and Z stands for mn
non-negative variables Z;j, i=1,...,m, j = 1,...,n.! Thus in the context of ¢, (resp. ¢»),
u,v,Z correspond to «, 5, X (resp. y, 9, Y). Moreover, Z satisfies some prescribed marginals,
that is,

Z]ZU = oci(u), ZiZ,-j = ﬁj(l)), Zij 2 (), (52)

for some functions o;(u) and f;(v), which satisfy >, a;(u) = Zj Bj(v) = 1. In this section
we will only consider u,v such that o;(u) # 0 # B;(v) for all i, j, since the remaining cases
correspond to boundary conditions in our setup and these are treated more easily in the
specific instance of the maximization (see the relevant Lemmas 5.4 and 5.7). Finally, the
function g(Z) is an entropy-like function and has the form

g(Z) =ZIZJ(ZUlnM,j—Zl]an,j), (53)

where M € R™" is a matrix with non-negative entries.

We will use another interpretation of the function g(Z), which will be handy when we
perform integrations: let Zf denote the variables Zijfori=1,...m—1,j=1,...,n—1.
Using the equations in (5.2), we may write g(Z) as a function of the variables Zf. Note
that the region (5.2) must be adjusted to account for the non-negativity of the substituted
variables. Other than this, the ‘new’ function has exactly the same behaviour as g(Z) but
in a full-dimensional space. Thus we will also think of g(Z) as a function of the variables
Z! where the Z;; with i=m or j=n are just shorthand for the expressions of these
variables when substituted by the equations in (5.2). We will refer to this reformulation
as the full-dimensional representation of g(Z). We define similarly the full-dimensional
representation of ®(u,v,Z).

' In all the applications of the arguments in this section, we will have m = n. The slightly more general setting
considered here (which allows m # n) is not crucial, but the arguments extend to this setting without any
additional effort.
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It is immediate to see that g(Z) is strictly concave in the convex region (5.2), hence
it attains its maximum over the region at a unique point. A tedious but straightforward
optimization of g(Z), using Lagrange multipliers, yields the following result.

Lemma 5.1. Fix u,v such that oi(u) # 0 # B;(v) for all i,j. Let Z" = argmaxz g(Z), the
maximum taken over the region (5.2). Then

Z;; = M;;R,Cj, (5.4)
where R; and C; are positive real numbers, which satisfy
R,‘ZMU‘C]‘ZOC,‘ and CjZMin,‘Zﬁj. (55)
j i
Moreover, the full-dimensional representation of g(Z) decays quadratically in a sufficiently
small ball around Z".

The proof of Lemma 5.1 is given in Section 9.2. It is relevant to point out that while
the values of Z;]» are unique in the region (5.2), the values of R;, C; which satisfy (5.5) are
not unique since a positive solution {{R;};, {C;};} of (5.5) gives rise to a positive solution
{{tRi}i,{C;/t};} for arbitrary t > 0. Modulo this mapping, the uniqueness of Z; easily
implies that the positive R;, C; which satisfy (5.5) are otherwise unique.

Plugging (5.4) in g(Z), we obtain

maxg(Z —>2i 22 My RCiIn(RiC)) = g™ (u,v). (5.6)
In our setup, it will be hard in general to solve for the R;, C;, so that we need to study

0g*/0u,0g"/ov using implicit differentiation. The following lemma will be very useful.

Lemma 5.2. For g* = maxg g(Z), we have
og" Ja; og" op;
— =—) In(R)— — =—=) In(C;)—=.
ou z,: ( )é’u and ov z]: n(Cy) ov

In particular,

ﬁ(f-l—g Zl 60(,

du

(f+g Zl aﬁj

ov

and

where the R;, C; are positive solutions of (5.5).

The proof of Lemma 5.2 is given in Section 9.2.

5.2. The logarithm of the first moment — maximum
In this section we prove Lemma 2.2. As observed in Sections 4.3 and 5.1, it suffices to
study the maxima of ¢(x, f). Lemma 2.2 is implied by the following lemmas.
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Lemma 5.3. The only critical points of ¢1(a, f) are as follows:

(1) (o, B) = (p, pT) and (o, B) = (p*,p*) when By, Ba, A lie in the non-uniqueness region of
Ta,
(2) (o, ) = (p*,p") when By, By, / lie in the uniqueness region of Ta.

Lemma 5.4. The function ¢i(o, f) does not have any local maximum on the boundary of
the region

{(B)10<a<, 0K B <Y

Lemma 5.5. Let X* = argmaxx ®(p*,p~,X) and X° = argmaxx ®(p", p*, X).

(1) When By, By, A lie in the non-uniqueness region of Ta, the function ®(a, 5,X) has a
local maximum at the point (p*,p~,X"*) and a saddle point at (p*,p*,X°).

(2) When By, By, 2 lie in the uniqueness region of Ta, the function ®(o, f,X) has a local
maximum at (p*,p*, X°).

Proof of Lemma 2.2. Recall from (4.6) and (5.1) that

1 .
lim ~log Bg [Z"] = (e, f) = max (. f, X).

n—wo n

By Lemma 5.4, the function ¢(a, f) does not attain its maximum on the boundary and
hence its (global) maximum is achieved at a critical point. Lemma 5.3 gives the critical
points in the uniqueness/non-uniqueness region and Lemma 5.5 classifies which are local
maxima. The result follows. L]

We defer the proofs of Lemmas 5.4 and 5.5 to Section 9.3. We give the more interesting
proof of Lemma 5.3.

Proof of Lemma 5.3. We apply Lemma 5.2 with

Z<_Xa U<, U(_ﬁa o < &, 062<—1—0C, ﬁlﬁﬁ: B2<_1_ﬁ7
fe@+pnit(A-1f1, g Ag.

(B 1
e (M1,
Lemma 5.2 gives that the critical points of maxx ®@;(, , X) must satisfy
A-1 A
1 (s> RY) —o,
Ju 1—ua R1
A-1 A
()@Y 2o
op 1—p G

The matrix M is given by

(5.7)
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where
Ri(BiC1 + C2) = a, Ci(BiR + Ry) = B, (5.8)
Ry(Ci1 + B:Cy) =1 —a0, Cy(Ry + BhRy) =1—p.
Let r = R{/R; and ¢ = C;/C;. Using (5.7) and (5.8), we obtain
rBlc+ 1 o PRI ({ 7)1/ sy )L(B1c+ 1>A—1,
c+B, 1—ua c+ B

Cr-{-Bz_l—ﬁ r+ B,

The right-hand side equations are exactly the equations (3.3) and in light of Lemma 3.1
it must be the case that in the non-uniqueness region either that

A-1
Bir+1 B AN () o /1<B1r + 1) .

+ T .
r= 4 , = T _ o p=e=-21
1 —g* 1—qg* 1—g"
By (3.6), we hence obtain that the critical points for the first moment in the non-uniqueness
region are given by (o, ) = (p*, pT) or («, B) = (p*, p*). Similarly for the uniqueness region.
U]

5.3. The logarithm of the second moment — maximum
In this section we prove Lemma 2.4. As established in Sections 4.3 and 5.1, it suffices to
study the maxima of ¢(y,0). Lemma 2.4 is immediately implied by the following lemmas.

Lemma 5.6. Under the hypotheses of Theorem 1.3, for (o, f) = (pT,pT), the only critical
points of ¢(y,0) satisfy y = o*, 6 = %

Lemma 5.7. For (o, B) = (pT, p¥), the function ¢1(y,5) does not have any local maximum
on the boundary of the region

{(70) 1720, 60—y >0, 1 =2004+7>0,6>0, f—5>0, 1 —28+0 >0}

Lemma 5.8. For (o, ) = (p™,p7), let

Y' =arg max O, (0%, B2 Y).

The function ®5(y,9,Y) has a local maximum at (o2, 2, Y").

Proof of Lemma 2.4. Just combine Lemmas 5.6, 5.7 and 5.8 as in the proof of Lemma 2.2
in Section 5.2. U]

The proofs of Lemmas 5.7 and 5.8 are valid for all By, By, A, so to prove Lemmas 2.5
and 2.6 one only needs to obtain the analogues of Lemma 5.6 in the respective settings of
By, B;. The proofs of these analogues are given in Sections 9.5 and 9.6; see also Section 5.4
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for a proof overview. We defer the proofs of Lemmas 5.7 and 5.8 to Section 9.4 and give
here the more interesting proof of Lemma 5.6.

Proof of Lemma 5.6. Once more we apply Lemma 5.2 with

Z(_Ya U<, U<—5, o <7, Oy =03 <~ a—7, 0‘4‘—1_205+V,
Br<=7y, Pr=B—p—0, Pfa=1-28+0, f—(A—1f2 g Ag.

The matrix M is given by

B} B B, 1
By BB, 1 B
B, 1 BB, B

1 B, B, B3

M=

We obtain that the critical points of maxy ®,(y,d,Y) must satisfy

1-2 AT R R\ A
%:ln((w “f”) ( 2 3> >:o, (59)
dy (x—7) RiR4
G o(1—28+0)\*' (G5 \ "
=1 - = 7 = 1
o5 (( (B —0) CiCa 0. (510
where the R;, C; satisfy the following equations (o denotes the Hadamard product):
R, G Ci R Y 0
Rz C2 C2 R2 _ o—y /3 —0
R Cs oM GR |~ 2 B—o . (5.11)
R4 C4 Cy4 Ry 1—204+7y1-=28+96

We will write out an explicit form of the equations after establishing the following claim.

Claim 5.9. It holds that R, = R3 and C, = Cs.

Proof. Observe that the matrix M remains invariant upon interchanging its second and
third rows and second and third columns, that is,

(Rl, Rz, R3, R4, Cl, Cz, C3, C4) satisfy (511)
<= (R, R3, Ry, Ry, Cy, C3, Cy, Cy) satisfy (5.11).

Since g»(Y) is strictly concave, this yields the claim. L]

The rest of the proof will work as follows: as in the first moment, we first do some
manipulations with the equations so that we arrive at a nice form. This form coincides
with an inequality version of the tree equations (3.3) for the ferromagnetic Ising model
without external field, which can be analysed easily.
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Using Claim 5.9, equalities (5.11) give

) 0
Rl iy / 5 Cl = T, >
BIC; + 2B,C + G, BIR + 2B,R; + Ry
o—7 p—9
R, = , C = )
BiCi + (BB, + 1)Cy + B2Cy BiR; + (BiB, + )Ry + ByR4
1—20+9 1—-28+6
Ry = ! Cs b

"~ C,+2B,C, + B3CY

" Ry +2B,R, + B2R;’

Also, again using Claim 5.9, the equalities in (5.9) and (5.10) give

_ ﬂ1—2a+y)A4( R%)A)_
(M) (mi) ) o
(=284 N\ G\
("5 (ca) )=

ri=Ri/Ry, r4=R4/Ry, ¢1=Ci/Cy c4=C4/Cy.

We now set

dha
oy

o6
FH

After dividing the appropriate pairs of equations in (5.12), we obtain

r

Fq

€1

Cq =

y Bici + (B1By + 1)+ Bycy

o—7 Bici +2B1 + ¢4 ’

1—20+9y Bici+(BiBy+ 1)+ By
o=y . ¢ +2B> + Bicy ’
0  Biri+(BiBy+ 1)+ Bory

B—o Biri 4 2By +14

1 —2846 Bir +(BiBy+1)+ Bory
B—06  r+2B+Biry

Equations (5.13) and (5.14) become

(mm:<m—M+wY1 MQPZGO—M+MY{

Using the identity

(o0 —7)? (B—0)

(B3c; + 2B + c4)(ci + 2By + Bicy)
= (Bic; + (BiBy + 1) + Byca)* + (1 — B1By)*(cicq — 1),

and multiplying the equations in (5.15), we obtain

rirqg =

(1 — 20+ )

(Bici + (B1By + 1) + Bacs)?

(0 —7)?

(Bict + (BiBy 4+ 1) + Bycs)* + (1 — B1By)?(cies — 1)

519

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)
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It will be convenient at this point to work with d = A — 1. We plug the first equation in
(5.17) into (5.18), yielding
(rra)/d — 1 = (1= BiBy)*(cica — 1) ’
(Bic1 + (Bi1By + 1) + Bacy)?
(1 — B1By)*(rirs — 1)
(Bir1 + (B1By + 1) + Borg)*
The second equality in (5.19) follows by a completely symmetric argument for cy,cq.
Observe that (5.19) implies that one of the following three cases can hold:

(5.19)
(0104)1/d —1=

1 rirg = C1€4 = 1,

II rira > 1,c1c4 > 1,

III rirs < 1,c1c4 < 1.

Case I reduces to y = o?, § = B> by (5.17). Thus we may focus on cases II and III. We
further restrict our attention to case II, with case III being completely analogous. From
AM-GM, we have the inequalities

Bici + Bycg = 24/ BiBaycics,  Biri + Barg > 21/ B1Boriry,

so (5.19) gives

)1/d 1< (1= BiBy)*(cicqy — 1)

= (B1By + 1 +2./B|Bscica)?’

(1=BiBy)*(riry — 1)
(Bi1By + 14 2,/B1Byriry)?
It is straightforward to verify the identity
(BiBy+ 1+ 2zy/BiBy)* + (1 — BiB,)*(z° — 1) = (1 + BiBy)z + 2/ B B,)’.

Set x = /frirg, y = Jcicq. Using the identity with z = x,y and taking square roots, we
obtain

(rirs

(cren)/*—1<

I < (14+BiBy)y +2BiBy a + BiBy)x +2,/B1B,

2. /B1Byy+ BBy + 1 2./BiB,x+ BB, + 1 ( )
Using the substitution B’ = (1 + B1B,)/2./B1Ba, this can be rewritten in the form
I !
xld < M 1d < Lﬂ (5.21)

S y+ B X+ B’

The astute reader will immediately realize the analogy of (5.21) with the tree equations

(3.3) for the Ising model without external field. Moreover, since B’ > 1 we are in the

case of the ferromagnetic Ising model. For the ferromagnetic Ising model on the infinite

tree Ty, 1, we have uniqueness when 1 < B < (d + 1)/(d — 1). Hence intuitively the lemma

holds when B’ < (d + 1)/(d — 1). However, in (5.21) we have an inequality version of the

tree recursions (3.3) and therefore a bit more work is required.

In our setting, we obtain that (5.21) cannot hold when x > 1,y > 1. To see this, multiply
the inequalities in (5.21) to obtain

xl/dyl/d < B'x+1 ' B'y + 1.

x+B y+ B

(5.22)
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Note that (5.22) is reversed in case III. The following lemma implies that (5.22) cannot
hold in case 11, and similarly for the reverse inequality (5.22) in case III.

Lemma 5.10. Let d > 2. When
B < 1/B(Tgsy) =

for z > 1 it holds that

!
Zl/d>Bz+1_
z+ B’

The inequality is reversed for z < 1.

We give the proof of Lemma 5.10 after observing that

, _d+1
< -
Bs d—1
reduces to
VBB, > vd—1
Jd+1
This concludes the proof of Lemma 5.6. Ul

Proof of Lemma 5.10. The case z < 1 reduces to the case z > 1 using the inversion z «
1/z. Thus we focus on proving the lemma for z > 1. Let f(w) := w'*! — B'w? + B'w — 1.
The lemma reduces to proving f(w) > 0 when w > 1 (under the substitution w = z!/4),
We have

f'(w) = (d+ 1)w! —dB'w 1 + B,

"(w) = dw*((d + 1)w — (d — 1)B).
The assumptions imply that (d + 1) — (d — 1)B’ > 0. Hence, when w > 1, we have f"(w) >
f"(1). Note that f”(1) > 0 only if (d + 1) — (d — 1)B’ > 0. Thus, f”(w) is strictly positive
when w > 1 and hence f’(w) is strictly increasing. It follows that for w > 1, we have
f'(w) > f'(1) and

ffQ)y=(d+1)—(d—1)B">0.

Thus, f is strictly increasing for w > 1, yielding f(w) > f(1) = 0. U]

5.4. Some remarks
Here we give the idea behind the arguments establishing Lemmas 2.5 and 2.6. As observed
in Section 5.3, these lemmas boil down to proving that, for (e, ) = (p*, p~), the only critical
point of ¢»(y,d) is at (y,8) = (¢, ?) under the respective hypotheses.

Our point of departure is once again the equations in (5.19), although we proceed with
a more thorough analysis. Looking at the argument for the case

\/E—l
——— < VBB,
Jd+1 .
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the point of the proof which is subject to tighter analysis is the use of the AM-GM
inequalities. These are weak if the ratios ry/r4,c1/c4 are much bigger than B,/Bj. In
Section 9.5, we turn this weakness in our favour. Namely, for the antiferromagnetic Ising
model without external field, in the region

Jd—1
Ja+ 1

the densities p* are heavily biased towards 1 and O respectively, and this reflects at the
values of ry,r4,cy,cq. This observation can be turned into a simple proof of Lemma 2.5.
For the proof of Lemma 2.6, it is easier to get an explicit handle on the values p* (and
thus on the bias of the rj,c¢;), which can be used to analyse the equations (5.19) (see
Section 9.6).

Further, let us make some small minor observations. The reader may have noticed that
the proof of Lemma 5.6 applies in a more general setup than that stated in Condition 2.3.
Namely, in the region

0<B<

Jd—1
BB, > ,
V B1B; NZES

Lemma 5.6 holds for all values of «, f such that 1 > o, > 0 and not just for (o, ) =
(pt,pT) (this range of By, B; covers the whole uniqueness region even with external field).
It is thus conceivable that when /B1B; > (\/d — 1)/(y/d + 1), the bound on the partition
function Zg’ﬁ in Lemma 2.8 holds for 1 > o, § > 0 (we do not attempt to show a more
general version of Lemma 2.8 in this paper since we are only interested in the values of
(o ) which maximize Eg[Z%]).

6. NP-hardness results

In this section we give the proofs for our NP-hardness results. We will prove the following
theorem, which allows us to prove Theorems 1.1, 1.2 and 1.3.

Theorem 6.1. Let A > 3. Assume that (By, By, A) lie in the non-uniqueness region of the
infinite tree Ta. Moreover, assume that Condition 2.3 holds. Then, unless NP= RP, there
is no FPRAS for the partition function of the two-spin model with parameters By, By, A in
graphs with maximum degree A.

With Theorem 6.1 at hand, it is straightforward to prove Theorems 1.1, 1.2 and 1.3.

Proofs of Theorems 1.1, 1.2, 1.3. Theorem 1.3 follows immediately from Lemma 2.4 and
Theorem 6.1. Theorem 1.1 was known to hold for A =3 and A > 6 ([27], [8]). Lemma 2.6
in combination with Theorem 6.1 proves the cases A = 4,5 as well.

We now prove Theorem 1.2. In the case of the Ising model with no external field, note
that Lemma 2.4 and Theorem 6.1 give hardness for A > 3 when

—1 —1
£+1 <B<%, where d = A — 1. (6.1)


http://journals.cambridge.org

523

The theorem will be proved once we show that this can be extended to the region

0<B< \/3 — 1.
Jd+1
Observe that hardness for B, A gives hardness for B,A + 1. It is easy to check that for
d > 2 it holds that

Jd+1-—1 <d—1 - d

Jd+1+1 d+1 ~d+2
so the intervals corresponding to A and A+ 1 are overlapping for A > 3. Thus it
suffices to check NP-hardness for d =2 and 0 < B < (\/3— 1)/(\/34— 1). This follows
from Lemma 2.5 and Theorem 6.1, thus completing the proof. U]

We thus focus on proving Theorem 6.1. Sly’s reduction [27], while presented for the
particular case of the hard-core model, can be used to show hardness for general antifer-
romagnetic two-spin models. The only part of Sly’s reduction that needs modification is
in establishing the properties of the gadget he uses. Let us first describe the gadget used
in [27].

The construction of the gadget has two parameters 0 < 0,y < 1/8. Let

k= (A— 10zl gnd /=2 {15 loga_; nJ

and let m' = k(A — 1)’. Note that m' = o(n'/*). The gadget is constructed in two steps.
First, a random bipartite graph G with n + m’ vertices on each side is constructed. The two
sides of the graph will be labelled with +, —. For s € {4, —}, let the vertices on the s-side
be W, U Us, where |W,| = n and |Ug| = m’. The edges of the graph are the union of A — 1
uniformly random perfect matchings between W, U U, and W_U U_, together with a
uniformly random perfect matching between W, and W_. Thus, in the resulting random
graph G, the vertices in W := W, U W_ have degree A and the vertices in U := U, U U_
have degree A — 1. We denote the graph distribution defined by this construction as G.

The second part of the construction appends complete trees of depth / to G in the
following manner. For s € {+, —}, partition the vertices of U into k groups of (A — 1)’
vertices. For each group we create a new (A — 1)-ary tree of even depth / (where / is
an even integer as specified earlier). The leaves of this tree are the group of vertices in
U,: the other vertices of the tree are new. After the addition of these 2k trees to G the
vertices of Uy have degree A; in fact, all vertices in this new graph have degree A except
for the roots of the trees which have degree A — 1. Let R, (respectively, R_) denote the
roots of those trees whose leaves are a subset of U; (U_). Let R := Ry U R_. Informally,
the addition of the trees makes it easier to prove stronger concentration properties for the
spins of the vertices with degree A — 1 (which are now the roots of the trees).

Analogously to [27], for a configuration ¢ on H, the phase Y (o) of ¢ is defined to be
+ if the number of vertices assigned —1 in W, is greater than the number of vertices
assigned —1 in W_, otherwise Y (o) = —. In other words, the phase Y (¢) of a configuration
o simply points to the set between W, , W_ with the greatest number of vertices assigned
—1lin o.
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The properties of Sly’s gadget are stated in the following lemma (proved in Section 6.3).
We use the following notation: for a configuration ¢ on H, gr denotes the restriction of
o to vertices in R. Moreover, for a spin s € {—1,+1}, o~ !(s) denotes the vertices assigned
the spin s.

Lemma 6.2 (analogue of [27, Theorem 2.1]). Let A > 3. Assume that (By, By, A) lie in the
non-uniqueness region of the infinite tree Ta. Moreover, assume that Condition 2.3 holds.
There exist constants 0(A, By, By, 4), p(A, By, By, 4) > 0 such that for all sufficiently large n
the graph H satisfies the following with probability 1 — o0,(1).

(1) The two phases occur with roughly equal probability, that is, for i € {+,—} we have

(Y (@) =) >

(2) Conditioned on the phase i € {+,—}, the spins of vertices in R are approximately inde-
pendent, that is,

max ,UH(O'R=’7_ | Y(0)=l)_1 <n
ne{—1+1}k Or(1)

5

where Q' is the following product distribution on configurations n : Ry UR_ — {+1}:
0 () = (g™ IR (g — iy EDNR =iy~ (=DNR- (1 =iy~ (+DNR-|.

Recall that for i € {+,—}, q' is the probability that the root of the infinite (A — 1)-ary tree
Ta is assigned the spin —1 in the extremal measure [ : see Section 3.

We now describe briefly how these properties of H are established in [27]. This is done
in two steps.

(1) First prove that in the graph G, conditioned on the phase i € {+,—}, the spins of the
vertices in U are asymptotically (jointly) distributed as a product distribution Q%; on
{—1,+1}Y. The latter distribution is obtained by replacing R with U in the definition
of Q% in Lemma 6.2. Roughly, this can be obtained as follows from what we have
seen so far. In Section 2 we showed that for a random A-regular bipartite graph,
with high probability over the choice of the graph, in the Gibbs distribution the total
weight of configurations from the set £¥"*" dominate exponentially over the rest. An
analogous phenomenon occurs for a graph G ~ G, which allows us to quantify the
aforementioned behaviour; see Section 6.1 for more details.

(2) Translate the results to R. This is accomplished in a crafty way in [27]: the product
measures Qf, on {—1,+1}Y are analogous to the even and odd boundaries in the
infinite (A — 1)-ary tree, providing for an elegant translation of the results (see the
proof of the second part of Lemma 6.2 for more details). Moreover, the extremality of
the measures implies that the roots of the trees, conditioned on the phase, are strongly
concentrated around their expected value. The latter part follows after studying non-
reconstruction in the extremal measures and proving that the correlation of the spins
of the vertices in R to the spins of the vertices in U decays doubly exponentially in
/; see Section 6.2. Crucially, this allows us to bound the distance between the (true)
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distribution of the spins of the vertices in R (conditioned on the phase i) and the
product distribution Q% by an inverse polynomial function of n.

In Section 6.1 we give the lemmas in [27] which require adjustment in the two-spin
model. Their proofs are analogous to those in [27], by comparing the quantities in the
graph distribution G with those in the distribution G. In Section 6.2, we describe the
non-reconstruction results that Sly uses. Finally, in Section 6.3, we give the proof of
Lemma 6.2 and conclude Theorem 6.1, checking that Sly’s arguments go through in our
setting as well.

6.1. The partition function for graphs sampled from G
In this section we give an outline of the lemmas which are needed to extend Sly’s reduction
for general two-spin models.

Let n be an assignment of spins to U, that is, n € {—1,+1}Y. For a graph G ~ G, let
Z%’ﬁ (n) be the partition function over configurations which agree with # on U, that is,
Z%’ﬁ(n) is the total weight of configurations in o € {—1,41}"© subject to [N_() N W,| =
on, [IN_(c)NW_| = fnand oy = 9.

Let 1 denote the number of vertices in U, which are assigned spin +1 and let
ny =m —n; (the number of vertices in U that are assigned spin —1). Define similarly
ny,n; for U_. We have the following analogue of [27, Lemma 3.1].

Lemma 6.3. For any o,f and all n € {—1,+1}Y we have

EglZ2 (n)]
EgZ¢"]
=(1+ 0(1))< ll i el T Bnrnz)A_lﬂmﬁnz
(=X )T (1= — B4 xR (f—x ) ’

where x* is the (unique) non-negative solution of the equation
BiBy(a —x)(f —x) =x(1 —o — f + x).
In particular, when (o, B) = (p*, p™), it holds that

Eg(Z2" (n)] '
—= =1 1
N7 R (T D (s

(g (L =g (@) (1 —g7 ), (6.2)

where

ot = < (B2 +07)(B+0Q7) )(Al)m/. (6.3)

By + 0"+ Q~ +B10tQ~

The proof of Lemma 6.3 is given in Section 7.2.1. Seeking high-probability lower bounds
on Z%"ﬁ(n), we study the second moment of Z%‘ﬁ(n).
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Lemma 6.4 (analogue of Lemma 3.5 in [27]). If Condition 2.3 holds, for (e, ) = (p™,p")
and all n € {—1,+1}Y we have

EE[(Z%ﬁ(’mz] — 2 1+ B0\ 1+ B0\ "\
ey o ((53E) ) () ) e

where Q—, Q% are given by (3.2) and C* is given by (6.3).

The proof of Lemma 6.4 is given in Section 7.2.2. Once again, it turns out that the
second moment method fails to give high probability bounds, as is captured by the
following lemma.

Lemma 6.5. When Condition 2.3 is true, for (o, f) = (p*,p™) it holds that

im w = (1=’ 4201 — (A= 1Y 0",
=0 (Bglz2 (n)])?

where w is given by (3.4).

The proof of Lemma 6.5 is given in Section 7.2.3. We then apply the small subgraph
conditioning method to obtain the following analogue of [27, Lemma 3.9].

Lemma 6.6. For A > 3, suppose that for By, B,/ in the non-uniqueness region, Condi-
tion 2.3 is true. Then, for (o, ) = (p™,p~). asymptotically almost surely over the choice of
the graph G ~ G, for n € {—1,+1}Y, it holds that

1
23 n) > —=Eg[Zg ).

NG

The proof of Lemma 6.6 is given in Section 8.2.

6.2. The reconstruction problem in the extremal measures
The final ingredient we need is proving that a strong form of non-reconstruction holds in
the extremal measures. Let us first introduce some notation.

Let iﬂp,/,A denote the subtree of T, rooted at p up to depth /. Let S,, be the leaves
of TA",,,,A. Let X,/ denote the marginal probability that the root p is occupied in a
configuration ¢ generated by the following process.

(1) Sample a configuration 6 from the projection of the measure i on Tp’{,A,
(2) Conditioning on the configuration 65 on S,,, sample a configuration ¢ from the
Gibbs distribution on T),/.

Note that the configuration of the vertices in S,/ is a random vector, so X,/ is a random
variable. Define similarly X,,_. We need the following analogue of [27, Lemma 4.2].

Lemma 6.7. Assume that A > 3 and By, B;, A lie in the non-uniqueness region of Ta. There
exist constants (1(A, By, By, 1), (2(A, By, By, 4) > 0 such that, for all sufficiently large ¢,

P[IX,/4 — qF| > exp(—{1£)] < exp(—exp((2f)).
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Proof. Martinelli, Sinclair and Weitz [19, Proof of Theorem 5.1, equation (21)] prove the
required strong concentration for the variables X, for the Ising model with arbitrary
external field (in a form different to that stated here but completely equivalent). Their
results can be translated to the general two-spin model after carrying out the reduction
described in [26]. Finally, in the case of hard constraints Lemma 6.7 follows by the
respective result in [27, Lemma 4.2] (slightly extended in [8, Lemma 30]). Of course, one
could also apply the methods in [19] or [27] to directly get the result in general. U]

6.3. Finishing the proofs of the hardness results

We first give the proof of Lemma 6.2; this is a straightforward extension of the proof of
[27, Theorem 2.1], so we give a description of the main elements and point to the relevant
lemmas which verify that Sly’s proof goes through in our setting as well.

Proof of Lemma 6.2. We first introduce some notation that is used by Sly [27]. Define
>* to be the configurations o € {—1,+1}"(©@ such that |[N_(¢) N W| > |N_(c) N W],
that is, a configuration in £V assigns the spin —1 to more vertices in W, than in W_ (and
conversely for 7). Similarly, for n € {—1,+1}Y, define *(5) to be the configurations &
in ¢ € X% such that oy = 5. Further, for G ~ G, define

ZEn =Y welo) Zi =Y welo).

g€XE(n) gext

Note that

Z

Ql+

> ZEm).

ne{—1,+1}U

Define similarly Zé—r for a random A-regular graph G, that is, for G~ G, let Z} =
Za}/)’ Z(a}ﬁ and Za = Za<[f Zgﬁ'

Using that (a, ) = (pt, pT) maximizes the logarithm of Eg[Zé’ﬁ] (see Lemma 2.2),
the first item of Lemma 6.3 together with Markov’s inequality shows that the largest
contribution to Eg[Z%—”(n)] is given by ]Eg[Zgi’p "(n)]. This gives

Eg[ZZ(n)] = (1+ o()(C)" Q5 (n)Eg[Z ], (6.5)

where the last equality uses the conclusion (6.2) of Lemma 6.3 (the constant C’ can be
inferred from (6.2), though it will not be important for what follows). The derivation
of (6.5) is identical to the proof of [27, Lemma 3.3, equation (3.9)]. Summing (6.5) over
n € {—1,+1}Y yields

EglZz] = (1 +o(1)(C)"EglZ5). (6.6)

Our results from the small subgraph conditioning method (see Section 8.1), combined
with the above observations, yield that Z%(n) is close to its expectation, in particular

lim  max Prg<z;(;7) < jﬁEg[zg(n)o =0. (6.7)

n—0 pe{—1,41}V

see the proof of [27, Theorem 3.10] for details.
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At this point, one needs to transfer these results to the graph H. Define Z § to be
the contribution to the partition function of H from configurations with phase + (note
that the restriction of such configurations on G is a configuration in *). To connect
the partition function of H with the partition function of G, let T be the graph induced
by the edges E(H)\E(G). In particular, T is a union of disjoint trees and the union of
the leaves of the trees is precisely the set U. For n € {—1,+1}Y, define Zr(n) to be the
contribution to the partition function of T from configurations ¢ € {—1,+1}T such that
oy = n. These definitions allow us to write

Zi= > ZEmZrO).
ne{—1,+1}U

It follows by (6.7) and Markov’s inequality that

fimprg (Y Zezron <5 Y ZrtS51Z2 01 ) =0

ne{—1,+1}V ne{—1,+1}v

imer (S zzzen = Y zegglzion) o

ne{—1,+1}V ne{—1,+1}v

see also [27, (4.22), (4.23)]. It follows that uy(Y (o) =+) = Z;—r/ZH > 1/n a.as. over the
choice of the graph G. This proves the first item in Lemma 6.2.

The proof of the second item in Lemma 6.2 utilizes to a greater extent the connection
to the tree and relies crucially on the non-reconstruction results described in Section 6.2.
First observe that

_ ZEmZr(n) ZZ(Zr(n)

p(ou =n|Y(o) =1) = = . (6.8)
Zi Doyel—141v Z%(”/)ZT(W)

Now, provided that

(see (6.7)), the right-hand side of (6.8) is (with large probability) within a multiplicative
factor n from

V) = Zr(n)Eg[ZZ (n)] _ Zr(mQg(n)
ey ZrBGIZEM] ey Zr QG

using (6.6) in the first equality. The crucial idea, captured in the proof of [27, Lemma 4.3],
is that the measures v+ on configurations {—1,4+1}Y are the same as the distributions
induced by the random processes we described in Section 6.2; see the proof of [27,
Lemma 4.3] for more details. This allows us to use Lemma 6.7 together with (6.7) to
bound the probability mass of ‘bad’ configurations # on U, that is, configurations on U
which exert a large influence on the roots R of the trees; see [27, Proof of Theorem 2.1].

This yields item (2) in Lemma 6.2, concluding the argument. Ul
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With Lemma 6.2 at hand, Theorem 6.1 can be proved completely analogously to [27,
Proof of Theorems 1 and 2].

Proof of Theorem 6.1. Use Lemma 6.2 and the reduction in [27, Section 2.2]. ]

7. Calculating moments

7.1. Random bipartite A-regular graphs
We use the information we obtained for the first and second moments to prove Lemma 2.7.
Its proof is a technical calculation.

Recall that

qi

0f=——0.
1—g*

To aid the presentation, it will be convenient to define the following expressions, which

will appear in the analysis of the asymptotics of the first and second moments:

Ei:==B0 0 "+0 +0" +B,,
E> :=B1Q Q" +BiB:(Q" +07) + By,

_ (7.1)
E; :=(1—BB,)’Q 0"
+(1+Bi1(Q" +07) +BIQ 0")(B] + Bx(Q™ +0") +070%).
We are also going to need the explicit values of
X" =arg max g1(X) and Y' =arg max 2(Y)
when o = pT, = p~,y = o>, 6 = B> These are given by
X;l X;z E, Q7 B, ’

Vit Vi2 Vi3 Via
* * * #* x* x* x* x*

y? J/zz yi3 y%4 _ < u 12> ® ( 1 i2>, (7.3)

V31 Y32 V33 V3a X21 X2 X21 X2

Yar Yar Vaz Vaa
where the operator ® denotes the tensor product. The easiest way to derive the validity
of these values is to use the strict concavity of the functions g;(X),g>(Y) and just check
that the required equalities for the critical points are satisfied.

Lemma 7.1. For (o, B) = (p*,p~), we have that

. Eglz**
lim 7g[ G ]*
n—0 %e'@l(“aﬁax )

_i . _any(A—1)/2 070 E» A2
= Sl =1 = ) (Ef .
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Lemma 7.2. For (o, f) = (p*,p~), we have that

. EBglZzd 1 o ((QHQT Y EIE TV
@;% = (@Bl — (1 — p) U(EPH)
_ 1/2
" ((Q+QE)72E2E3> (1—(A— 120?172
1

where y* = o?,6" = 2, Y* is given by (7.3) and w by (3.4).

The proofs of Lemmas 7.1 and 7.2 are given in Sections 7.1.1 and 7.1.2 respectively. We
need to state one more lemma before we can give the proof of Lemma 2.7.

Lemma 7.3. It holds that 20 (x, B,X*) = ®,(a?, B2, Y").

Proof. It clearly suffices to prove

f2(?, ) = 2f1(@ B) and  g2Y") = 2g:(X").

Both of these can be verified by straightforward calculations. A neater way to do this,
using the uncorrelated property represented by Condition 2.3 more directly, is to use
entropy arguments. We illustrate this in the case of f; and f5, with the same technique
extending to g, g> as well.

Define 4,B to be independent Bernoulli variables with success probabilities o, i
respectively. It is straightforward to see that fi(o«, ) = —(H(A) + H(B)), where H(X) is the
entropy of the random variable X. Let A" = (41, A2), where A1, A, are independent copies
of the random variable A. Define similarly B’. Using the definition of entropy, it is easy
to check that f1(a%, f?) = —(H(A') + H(B')). But clearly H(A') = H(A,) + H(A>) = 2H(A)
and similarly for B, B', thus verifying that f,(a2, %) = 2f1(a, B).

Using (7.3), one can easily extend the previous argument to show that g,(Y") = 2g(X").
We should emphasize that the proof of Lemma 7.3 does not rely on the fact that 0,0~
are a function of the critical probabilities on the infinite tree, that is, we do not need
Lemma 3.1, but rather the representation given in (3.6) and the uncorrelated property
represented by Condition 2.3. ]

Proof of Lemma 2.7. Let )
Eg[(Z2F)
L = lim 79[( gﬁ)]'
e (BEg[Z57])?

Employ Lemmas 7.1, 7.2 and 7.3 to obtain

(QTQ7)’EsE; ) 1/2R—A/2

L=(1— (8= 12 Pap —a) —ﬁ))A“( 7
1

where

R =

((Q*Q‘)4E§E3> , <Q+Q‘Ez>2 _ (0Y07)*EsE;
EP E} B E] '
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Thus
- —(A-1)/2
= (1= (A—120?) 2(ap(1 — a)(1 — p))>! <(Q+QE)72EzE3>
— (1 — (A — V)12 1 (00~ )2E2E3> =0/
=1—-(A—-1) w’) (oczﬁz(l—ac)2(1—/3) Foi .
By (3.6), we have
_ 0*(1+B10") 0 (1+B10")
= T and f = T,

so that
E\E:E B
L=(1—(A— 1)2w4)—1/2< =2 > :
(B2 +Q7)*(B2+ Q%)*(1 + B1Q7)*(1 + B1Q*)?
The lemma follows after observing the easily proved identity
E\E)E; 2

=1l—-ow

(B2 4+ 07)%(B2+ QF)*(1 + B10~)*(1 + B1Q+)? ' 0

7.1.1. The asymptotics of the first moment. In this section we prove Lemma 7.1, that is,
we compute the asymptotics of Eg [Zg’ﬁ ] for (a, B) = (p™, p7); see the relevant Sections 4.1
and 4.3.

Proof of Lemma 7.1. We will use the full-dimensional representation (see Section 5.1)
of g{(X): while we are still going to refer to the values x};, in what follows the only free
variable is going to be xi;. By the approximation

lj’

bn — (1 + o(1)) 1 b /(b Inb—alna—(a—b) In(a—b))
an a ’

J2nn

we obtain

op
Ei}% (14 0(1)) 5+ (xh(1 —)(1 — B>~

-2 S\ A
% <Z (H xij> — . en(gl(xll)g1(xll))> )

X11 L]

Note that in the above sum terms with |x;; — xj;| < O(1) dominate exponentially over
the rest, and in a sufficiently small ball around xj; the function decays quadratically, as
established by Lemma 5.1. Thus, standard integration arguments (for precise details see
[15, Chapter 9]) yield

O Eglzgl 1 (a-12 .
m T ixy — 27 P01 == F) 11
n L]

1 * azgl « (x11 —Xh)z A
X( P /XCXP<ax%1 (x11) ) > x11>

)
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Let

g1 «
(x11)-
T o,

Since g; is strictly concave and it achieves its maximum at xj;, we have H < 0. It follows
that

(5 > (x1) - Lo =i ;xh)z)dxu = (—H)"'",

X1

R

and consequently

7 %P
im s b = 5 (L= (1= (- [T )
LJ

n—00 e"fbl(ﬁ BX
n

—A)2

We have

62g1_<1+1+1+ 1 )
ax%l_ Xy e—xi1 f—xn l—a—B+x11 /)

Substituting the values of o, f from (3.6) and the values of the x;"j from (7.2), we obtain

E\E, . BiBy(0T07)? Q"0 Ey
“mmo o LlNi= T s e] L =
and the result follows. ]

7.1.2. The asymptotics of the second moment. In this section we prove Lemma 7.2, that
is, we compute the asymptotics of Eg [(Zé’ﬁ)z] for (o, f) = (p*,p~). We have

Z&")1 = Eglvl’]
7,0

where Eg[Yg’é] was calculated in Section 4.2 (see also the relevant Section 4.3).

Proof of Lemma 7.2. As in the proof of Lemma 7.1, in the following we are going to
refer to the full-dimensional representations (see Section 5.1) of g;, ®,, that is, our free
variables are going to be {y;;} with 1 <i,j < 3, so the rest of the y;; are just shorthand
for their respective values (in terms of the free variables). We have that

Egl(Zg" _ 1
Toturax (T oMgs
14

X E <
7,0
Z 4 1 ‘ L A

" ( Y ( 2nn> <HH ylj)en@z(v,o,Y)(Dz(v oY ))/A) _

i=1 j=1

2
! ) (yo(1 — 20+ 7)1 — 28 + 0)(ax — y)2([g _ 5)2)(A—1)/2
n
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The function ®(y,0,Y) has a unique maximum at (y*,6%,Y"). Thus, in the above sum,
terms with |[(y,9,Y) — (y*,0%,Y")| < O(1) dominate exponentially over the rest. Moreover,
in the region ||(y,0,Y)— (y%,0%,Y")|| < O(1) the function ®, decays quadratically.

For convenience, let

) E Z“aﬁ 2
L = lim M
n—o0o lze”q)z(}' 07.Y")
n

As in the proof of Lemma 7.1, we obtain

1 15 _
L=<¢2Tz) (7°0"(1 =20+ 7)1 — 2B+ 87) (o — ")} (B — 672412

4 A/2 1 ?@ l.éYAHA 5yT A
) L e

i,j=1

| 4
ﬁocﬁ(l—oc 1—p (H y,,)
1

b=l (7.4)
Ry —
TE

where H denotes the Hessian matrix of ®, evaluated at (y*,6%,Y") scaled by 1/A and the
operator - stands for matrix multiplication.

We thus focus on computing the integral in (7.4). This will be achieved by two successive
Gaussian integrations. First, we split the exponent of the quantity inside the integral as
follows:

—A/2

1 T 1 T 1 T
30, Y) - H-(2,0,Y)" = 5(2,0) - Hys - (2,0)" = 5Y - (Hy) - Y +;;Tm,

where H,; denotes the principal minor of H corresponding to 7,6, Hy denotes the
principal minor of H corresponding to Y, and

1/ o0, 20,
Ti' = — | V" 5 . .
I= A (” vy T aaay,-j>

It follows that
o0 1 N T A
( / 3 GANIHGAY) dY)
—o0
A T © 1 T 3 3 A
_ ej(%ﬁ)'ﬂz-,a'(vﬁ) (/ e—jY'(—HY)'Y i X Ti_fyz_de> .
—0

Let T denote the row vector with entries T;;. Note that Hy is the Hessian of g»(Y)
evaluated at Y. Since g>(Y) is concave and g, achieves its maximum at Y*, we have that
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Hy is negative definite. Hence,

( 1 /OC l(a,éy).Hﬁ,éY)TdY)A
200 505
(V2m)° S0

_ 1 o3 (THY) T 4.5, 5,6)T)
(Det(—Hy))A/2

We are thus left with the task of computing the integral

1 2o oA —LT 4 (s o5\ T
( ) / / o3 (THY) T 40,0, 50,0)T) (7.5)
\/27'5 —o0 J —0

It can easily be seen that the expression in the exponent is a quadratic polynomial in 7, d,

so that we may again perform Gaussian integration. We have
A _
5(T-(=Hy) VT 4 (2,0)  Hys o (7,0)T) = Dy + Epd + F&°, (7.6)

for some complicated D, E, F, which can be determined explicitly by (7.6), once we perform
the substitutions. Hence,

L\ [ 7 Ay 1T ) 1
N e = apE gy 07

provided that 4DF — E? > 0, so the integration is meaningful. We will check this condition
later.
Combining equations (7.4), (7.5), (7.7), we obtain

4 —A2
L= oyl — )1 — p)*e (Det(—HY) ,El y;,> (4DF — B
— B~ (1~ B R, 78
4n
where
4 —A2
R = (Det(—Hy) H yl*j) (4DF _ E2)—1/2'
ij=1

At this point we use Maple to perform the remaining calculations. The solution in the
form of (7.3) is particularly handy, since it rationalizes the relevant expressions. We have

EPE3E; : (B1By)*(Q+Q)'6
Det(—Hy) = L2 , Vi = ,
(Bi1B2)*(Q+Q7)" H / EP
E]

4DF — E* = (1 —=(A—=1)w?).

(QTQ ) E>E;
Note that by Lemma 3.2, we have 4DF — E? > 0, so that the integration in (7.7) is indeed
meaningful. After plugging the above values into R and substituting back in (7.8), the
lemma follows. 0
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7.2. Gadget
In this subsection we prove Lemmas 6.3 and 6.4. We will need the following bound.

Lemma 7.4 (general form of Lemma 3.2 in [27]). Let by,...,b, >0 and yy,...,y, be
integers. Let a =by +---+ b, and x = y; + - + y;. Assume y? < b; for eachi € {1,...,/}.
Then

( a+x ) l X
bi+yibatya,nbrt+ye) <1 +0 (E yz/b,>) @
a - i/ T A
(bl,bz ..... b/) i=1 by b
Proof. We have
a+x 2
(b1+y1,b2+yz,---,b/+y/) (a + x H
a
(bl,bz,...,b/) i=1 b + yill

= 5y (I:[ +j/a>) / lj(lj(l - j/b»)

a* 2
-4 (1
b’Y]"‘bi”( +O< +b1+ +b/>)

The lemma now follows from the fact that x*>/a < y?/b; +--- + y2/b? (which follows
from the Cauchy-Schwarz inequality). U]

7.2.1. First moment.

Proof of Lemma 6.3. By (4.1), recall that

A
Eg (2] = 2e+hn (a”n> (ﬁ”n>( Z Kéﬁ%) ,

x<min{af}
where
(o) (=)
Kéﬁ\ :%Bf’1351_a_ﬁ+x)n.
pn

Similarly, we have

of oc n+n; 5 n n
[Z (7’1)] )+ +ny (an> (ﬁn>
A—1
x( > “"‘(n)) ( > rcé"“),
}

x<min{a+ny /n,f+n5 /n x<min{o,f}
where

("5 ()
G = ( n+m7)
.BVH"TZ

anB(l o—f+x) n-‘rrll 7]2
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From Lemma 7.4 and the fact that n}",n7,n5,n5 < n'/4, we have the following estimate

on the ratio of K%’B *(n) and K2
ol W1 — )i B (1 — Y .
A PPN xSt L Ll TR e
K~ (0 — x) (1 —a— B+ x)1 2 (f — x)"

It is easy to see that for any o, f3, the logarithm of the function Kéﬂ ™ scaled by n is exactly

the full-dimensional representation of the function g;(X) (see Section 4.3). Since g;(X) is
strictly concave with respect to X, it has a unique maximum. With these observations, it
can easily be calculated that the value of x = x;; for which g;(X) achieves its maximum
is given by the unique positive solution of

BBy —x)B—x")=x"(1—a—pf+x7).
By Lemma 5.1, the logarithm of Kéﬁ "~ decays quadratically in the distance from x*. Let
A={x:|x=x"|<n V4.

The relative contribution of terms outside A to Eg[Z&"] is exp(—Q(n'/%)) and hence
can be omitted. Similarly, using (7.9), the relative contribution of terms outside A to
Eg (2P ()] is exp(—Q(n'/?)) and hence can also be omitted.

G
For x € A we have
kg (1= o)t B (1 B Bl
1,[7,.\‘ _( +0( )) AT * +_;* EAY/ S :
K (o0 = X" (1 — o — B+ X" (f — XY
Thus,
o
EglZg (n]
Eg(z¢]
(] — o)1 B (1 — RIS A
= oy USROS IR ) e,
(c—=xYi (1l —o—f+x*)1 " (f —x*)P

which proves the first part of the lemma.
When (o, f) = (p*,p~), we express o, f and x* = x], in terms of Q*, Q™ using equations
(3.6) and (7.2). We obtain

ot (1 — a)i B2 (1 — B

(00— XY (1 — o — B+ X" (B — x*)2

_ (32(1 —a)(1 —ﬁ))'"’(a(l —a—p +X*))”1(ﬁ(1 —a—ﬁ+X*))”2
l—a—p+x° Byx—x")1—a)) \Ba(f —x")(1—p)

_< (B, +0")(B,+ Q") >'"’(1+31Q)"f(1+BlQ+>"f
“\B,+ 0" 10 +B0"0" B+ 0" B,+0t )

N
: n =y
2

and hence

Ea[zgﬁ(n)] . N 1+B1Q_ A—1 n i 1+BlQ+ A—1 s
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where C* is given by (6.3). Using the fact that Q*, Q™ satisfy (3.3), we have
ﬂ 1+BlQ>A1 _ (1+B1Q+>A1
=) —= and =l —— .
¢ < B, + 0~ ¢ B, + 0+

Hence, we obtain

EC[Z%/}(”)] _ * +ym' —\m’
W =(1+o1)C1+0")"(1+Q7)

() (me) (o) (e)
1+ Q7 14+ Q7 1+0Q~ 1+0-

The second part of the lemma follows after observing that

+ o* + 1
g+ = , 1l—q== :
14 Q= 14 Q0% O
7.2.2. Second moment.
Proof of Lemma 6.4. By (4.4), we have
o,f\2 — )2(oc+/f)n n h
stz = (3) (1)
(7.11)

an (1 —a)n\ (Bn\ ((1 —P)n v,é,Y)A
X %: (Vn> ((oc - V)n> (5n> ((ﬁ _ y)n) (ZY: kg ) s

4 Lin 4 Rjn
Y I (,ViI”JiZnI}’i}naym") Hj:l (y1j"»y2j"f)’Si",YM‘n)
ot =

where

(orimyiomyaan)

V1i1n,Y120,...,y441

% B(2y1 1+Hyityi+ya+yntysi+ysn B (y22+y2+y33+y3atyatyaz+2yaa)n
1 2

L=y, Ly=Ly=0—y, Ly=1—20+7,

R, =96, R2=R3=,3—5, R4=1—2,8+5,

and Y stands for the non-negative variables y;;, 1 < i, j < 4 such that
>_vij=Li and 3 y;=R;

Similarly, we have that

Eg [(Z2F (n)?] = s20Hbms20i+a2) ( " ) (ﬁ”‘n)

oan

an\ (1 —o)n\ /Bn\ [(1 — p)n
> (v) ((a - y)n) (5) ((ﬁ - V)n> (7.12)

7,0

. A-1 _
() ()
v Y
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4 Lin 4 Rjn
20Y N [T (i’nn,ﬁizn,)‘ﬁsn,&mn) Hj:l (ﬁy;n,ﬁz/ﬂ,ﬁ’aﬂhﬂj")
G (’1) - ( n+m’ )
P1unyian,...yaan
(P11+912+913+9a+00n+931+933)n p(P0n+92u+933+934+ a2 +Pa3+29aa)n
X By B;

s

Li=y+nt, Ly=Ly=0—y, Ly=1-20+7+n],
Ri=d+n7, R=Ri=p—-0, Ri=1-2840+n,

and Y stands for the non-negative variables j;;, 1 < i, j < 4 such that
ij}ij = L,‘ and ij/,‘j = Rj.

For a given Y, consider Y such that vij = pij for all i,j e {1,2,3,4}, except ji4 =
yia + 07, Ja1 = ya1 + 15, and Jug = yaq +m' —n —n5 . This is always possible, except at
the boundary, but as we will see shortly, these cases can be safely ignored. By Lemma 7.4,
we have

y,(S,?

ke (1) P (1 — 200+ y)”l 0" (1 —2B + d)" g2 =2 =2

~sy =1 +o(1) P By" T (7.13)
KG Y14 Y41 YVaa

Let
A={(.0.Y) :[(3,0.Y) = ()", 0" Y") s < n /4,

where y* = o?, 6* = 2 and Y* is given by (7.3). By Condition 2.3 and Lemma 5.1, the
relative contribution of terms outside A to Eg [(Zg’ﬁ )] is exp(—Q(n'/?)) and hence can be
omitted. Similarly, using (7.13), the relative contribution of terms outside A to

Eg (22 (n))’]

is exp(—Q(n'/?)) and hence can also be omitted. For (7,5,Y) € A we have

K () ()1 (L= 2004 9" )T (0°) (1= 2B + ") w20
—v— = (1 +o(1)) RV .

Ké ' (J’14) 1 (J’41) 2 (J’44)
Using equations (3.6) and (7.3), we express o, f and Y in terms of 91, 0~. For (7,5,Y) € A,
we obtain that

m'—ny—ny 2

<Y )
oy =+ (1))(

G

2(1 — 204 7")(1 —2ﬁ+5*)>""

Vig

x ( 7" Vig )”( 8" Vi >"2
Byi,(1 —2a+77) B3y (1 =2 +6%)

=1+ (1))( (B2 +0)(B: + ) )2( +B1Q_>2’7‘(1+B1Q+)2"2
B ot r o T B0t By+ 0~ B,+0o" )

Plugging the last equation into (7.11) and (7.12), we obtain the lemma. L]
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7.2.3. Proof of Lemma 6.5.

Proof of Lemma 6.5. By equations (6.4) and (7.10), we have

_ of 2 of\2
i IO Bl
= (B[22 ] (g [2gT])

The lemma follows, after using Lemma 2.7. U]

8. Asymptotically almost surely results

8.1. Overview
In this section we apply the small subgraph conditioning method to obtain Lemmas 2.8
and 6.6, see Section 2 for a brief discussion. Closely related results have appeared in
[24, 27] for the hard-core model, but here we need to account for the extra parameters
By, B,. The proofs are similar but the technical calculations are a bit more complicated
due to the extra parameters.

The following theorem is taken from [24]. The notation [X],, refers to the mth-order
falling factorial of the variable X.

Theorem 8.1. Let 4; > 0 and 6; > —1 be real numbers for i =1,2,.... Let r(n) > 0 and
suppose that for each n there are random variables X; = X;(n), i=1,2,... and Y =Y (n),
all defined on the same probability space G = G, such that X; is non-negative integer valued,
Y is non-negative and E[Y] > 0 (for n sufficiently large). Suppose furthermore that:

(1) for each k > 1, the variables Xy, ..., X} are asymptotically independent Poisson random
variables with EX; — 1;,

(2) for every finite sequence my,...,my of non-negative integers,
k
E[Y [X1]m, - [ Xk]m , ,
Y DX D], P04 5 )

E[Y]

i=1

(3) X2 467 < o0,
(4) E[Y2/(E[Y])* < exp(D; 4i6%) + o(1) as n — 0.

Then Y > r(n)E[Y] asymptotically almost surely.
Proof. See, for example, [24, Theorem 7.1]. ]

Recall that Z é’ﬂ is the measure of configurations in zg’* for a random A-regular bipartite
graph G. Let X; be the number of cycles of length i in G. Clearly X; = 0 if and only if i
is odd. We have the following lemmas.

Lemma 8.2 (Lemma 7.3 in [24]). Condition 1 of Theorem 8.1 holds for even i with

)
1
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where r(A, i) is the number of ways one can properly edge colour a cycle of length i with A
colours.

Proof. The proof of Lemma 8.2 is given in [24, Lemma 7.3]. ]

Lemma 8.3. For (o, f) = (pt, pT), we have that

Eg[Z2 (n)Xi]

Eg[zZ' X 4
Eg[ZZ ()]

— 2i(1+96;) and
EglZ¢"]

— Ai(1 44,

where
(1— BiBy)(Q Q)"

o= (14 B1Q*)(1 + Bi1Q™)(B2 + QF)(B2 + Q7))

The proof of Lemma 8.3 is given in Section 8.2.

Lemma 8.4. It holds that
exp( > ;viaiz) =(1— ) A1 — (A -1 0?2

even i > 2

where w is given by (3.4).
The proof of Lemma 8.4 is given in Section 8.2.

Lemma 8.5. For (a,p) = (pt,pT) and for every finite sequence my, ..., my of non-negative
integers, it holds that

Eg [ZZ () [ Xa)m: - - - [Xok]m
Q[ G (m[X>] 1/} %] k H() K
EglZg"]
and
Eg[22 () [Xalwy - [Xodw]
g[ G 2“’[; 2 A] _)H(/ll(l_}_él))m,
Ea[zg (77)] i=1
Proof. The proof of Lemma 8.5 is identical to [24, Proof of Lemma 7.5]. ]

We are now in a position to prove Lemmas 2.8 and 6.6.

Proofs of Lemmas 2.8 and 6.6. We verify the conditions of Theorem 8.1 in each case:
Condition 1 holds (Lemma 8.2), Condition 2 holds (Lemma 8.5), Conditions 3 and 4 hold
(Lemma 8.4 and Lemmas 2.7 and 6.5). Lemmas 2.8 and 6.6 follow by picking r(n) = 1/n
and r(n) = 1/ /n respectively. O
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8.2. Random bipartite A-regular graphs
In this section we prove Lemma 8.3. We give the proof for the variables Zg’ﬁ and omit
the proof for the variables Z%’ﬁ (), which can be carried out the same way as in [27,
Lemma 3.8] and along the lines of Section 7.2.1.

Recall that r(A, i) denotes the number of proper A-edge colourings of a cycle of length

Lemma 8.6. r(A,i) = (A —1) 4+ (—1)/(A—1).
Proof. The (simple) proof of Lemma 8.6 is given in [24, Lemma 7.6]. U]

Proof of Lemma 8.3. Forsets S, T such that S < V|, T < V,,|S| =on,|T| = fin, let Y5 r
denote the measure of the configuration ¢ induced by S, T, that is, for a vertex v € V(G),
ow)=1ifand onlyifv e SUT.

Fix a specific pair of S, T. By symmetry,

E[Z&' X)) _ E[YsrX]
E[ZZ] E[Ysr]

(8.2)

We now decompose X; as follows.

e ¢ will denote a proper A-edge coloured, rooted and oriented i-cycle (r(A, i) possibilities),
in which the vertices are coloured with red (R), blue (B) and white (W) such that
no two adjacent vertices in the cycle have both R or B colour, that is, the only
assignments which are prohibited for an edge are (R,R), (B, B). The colour of the
edges will prescribe which of the A perfect matchings an edge of a (potential) cycle
will belong to. R denotes vertices belonging to S, B denotes vertices belonging to T,
and W the remaining vertices.

e Given &, { denotes a position that an i-cycle can be in (i.e., the exact vertices it
traverses, in order) such that prescription of the vertex colours of ¢ is satisfied.

e 1:. is the indicator function whether a cycle specified by &,{ is present in the graph
G.

Note that each possible cycle corresponds to exactly 2i different configurations & (the
number of ways to root and orient the cycle). For each of those &, the respective sets of
configurations { are the same. Hence, we may write

1
Xi=2> > L
& ¢
Let Py := Pr[l¢; = 1]. It follows that
E[Ys 1 Xi] =5 ZZH E[Ys.7|1er = 1].

In light of (8.2), we need to study the ratio E[Ys r|1e; = 1]/E[Ys r]. At this point, to
simplify notation, we may assume that &, are fixed.
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We have shown in Section 4.1 that
(3n) (5=om) Camprom)
E[YS,T] zi(fx-ﬁ—ﬁ)n (Z (n/f) ) B?”Bél o [)’+<>)n> ;
S (Bn)
where 6 denotes the number of edges between S, T in one matching.

To calculate E[Ys r|1:; = 1] we need some notation. For colours ¢1,¢; € {R, B, W}, we
say that an edge is of type {ci,c,} if its endpoints have colours c,c,. Let ji, j» denote
the number of red and blue vertices in the colouring prescribed by &. For k =1,..., A, let
ai(k) denote the number of edges of colour k of type {R, B}, let a»(k) be the number of
edges of colour k of type {W, W}, let di(k) be the number of edges of colour k of type
{R, W}, and let da(k) be the number of edges of colour k of type {B, W}. Finally, for
j=12leta;=>, ajk)and d; =3, dj(k). By considering the sum of the degrees of R
vertices, the sum of the degrees of B vertices and the total number of edges of the cycle,
we obtain the following equalities:

art+di=2ji, s +dry=2p, s tax+di +dy=1. (8.3)
A straightforward modification of the arguments in Section 4.1 yields

E[Ysr[ler =1] =
ocn—al(k)—dl(k)) ( (1—a)n—az(k)—da (k)
(

A ( )

2 (a+p)n O B—di)n—ai(k)—da(k)/ poxn+ai(k) p(1—o—p+dx)n+ai(k)

~ H (Z (= )—az(k)—d; (k)fdz(k)) B, B, > :
k=1 " 0 pn—aj(k)—da(k)

By Lemma 7.4, we have

—ay(k)—d (k
(rxn Ll]ékL dy( )) N (OC . 5k>a1(k)+d1(k)
on ’
(5“‘1) o
(1—a)n—ay(k)—dy (k) k)+dy(k k)+dy(k
() - (1 _“_ﬁ+5k>a2( Jro ’( B — ok >‘“( Jre®
(1—a) _ oy —
((ﬁfg,jn) 1—uo 1—a—f+d

("—al(k)—az(k)—dl(k)—dz(k)>
Bn—ai(k)—d>(k) ~ ﬁa1(k)+dz(k)(1 _ ﬁ)az(k)+d1 (k).

()

By the same line of arguments as in the proofs of Lemmas 6.3 and 6.4, we obtain that

E[Ysrllee =11 (87)% " (e — ") (B — 6" )1+ (B1 By)"
E[Ys 1] ot artdz (1 — g)aatdz (1 — B)artds

b}

Clearly P; ~ n~" and for given &, the number of possible { is asymptotic to
ol ﬁjZ(I _ O()i/Z*jl(l _ ﬁ)i/%jzni.
Thus, for the given &, we have

> PIE[Ys 7|l = 1]
E[Ys 7]

NR’

where

oo I—oa—p+o)(e— 3" )t (B — 5%)1F (B By)"
T ortdi—ji artdr=p(1 — g)a2tdatii—i/2(] — B)atditp—i/2 ~
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Utilize (8.3) to express everything in terms of i, ji, j», a, to get

(1 —o— B+ 06%)2722 (o — 6" (B — 6*)*2(By By) 2+ 420

R= o (1 — o) 20 (1 — B)i/2—72
Substituting

L 01+BiQ) gy 0(1+Bi0Y)

By + Q- +QF +BiQ-0*’ B, +Q-+0"+ B0 0F
and
5t = BiQ—Q*
B+ 0~ + 0t +B1Q7Q+’

we obtain

L S (A A (U
(1+B1Q~)i(1+ BiQ")2(By + Q)2 (By + QF )20

‘We thus obtain

EVsrlles =11 _ iy

E[Ys 1]
where
‘. ! ,_ B B0
B /(B +07)(B, +0F)’ 1+BQ~ ~
_ B{O~(B,+0") _
= W, w = Ble.
Thus, by (8.2), we obtain
E[YX)] rAi) it 2t
E[Y] == - X Z aj, ¥’ 22w®, (8.4)
J1,]2,42

where a; j, j, 4, 1 the number of possible ¢ with j; red vertices, j» blue vertices and a, edges
of type {W, W}. To analyse such sums, an elegant technique (given in [14]) is to define an
appropriate transition matrix. The powers of the matrix count the (multiplicative) weight
of walks in the implicit graph. In our setting, the transition matrix is given by

0y 0y

z 0
A =
01
10

= o N

0
w
0

Note that a rooted oriented cycle with specification &,{ corresponds to a unique closed
walk in the implicit graph defined by A. We have that Tr(A’) = Z‘;:l e;, where e; are the
eigenvalues of A (j =1,...,4). We thus obtain

E[YX]  r(Ai)

E[Y] 2 (xe;)

1

4

J
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A computation gives

. . %
ej =—e; = Bi(1 — 3132)\/(1 B0 TB0)
e3=—es = Bj\/(Ba+ 0")(B.+ 0").
It follows that for even i, we have
E[Y X;] _ r(A.i) <1 N < (1—ByB,)\JOTQ~ >)
E[Y] i JA+BOF )1 +BQ7) B, +0%)(B+07)/) )’

thus proving the lemma. ]

Proof of Lemma 8.4. Using Lemma 8.6, we have

Soa= Y @,wi: > (A_1)i;L(A—1)'wi.

eveni > 2 eveni > 2 eveni > 2

Observe that
X 1
Z_=—"In(1—x?
Z, 2j = aml=x)
j>1

for all |x| < 1. Clearly this holds for @ and by Lemma 3.2, it also holds for (A — 1)w. It
follows that

> ko= —%(mu — (A= 1)’0?) + (A —1)In(1 — 0?)),

eveni > 2

thus proving the lemma. ]

9. Remaining proofs

9.1. Proof of Lemma 3.2

In this section we give the proof of Lemma 3.2. We prove only the inequality for w, since
the inequality for w” is the condition for non-uniqueness; see the discussion in Section 3.
We will in fact establish a slightly stronger inequality, as is captured by the following
lemma. To aid the presentation, let us work with x =0%,y =0",d=A— 1.

Lemma 9.1. For any d > 2, it holds that

Bixy + Ble(X + y) + B, > (d — 1)(1 — Ble)\/ﬁ.

Proof of Lemma 3.2. Let W := B;xy + B1Ba(x + y) + B,. Observe that

W = (Bix+1)(y + B2) — (1 — B1By)y = (B1y + 1)(x + Bz) — (1 — B By)x.
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Using the two expressions of W and the AM—GM inequality, we obtain
= (Bix+ 1)(y + B2)(B1y 4+ 1)(x + B2) + (1 — B1By)*xy
— (1= B1B2)(y(Bix + 1)(B2 + y) + x(B1y + 1)(B2 + X))
< (V(Bix + 1)(By + 1)(By + x)(By + y) — (1 — By By) /xp)*.

Trivially
(Bix + 1)(B1y + 1)(By + x)(B2 + y) > xy > (1 — BiBy)xy,
0 (9.1) and Lemma 9.1 give

V/(Bix + 1)(y + B2)(Biy + )(x + By) — (1 — BBy)/xy > (d—1)(1 — BiBy).

which after trivial manipulations reduces to the desired inequality.

Proof of Lemma 9.1. The x, y satisfy

B1y+1 d Bix+1 d
xX=A and =4 .
(y+Bz> Y X+ B,

It follows that

d d
x(le B 1) =Y (Bly B 1) = x((Bix + 1)(y + B2))" = y((B1y + 1)(x + By))".

x+ B y+ B
Let W := Byxy + B1B>x + BB,y + B;. Observe that

(Bix 4+ 1)(y + B2) = Bixy+ BiBox+y+ B, = W + (1 — B1By)y,
(B1y + 1)(x + By) = Bixy + BiBay + x + By = W + (1 — By By)x.
Hence, (9.2) gives
X(W + (1 = BiBy)y)" = y(W + (1 — BiBy)x)".

Expanding using Newton’s formula gives

d d
Xy (i) WK1 — BBy =y ( )Wd (1= BiBy)x),
k=0 k=0

which is equivalent to

dx—y —xyZ( )Wd “K(1 = By By)F(xk 1 — y* 1,

Since x = y, this can be rewritten as

d
d xk=1 _yk—l
wd = x w41 — BB "()
y; <k) ( 1B2)

X=Y

Claim 9.2. For k > 2 and x,y > 0 with x # y, it holds that
Xk ket

> (k — 1)(xy)*=2/2,

545

(9.1)

(9.2)

(9.3)
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The simple proof of Claim 9.2 is given at the end. Using Claim 9.2, (9.3) gives

d
wi=3" (d> (k = HWIE(1 = By By (a2,

or equivalently

d d
Wity (Z) WK1 — BBy (xp) > > (Z)kW‘“‘(l — BB (xy)2. (94)
k=2 k=2

C D

Using Newton’s formula again and the identity
d\ _d(d—1
k) k\k—1)
C = (W + (1= BiBa)Jxy)' —dW*'(1 - By By) /5y,

d
D =d(1—BiBy) Jxy Y (Z - D W1 — By By) ! (xy)E!
k=2

= d(1 — BiB2) JXy((W + (1 — BiBy) Jxy)"™" — W),

Thus, (9.4) gives

we have

W > (d—1)(1 = BiBy) 5,

which is exactly the inequality we wanted. Finally, we give the proof of Claim 9.2.

Proof of Claim 9.2. Since k > 2, observe that

k=1 _ k-1
X -y — k=2 k—3 k—2
EEETE XU T XNy Aty
> (k — 1)((xy) - E2VED = (k — 1)(xp)* 22,
The inequality is an application of the AM-GM inequality to x*~2,..., y*=2. Equality
holds if and only if x = y. ]
This completes the proof of Lemma 9.1. L]

9.2. Proofs for Section 5.1
Proof of Lemma 5.1.  We first give the proof when M;; > 0 for all i, j. Then it is easy to
see that the function g(Z) attains its maximum in the interior of the region (5.2), since

g

=InM;;—InZ;—1—>+0w asZ;— 0"
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Since g(Z) is differentiable in the interior of the region (5.2) (by o; # 0 # f;), we may
formulate the maximization of g(Z) using Lagrange multipliers. Let

A(Z,l, l,) = g(Z) + /1,' <Z Z,'J' - OC,‘) + /1; (Z Zij - ﬁ})
Jj i

The optimal Z must satisfy

oA
0Z;;

=0<=1In M,‘j — lIlZij — 1+ )Li + }; <~ Z,’j = exp(li + ); — I)MU

Setting R; = exp(/;), C; = exp(4; — 1) one obtains that the stationary points of g(Z) have
the form stated in Lemma 5.1. The equalities (5.5) come from the conditions

N _A_
ok ok

We next treat the case where some entries of M;; are zero. Recall the convention
(Section 4.3) that In0 = —oo and 0In0 = 0. To see why these conventions are relevant,
note that whenever M;; = 0, g(Z) can have a maximum at Z" only if Zi’} = 0. Going back
to the interpretations of g(Z) in the first and second moments, the reader will immediately
notice that these are in complete accordance with the combinatorial meaning of the
variables Z;;. Let P = {(i,j) : M;; = 0}. We may restrict our attention for the maximum
of g(Z) in the region

ZjZij=O(,‘(u), foriel,...,m,

Zizijzﬁj(v)’ forjel,...,n,
Z,‘j > 0, for (l,]) ¢ P,
Zij=0, for (i, j) € P.

(9.5)

The proof given above (under the assumptions M;; > 0 for all i, j) now goes through for
the region (9.5), as can readily be checked. Since M;; =0 for (i, j) € P, the form of Z~
stated in Lemma 5.1 is consistent with the region (9.5).

Finally, the desired quadratic decay is an immediate consequence of the stationarity of
77, the strict concavity of g and Taylor’s expansion. L]

Proof of Lemma 5.2. The lemma is essentially an application of the envelope theorem,
but we give a short proof for the sake of completeness. From (5.5) we have

0 = = 0 0
<auR,) FZIMUC] +Ri;MU%Cj = %di, (96)

a n n a
<auc,-) ZM,-J»Ri-l—CjZM,-j%R,- =0. (9.7)
i=1 i=1
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Then

ZZ U(( )CIH(R)-i—Cln(C))

5 0 0
+ (a )(R,IH(RZ)"FRIIH(C]))—F (6uR'>C]+RZ<6uC’)>’

which, using (9.6) and (9.7), simplifies to

m

g:_;mm)(( )ZM,,C+R<ZM,,6 ))
() o £
(k) Sunetui
=—;1n(R

9.3. Proofs for Section 5.2

Proof of Lemma 5.4. To avoid unnecessary complications, we give the proof for
B1B; > 0. The case with B; = 0 (essentially the hard-core model) is covered in [7, Claim
2.2]. By (5.7) we have

a1 l—oa/ o R\* ¢ Bl B C\°
aen((hR) ) F et (e) ) e

where the R;, C; satisfy (5.8). By (5.8), we have

« _ R BiCi+G B _Ci BiR+R
1—o R, Ci+ BGCy’ 1—5 C, R|+BRy

Hence, the derivatives ¢y /0, 01 /0 in (9.8) become

¢ 1—o(BiCi+ G\ ¢y 1—B (BiR + Ry\"
—In(2 @ . (99
a0 n( P (cl+32c2> > b~ "\ \R+BR ©9)

We next establish the following claim.

Claim 9.3. When By > 0, B, > 0, the function

Bix+y

x+ Byy’

defined for x,y > 0 such that at least one of x,y is non-zero, is upper- and lower-bounded
by strictly positive constants depending only on By, Bs.

fx.y) =

Proof. Observe that for t > 0 it holds that f(x,y) = f(tx,ty), so that we may assume
x4y =1. Thus, Bix+y and x+ B,y are convex combinations of {1,B;} and {1, B,}
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respectively. Since we assumed that By, B, >0, f(x,y) is bounded by strictly positive
constants. U

Observe that Claim 9.3 is applicable to our case since not all of Ry, R, or Cy, C; can be
equal to 0 (by equations (5.8)).

We consider the boundaries with o(1 — o) — 0" and prove that the derivatives with
respect to o go the right way. The boundary cases with (1 — ) — 0" are completely
analogous. We consider two cases.

(1)« — 0. Then 1 —« — 1. By Claim 9.3 and (9.9), we obtain d¢;/dx — +c0.

(2)1 —a — 0%, Then « — 1. By Claim 9.3 and (9.9), we obtain d¢;/dx — —c0.
This concludes the proof of Lemma 5.4. Ul

Proof of Lemma 5.5. Let H; denote the Hessian of ®; evaluated at (p*, p~, X*). We keep

only o, 8, x11 as free variables in @; (the rest of the x;; are substituted by (4.2)). We check

that the principal minors along the diagonal are positive, the first principal minor being

the lower right corner of the matrix. This is equivalent to applying Sylvester’s criterion in

a rearranged version of —H;. We use Maple to perform the necessary computations and

plug into the resulting formulas the values of p, X" as given in (3.6) and (7.2) respectively.
Let P; denote the determinant of the ith leading principal minor. We obtain that

_ AE(E,
P = B0 or
P, — AE}(By 4+ Q7)1+ B;Q7)(1 4+ (A — Do)

B1By(Q)*QF ’
B AE{(1 — (A —1)’w)
T UUBIB(QTQ)?
where Eq, E; and w are given by (7.1) and (3.4). Trivially Py, P, > 0. The fact that P; > 0
is just Lemma 3.2.
To prove that (p*,p*,X°) is a saddle point, note that the respective expressions for
Py, P,, P; can be obtained by substituting O~ < Q*,0" « Q*, where 0" = q*/(1 —q").
We thus have that P; < 0 by Lemma 3.2. U]

9.4. Proofs for Section 5.3

Proof of Lemma 5.7. To avoid unnecessary complications, we give the proof for BiB; >

0. The case with B; = 0 (essentially the hard-core model) is covered in [8, Lemma 12].
By (5.13), we have

0y _ m( (= 7)? (y(l ~2u+y) R )A)
0y y(1=200+y)\ («—7)* RiR) )’
where the R;, C; satisfy (5.12). By (5.12), we have

y(1—=20+7)  RiRs (BiCy + 2B Cy 4 C4)(Cy + 2B,C, + B3Cy)
(0 —7)? R3 (BiCi + (BB, + 1)Cy + B,Cy)? ’
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Hence, the derivative d¢, /0y becomes
92 _ ( (x =)’ <(B%c1 +2B1Cy + Ca)(C1 + 2B,Ch + B%cn)A) 9.10)
0y (1 —2a+7y) (B1Ci + (B1By + 1)Ca + B2Cy)? ' '
Analogously, starting from (5.14), we can rewrite 0¢,/00 as
W _ | (B—0)>  ((B}Ry +2BiR> + Ri)(Ri +2ByRy + B3Rs) \* ©.11)
00 o(1—=2p+9) (BiRy + (B1By + )Ry + ByRy)? ’ ’

Before proceeding, we need the following claim.

Claim 94. When B; > 0, B, > 0, the function
(B3x + 2By + z)(x + 2B,y + B3z)
(Bix + (B132 + 1)y + 322)2

defined for x,y,z > 0 such that at least one of x, y, z is non-zero, is upper- and lower-bounded
by strictly positive constants depending only on B, B;.

f(x.y.2) =

Proof. Observe that for t > 0 it holds that f(x,y,z) = f(tx,ty,tz), so we may assume
that x4+ y +z = 1. Thus,

Bix+2Biy+z, x+2Byy+B3z and Byx+(BiBy+ 1)y + Byz

are convex combinations of {B?,2By,1},{1,2By, B3} and {By, BB, + 1, By} respectively.
Since we assumed that By, B, > 0, f(x,y,z) is bounded by strictly positive constants. []

Observe that Claim 9.4 is applicable to our case since not all of Ry, Ry, Ry or Cy,Cy, Cy
can be equal to 0 (by equations (5.12)).

We next consider the boundaries with y(o — y)(1 —2a +7) — 0" and prove that the
derivative 0¢,/0y goes to infinity the right way, using the expression in (9.10). The
boundary cases with B(f — )(1 — 28 + ) — 0T can be treated analogously using (9.11).

We consider three cases.

(1) y — 0. This case may only occurif 1 — 20 > 0. Thenot—y - o> 0and 1 — 20 +7y —
1 —2a > 0. By Claim 9.4 and (9.10), we obtain d¢,/0y — +o0.

(2) 1 —2a+ 7y — 0T. This case may only occur if 20 —1 > 0. Then y — 2« —1 > 0 and
o—7y — 1 —oa>0. By Claim 9.4 and (9.10), we obtain d¢,/0dy — +oo.

3)a—y—>0".Theny > a>0and 1 —20+7y — 1 —a > 0. By Claim 9.4 and (9.10), we
obtain 0¢,/dy — —oo.
This concludes the proof of Lemma 5.7. L]

Proof of Lemma 5.8. For (o, ) = (p*,p™), let Hy denote the Hessian of @, evaluated
at (a2, B2, Y*). We keep only y,0,yij with i, j =1,2,3 as free variables in @, (the rest of
the y;; are substituted by (4.5)).

We use Sylvester’s criterion to check that —H, is positive definite. We check that the
principal minors are positive, the first principal minor being the lower right corner of
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the matrix. This is equivalent to applying Sylvester’s criterion in a rearranged version
of —H,. Note that the first nine principal minors are guaranteed to be positive since
they correspond to the Hessian of the convex function —g»(Y) evaluated at its minimum
point. Thus we need to check only the remaining two principal minors. We use Maple to
perform the necessary computations and we plug into the resulting formulas the values
of p* from (3.6) and the Y* as given in (7.3).

Denote by P; the determinant of the ith leading principal minor. We have

AEPE3(By + Q7 )*(1+Bi1Q7)’(1 + (A — Do)
(B1B2)}(Q7)14(QH)"2 ’
NEPEX(1 — (A —1)0?
Py = det(—Ha) = i E5( 7( ) @ )’
(B1B2)3(Q™)'*(Q )™
where E{, E; and w are given by (7.1) and (3.4). Trivially Pyp > 0. And we also have
Pi; > 0 by Lemma 3.2. ]

Py =

9.5. Proof of Lemma 2.5
We now prove Condition 2.3 for the Ising model without external field and for d = 2, that
is, By = B, = B, =1 and A = 3. See Section 5.4 for the proof overview.

Our point of departure is (5.19). As in the proof of Lemma 2.4, we may assume that
riry,c1cq are either both greater than 1 or both less than 1. We are going to argue that
(5.19) cannot hold in these cases. For By = B, = B, multiplying the equations in (5.19)
gives

(Bey 4 (B? 4 1) + Beg)X(Bry + (B* + 1) + Bry)?

(1= B*)*(cica = 1) (1 = B?)*(rira — 1)
(C]C4)1/2 —1 (r1r4)1/2 —1

We will prove that for 0 < B < (/2 — 1)/(ﬁ+ 1), when rirqy # 1 (and similarly when

C1C4 79 1),

(1—B»*(rira — 1)
[F1¥rq — 1 '

In the region 0 < B < (/2 — 1)/(y/2 + 1) the values of « and f are heavily biased towards

1 and O respectively, and this reflects at the values of ry,r4, ¢y, c4. The required bias of the
values of o, § is captured by the following lemma.

(Bri 4 (B> + 1) + Bry)* > (9.12)

Lemma 9.5. Assume

0<B<b.
J2+1

For (o, B) = (p*,p™) it holds that
o 1—-p -

1
l—o p B3’

Ol
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The proof of Lemma 9.5 is given in Section 9.5.1. We utilize Lemma 9.5 to prove the
following result.

Lemma 9.6. Assume

0<B< V2-1

V241

For (o, B) = (pT,p™) and ry,rs,c1, cq satisfying the equations in (5.15), (5.16), it holds that
(1) r1 > 1/(3B?) and ¢4 > 1/(3B>).
(2) If in addition rirs,cic4 > 1, then r1 > 4/(9B?) and c4 > 4/(9B?).

The proof of Lemma 9.6 is given in Section 9.5.2. We now prove inequality (9.12).
Rewrite (9.12) as

B*(ry +r4)* +2B(B> + 1)(r; +1r4) + (B> + 1)> > (1 — B?*(1 + frira),
or
B2(r1 4+ 1r4)> + 2B(B* + 1)(ry + r4) + 4B > (1 — B*)? /74 (9.13)

At this point we split the analysis into the cases rjrg4 > 1 and rirqy < 1, the first being
considerably harder.

Claim 9.7. Inequality (9.13) holds when rirqy < 1.

Proof. We prove the stricter inequality (since 1 > B > 0 and r;,r4 > 0)

2Br; > \/m

By item (1) of Lemma 9.6 and the assumption rir4 < 1, we have

2 1
2Br1>§'§>1></7‘1r4. D

Claim 9.8. Inequality (9.13) holds when rirqy > 1.

Proof. We prove the stricter inequality (since 1 > B > 0 and ry,r4 > 0)
B2(ry +r4)> > Jrira. (9.14)
We first identify the regions where (9.14) is hard to prove. Note that
Bz(rl2 + 2rirs + rﬁ) > 4Bzr1r4,

so (9.14) is true if 4B?rir4 > _/rir4. Thus we may assume that

1
16B4 2 rirg. (915)
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Since rir4 > 1, by item (2) of Lemma 9.6

B>} > YT (9.16)
so that (9.14) is true if
42
9232 > (s
Thus we may assume that
44
rirgy > 9igs (9.17)

We are now ready to prove (9.14). Using (9.15), (9.16) and (9.17) we obtain

L4 4N 11
B%ﬁ+hwuwb>B%€+%mﬁ>m(w+a~w)>B,4>\ﬂm. O

Proof of Lemma 2.5. The arguments in this section established the required analogue
of Lemma 5.6, that is, the only critical points of ¢,(y,d) satisfy y = o, = 2. Now, we
can conclude using Lemmas 5.7 and 5.8, just as in the proof of Lemma 2.4 in Section 5.3.

O

9.5.1. Proof of Lemma 9.5. By the remarks in the end of Section 3, for the Ising model
with no external field it holds that

1l—ua

and QTQ~ = 1. For ease of presentation, let x = 0",y = 0~. By (3.3) and (3.6), we have

o 1—p
p

i XBy + 1), where x = By+1
l—o y+B y+B
Since xy = 1, we have that

o By +1 1 <By+1

= , where — = ——
l—a  y(y+B) y3 y(y + B)

2
> and x>1>y>0.

2
> and 0<y<l. (9.18)

Proof of Lemma 9.5. For

2-1
0<B =3-2{2,
< <\/§+1 V2

we want to prove that

e 41

l—a~ 9 B¥
which, given (9.18), is equivalent to y < (3/2)+/3/2B>. For convenience, let ¢ := (3/2):/3/2.
The equation for y in (9.18) may be rewritten as

(v + B)* = y(By + 1),
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which in turn yields that
B>y +(B*>+2B—1)y+B*>=0,

since, by (9.18), we are interested in 0 < y < 1.

Let f(z) := B?>2> 4+ (B> + 2B — 1)z + B?. By Lemma 3.3, we know that y is the unique
root of f(z) for 0 < z < 1. Observe that f(0) = B> > 0, so the desired inequality will follow
if we prove that f(B%c) < 0. Now, f may be rewritten as

_ _ R2
f(z)=B22<z+i—12§23).

For z = B>c and 0 < B < 3 —2,/2, we have
4.2 _ 4.2
Z+1:Bc+1<(3 2ﬁ)c+1.i,
z B2c c B2
1-2B—B> _ 1-23-22)—(3-227 162—-22
B2 2 B2 - B

A straightforward calculation gives

_ 4.2
W#<%<l6ﬁ—22

]

thus proving f(B*c) < 0. The lemma follows. L]
9.5.2. Proof of Lemma 9.6. We need the following lemma.

Lemma 9.9. When 1 > B1B, > 0 and ry,r4,c1,cq satisfy (5.15) and (5.16), it holds that

o < 1+7'1/Bz 1+Blc1 < ﬂ
11—« 1+ Bory’ 1+ c¢4/By 1—ﬂ

Assuming Lemma 9.9 for the moment, we give the proof of Lemma 9.6.

Proof of Lemma 9.6. When B; = B, = B, Lemma 9.9 gives

o <1+r1/B 1+Bc1< p
1—ua 1+Bry’ 1+4+c/B 1-—8

Since r4,¢1 > 0, it follows that

x 4 1 1—B 4 1

where we have used Lemma 9.5 to bound «/(1 —«) and (1 — f8)/f. This proves the first
item of the lemma, after observing that

41 .11

9 B3 3 B3

for any B < 1/3.
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To prove the second item of the lemma, note that when ryr4,cic4 > 1 we have

1+r1/B<1+r1/B_Q and 1+ Bcy >1+B/C4_E
14 Bry 1+B/7‘1_B 14+ ¢4/B 1+C4/B_C4.

It follows that

V1>B'L and C4>B'ﬂ.
11—« p
The desired bounds now follow after using Lemma 9.5 to bound «/(1 — «) and (1 — f)/p.
U]
We next give the proof of Lemma 9.9.
Proof of Lemma 9.9. Define
= Bici +2Bi + ¢4 o ¢1+ 2B, + Bicy
"7 Bici + (BiBy + 1) + Bacs’ 47 Bici +(B1By + 1)+ Bycy’
R — Blzrl + 2B1 + 14 R — r +2B2+B§r4
Y Biri 4+ (BiBy+ 1) + Bors” 47 Biri+(BiBy+ 1) + Baorg
Using Ci, Cj, R, R we can rewrite the equations in (5.15), (5.16) as
1 1—2
nC =1 ncp=iE0 (9.19)
°“—=7 x“—=7
, 0 , 1=2p+0
ClRl = m, C4R4 = W (920)
Eliminating y,d from (9.19) and (9.20) respectively, we obtain
* 1 ~|—V1Ci’ p _ 1 +C1Ri. 9.21)
l—a 14mnCy 1—=p 1+aR,
We have the following loose bounds on R, R}, C}, Cy:
1 1
Bi<R|, Ri<—, Ci<—, By<Cy (9.22)
B, B;

These bounds may be proved by picking any of the inequalities, multiplying out and
using By B, < 1. It is immediate now to check that the bounds in Lemma 9.9 follow after
combining (9.21) and (9.22). U]

9.6. Proof of Lemma 2.6
To prove Lemma 2.6, we will need to establish the following lemma.

Lemma 9.10. For the hard-core model (that is, By =0, B, = 1) for A =3,4,5 and (o, ) =
(p*,p~) the solution of (5.9), (5.10) and (5.11) satisfies y = o and 6 = .

Assuming for now Lemma 9.10, let us conclude Lemma 2.6.
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Proof of Lemma 2.6. By Lemma 9.10, the only critical points of ¢(y,d) satisfy y =
o?, & = B2 The result now follows by using Lemmas 5.7 and 5.8, just as in the proof of
Lemma 2.4 in Section 5.3. Ul

Finally, we give the proof of Lemma 9.10.

Proof of Lemma 9.10. Letd := A —1 and let
ci =C1/Cy, ¢4 :=C4/Cy, r1:=Ri/Ry, 14 :=Ri/Ry

(the same notation as we used in the proof of Lemma 5.6). Equations (5.19), for By =0
and B, = 1, become

l/d_]:rlm_l d 1/d_1:C104_1 923
(c1eq) Atrp (r174) Atar (9.23)
Let
x =), y=(cea)?, a=1/rs, and b=1/cs
We can rewrite equation (9.23) as follows:
1+ 2a + a*x¢ 14 2b + b?y¢
=" "~ ~ and = 9.24
1+2a+a M T 1wy ©.24)
Solving for a and b we obtain
—144q, —1
x4 —y yd—x
where
gz = -Dx'=1) and ¢;= (-1 -1). (9.26)

Note that a >0 and b > 0. Assume y > 1. Then x > 1 (otherwise the sides of (9.23)
would have different signs) and also y < x (the right-hand side of (9.24) is a convex
combination of 1 and x?) and hence |q,| > y — 1. Thus, using a > 0 in equation (9.25),
we obtain g, > 0 and similarly g, > 0. Now assume y < 1. Then x < 1 and also y > x¢
(again, the right-hand side of (9.24) is a convex combination of 1 and x?) and hence
|qal > 1 — y. Thus, using a > 0 in equation (9.25), we obtain g, < 0 and similarly ¢, < 0.
Because of symmetry between x and y we only need to consider two cases (in the case
x=y =1 we have y = ¢*> and § = p?):
I 1<y<x<yhge=v—DxI=1), g = /(x= 1)y’ = 1), and
M0<y!'<x<y<lgoi=—V(y—DI=1), g ==/ (x =1 = 1)

From equation (5.11) we obtain the following expressions for o and f (see equation
(9.21)):

o _ H—c4r1 +1 and ﬁ _ 1-&-)461 +1

_ c1+2+cq _ B rit2+ra
1 o 1+4cy T4 +1 1 ﬁ 14714 C4 +1
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Solving for «, f and using the parametrization with x, y, a, b, we have
_ y(l4+ay—1—a+ab
 x(14+b2+y(l +a)?+2ab—1’

§ = x(1+b)?>—1—b+ab
C x(14+b2+y(l+a)?+2ab—1"
Equations (3.1), (3.6) for B =0, B, = 1, («, ) = (p™, p™) easily imply

(9.27)

a(l — o) = (1 — p)~. (9.28)
Equation (9.28) is equivalent to (assuming o # f3)

ol —a)! — 1 — )t
- =0, (9.29)

which using the expressions for o and f from (9.27) becomes

(y(1 +a)* — 1 —a+ab)(x(1 + b)> +ab + a)’ — (x(1 +b)> — 1 — b+ ab)(y(1 + a)*> + ab + b)9)
xb+12—yla+12+a—>b

=0.

(9.30)
The final part of the proof will require some computational assistance (just to manipulate
polynomials). First we are going to plug the expression for a and b from (9.25) into (9.30).
Then we are going to use (9.26) to reduce the powers of ¢, and ¢, obtaining an expression
of the form

€00 + 1044 + Co19p + C11949b,

where cgo, co1, 10,11 are polynomials in x and y. Finally we will show that in case I we
have coop >0, co1 >0, c10 >0, ¢11 > 0 and in case II we have coy > 0, co1 <0, c190 <O,
c11 > 0 (and hence (9.30) cannot be zero). This will be accomplished by reparametrizing
x = (ty + y%)/(t + 1), factoring the expressions, and observing that:

e factor y — 1 occurs with even power in ¢y and ¢y,
e factor y — 1 occurs with odd power in ¢o; and cy9, and
o all the other factors have all coefficients positive.

The details of the argument appear in Appendix A of the online version [9]. |
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