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Insertion /  Merge /  Heapsort

● In ser t ion  sor t :
– O(n 2)
– Sorts  in  p lace.

● Merge sor t :
– O(n lg n)
– Needs O(n) extra space.

● Heap  sor t :
– O(n lg n)
– Sorts  in  p lace!
– In  pract ice usually slower than Quicksort .
– Not a stable sort .



Heaps, huh?

● Heap  -  d ata s t ru ctu re u sed  in  h eap sor t .
● Differen t  con cep t  th at  in  m em ory 

m an agem en t .
● Usefu l for  p r ior ity qu eu es  as  well.
● Heap  (alm ost  always) is  a  “n ear ly” 

com p lete b in ary t ree – gets  filled  on  all 
levels , excep t  on  lowes t . Th en  – from  left  
to r igh t .

● Each  n od e in  th e t ree con tain s  a valu e.



Heaps!

● Nod es  of h eap s  sat is fy heap property .
● Max- heap property :

– For every node i:
A[PARENT(i)] > =  A[i]

– Root  -  largest .
● Min- heap property :

– For every node i:
– A[PARENT(i)] < =  A[i]
– Root  – sm allest .

● We will u se m ax- h eap s .
● Exam p le.



Implementing a heap

● Storage – ar ray, with  th e followin g 
in d exin g:
– PARENT(i) =  floor(i/ 2)
– LEFT- CHILD(i) =  2 * i
– RIGHT- CHILD(i) =  2 * i +  1
– Quick to calculate (by shift ing).

● Exam p le.



Height of a heap

● Height of a node  – n u m ber  of ed ges  on  
th e lon ges t  d own ward  p ath  to a leaf.

● Height of the heap  – h eigh t  of root  n od e.
● Heigh t  = Θ(lg n ), wh ere n  – n u m ber  of 

elem en ts
● We will u se h eap - s iz e[A] < =  len gth [A] in  

ou r  algor ith m s.



Our building blocks

● MAX- HEAPIFY(A, i) – fix a n od e i in  h eap  
A by “float in g d own ” th e valu e – O(lg n )

● BUILD- MAX- HEAP(A) – p rod u ces  m ax-
h eap  from  u n ord ered  array – O(n )

● HEAPSORT(A) – sor ts  ar ray in  p lace – O(n  
lg n )



MAX- HEAPIFY(A, i)

● A – p oss ib ly “broken ” h eap , i -  in d ex.
● Assu m p t ion : ch ild ren  LEFT(i) an d  

RIGHT(i) are m ax- h eap s , A[i] m igh t  be 
sm aller .

● Goal: “float  d own ” th e valu e at  A[i] to  it 's  
correct  p lace d own  to h eap - s iz e[A].

● Id ea: d eterm in e th e larges t  of A[i], 
A[LEFT(i)], A[RIGHT(i)]. If th at  is  n ot  A[i], 
swap , an d  recu rse.

● Ru n n in g t im e O(lg n ).   Exam p le.



BUILD- MAX- HEAP(A)

● Goal: con ver t  an  ar ray in to a m ax- h eap .
● Id ea: “float  u p ” valu es  th at  are in  wron g 

p laces .
● BUILD- MAX- HEAP(A):

h eap - s iz e[A] =  len gth [A]
FOR i =  floor(len gth [A]/ 2) DOWNTO 1

MAX- HEAPIFY(A, i)
● Exam p le.
● Ru n n in g t im e: O(n ), u s in g clever  

su m m at ion  (see th e book for  d etails ).



HEAPSORT(A)

● BUILD- MAX- HEAP(A)
FOR i =  len gth [A] DOWNTO 2

Exch an ge A[1] < - >  A[i]
h eap - s iz e[A]  =  h eap - s iz e[A] -  1
MAX- HEAPIFY(A, 1)

● Id ea: bu ild  a m ax- h eap , p u ll ou t  th e top  
elem en t , rep lace with  las t , re- ru n  h eap ify, 
rep eat .  Exam p le.

● Ru n n in g t im e: O(n ) +  n - 1  * O(lg n ) =  O(n  
lg n )



Priority queues

● Priority  queue  – set  S of elem en ts , each  
associated  with  a key .

● Max- priority - queue:
– INSERT(S, x)
– MAX(S)
– EXTRACT- MAX(S)

● Exam p le: sch ed u lin g jobs .



Priority queue implementation

● MAX(A): retu rn  A[1]
● EXTRACT- MAX(A):

– Idea: rem em ber the root , m ove the last  
elem ent  to first , shrink the heap  by 1, heap ify.

– O(lg n)
● INSERT(A, x):

– Idea: increase heap , add  the elem ent  as last , 
m ove A[i] up  while A[i] >  A[PARENT(i)]


