Hidden Markov Model

-- Probabilistic Graphical Model Perspective



Probabilistic Graphical Model

* PDF Representation

— P(X,Y)
* Inference

— Giveny’

— UseP(X |Y") to solve problems
* Learning

_ Given{(xt’yt)}
— Fit P(X |Y)



Inference
« MAP (Maximum A Posteriori)
X" =arg max P(X 1Y)
* Marginalization
P(x. |Y") vt

Henceforth, “inference”== marginalization



Marginalization

P(x, =i]Y)= > P(X]Y)

XX =i

Computational Complexity:

x, €{L,2,...100}and T =1000
|P(x, =i|Y")|=100%°

Exponentially many terms



Forward-Backward Algorithm

P(x, =i|Y)
= P0G =1 Yyre Yeas Yoo Yesasee Vo)

= P(Y1ee Ve ) POG =1 Vi Ve ) PY X = DP(Yghen Yo [ X =1)
=a, (NP, [ x, =1)5.(1)

Forward message: ¢z, (1) = P(X, =1, Y,,..., V;1)

Backward message: [ (i) = P(Y, 4,..., Y1 | X, =1)




Forward-Backward Algorithm

Forward message: 04 (l) — P(Xt =1, Yirewos yt—l)

:ZP(Xt = i1Xt—1 — j1y11-"’yt—2’yt—l)
_ZP(th_J Yire Yi Z)P(ytllxtl J)P(X _letl J)

_Zatl(J)P(ytllxtl J)P(X _letl )

Xy, X1-2
‘_\,'YL }7-_13




Forward-Backward Algorithm

Backward message: [3 (1) = P(Y,qs Y7 | X, =1)

- ZP(ym, Virzoo Yoo Xes = J | X, =1)
—ZP(xtﬂ—nx—n)P(ym|xt+1 DPYeszres Vi 1 X = 1)

- Z P(Xt+1 = J | X _ I)P(yt+1 | Xt+1 J)ﬂtﬂ(])

—C)—To>




Forward-Backward Algorithm

P(Xt =1 |Y) = O (i)P(yt | X, = i)ﬁt (1)

Computational Complexity:

| e, (i) |=100 %100 and | A, (i) |= 100 x 100
| P(x, =i|Y)|=1000x100°



Forward-Backward Algorithm

PO, = i% =i]Y)
=a (NP [ X = DPX =1 X = DPY, [ X, =1)5.(1)




Forward-Backward Algorithm

* Message passing




Belief Propagation Algorithm

* Message passing

566
(%)




Probabilistic Graphical Model

* PDF Representation

— P(X,Y)
* Inference

— Giveny’

— UseP(X |Y") to solve problems
* Learning

— Given{(X,Y,)}
— Fit P(X |Y)



Learning

* Fully observed learning

— given{ (X, ¥;)} € W W o Wl e Ul o Wl Wy
—fit P,(X |Y) | ' ' ' ' ' '

* Partially observed learning

_ given{yt}
— fit P, (Y)

MAP Estimation: & =arg max P, (Y)



Expectation-Maximization Algorithm

0" =arg max P, (Y)
= arg max P(Y,0) =arg max Ix P(Y, X,0)dX

The basic idea:
* Given a guess for@ , lower-bound P(Y,8) with a
functiong(é,q(X))

 EM alternates between

— Optimize g(€,9(X)) wrtq(X) giveng
— Maximize g(8,q(X)) wrt@g giveng(X)



Expectation-Maximization Algorithm

p( 0]X)
New
Objective guess
function

Current
_—2\\ guess

Lower bound Linear
| approx.

* What'’s the form of a good lower bound g(6,q(X)) giveng?
—Expectation Step
* How to maximize the bound over 6 to get the next guess for 6,
givenq(X)?
—Maximization Step



Expectation Step

Given a guess for 6, lower-boundP(Y,8) with a
functiong(8,q(X))

P(Y,e)zj P(Y, X,0)dX

—J‘ [P(Y(>><<) 0) (X)dX Jensen’s inequality
q(X)
AL~ 90,000

s. 1. jxq(X)dx =1



Expectation Step

G(0,q) = log g(0,q(X)) N
o1

= | |Og[P(;&>><()’9)]q(X)dX

= [, a0 togl X

1] 1400 10g P, X,6)~a(X) log gk

The inequality is true for any Q, but we want the lower
bound to touch P(Y, ) at the current guess for @



Expectation Step

So we choose Jto maximize:
G(6.9) = | [a(X)log P(Y, X, 8) - q(X)log (X )dX

s. 1. 'Xq(X)dx =1

use Lagrange multiplier:

[(6,q) = A(L- [ a(X)dX) + [, [a(X)log P(Y, X, 6) —q(X)log 4(X)dX

dr,q) _ 1
da(X) =—-A+logP(Y, X,8)—logq(X)-1=0
P(Y, X,0)
X) = =P(X1|Y,0
100 | P(Y,X,6)dX 1Y)




Expectation Step

Given g(x) =P(X |Y,8) , the bound becomes

P(Y, X,6
g(e,q)znx[P((xw))

= [T, [Pev. o1

jq(X)dx

= P(Y,0)"
= P(Y,0)

]OI(X)

So, it touchesP(Y,#) at the current guess for@



Expectation-Maximization Algorithm

* E-step: find g(X) to get a good bound of P(Y, &) at givené
q(X)=P(X]Y,0)

* M-step: maximize the bound over 6 to get the next guess
for 6

G(6,9) = | [a(X)log P(Y, X,8) - q(X)log (X )JdX

The relevant term ofG(6,Q) is
| a(X)log P(Y, X, 8)dX = E,[log P(Y, X, )]




Maximization Step
E. 0 [l0g P(Y, X,6)] = jx g(X)log P(Y, X, 8)dX

]
> HMM definition:P(X,Y) = | [ P(x, | x_)P(Y, | X,)

log P(X,Y,0) = Iog(H P(X, [ Xy 16, x P X 56, (¥))

i
=Y log P(X, | X4 ; xtxtl)+ZlogP(yt|x 0, (¥,))
t=1

P(X,Y,6°")

=cP(X,Y, 0"
P(Y,0°%) ( )

>q(X)=P(X]Y,0°) =

E,x[log P(Y, X,0)]

T T
_ IX P(X,Y,0°)[> log P(x, | X,_1;6, )+ D _log P(y, | X.;6, (¥,))ldX
=1 1




Maximization Step

The first term: i
[ POX.Y,0°)Y log P(%, | %, 36, )X
t=1

T
:yyyp(xt = i1Xt—1 = j1Y"90|d)|Og P(Xt =1| Xt = J ;Qi,j)

i) t=l

use a Lagrange multiplier

i, X = 1,Y,0°)og P(x, =i %, =]:6,;)- /1(26’., -1D]=0

i j t=1

Zp(xt i, % = ],Y,0%) > P(x, =i %, = .Y.0™)
A= Tt:1 Zei’j :Zt:1 Jl =1

Zlogp(xt:ilxt—lzj;gll) | |

t=1

=
ZP(Xt Xig = 1Y QOId)
g =1

i

z P(Xt—l = ti’QOId)
t=1




Maximization Step

The second term: T
jx P(X,Y,0°)> log P(y, | X, ;6, (¥,))dX
t=1

=Y > P(x, =1,Y,0°)log P(y, | X, =i:6,(y,))

I t=l

use a Lagrange multiplier

d T i old . s B B _
1005 =v) [Z; P(x, =1,Y,0°)log P(y, =V | x, =i;6 (V) ﬂ(zvlei (vV)—-1)]=0

-
D P(x, =i,Y,0°)5, ,
o (V) = HT

3 P(x, =i,Y,6°)

t=1




Baum-Welch Algorithm

initialization of «,, B,, P(X.) ,and P(X,4, X;)

repeat
fort=1:T
:Bt (l) ZP(Xt+1 = J | X, = I)P(yt+1 | Xisg = J)ﬂtﬂ(])
a, (i) = zat S(DPY [ X = DPX =1 X%, =)
P(x, =1[Y) =, ()P(y, | X, =1)B(I)
P(X_, = 1L,X =1Y)=a_ (NP | X4 = DPX =1 x4 = Py, | X, =1)5.(1)
end
iP(xt =i,x_, =]j,Y,0°) iP(xt =i,Y,0°5, |
0. = = T 0.(v) = =
D> P(X_, =1.Y,0°) Zp(xt =i,Y,0°)

until converge



Thank you!



