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The responses of visual cortical neurons during fixation tasks can be significantly modulated by stimuli
from beyond the classical receptive field. Modulatory effects in neural responses have also been recently
reported in a task where a monkey freely views a natural scene. In this paper, we describe a hierarchical
network model of visual recognition that explains these experimental observations by using a form of
the extended Kalman filter as given by the Minimum Description Length (MDL) principle. The mode
dynamically combines input-driven bottom-up signals with expectation-driven top-down signalsto predict
current recognition state. Synaptic weightsin the model are adapted in a Hebbian manner according to a
learningrulealsoderived from theMDL principle. Theresulting prediction/learning scheme can be viewed
asimplementing a form of the Expectation-Maximization (EM) algorithm. The architecture of the model
positsan activecomputational rolefor thereciprocal connections between adjoiningvisual cortical areasin
determining neural response properties. In particular, themodel demonstratesthe possibleroleof feedback
from higher cortical areasin mediating neurophysiological effects dueto stimuli from beyond the classical
receptive field. Simulations of the model are provided that help explain the experimental observations

regarding neural responsesin both free viewing and fixating conditions.

1 Introduction

Much of the information regarding the response properties of cellsin the primate visua cortex has been obtai ned
by displaying visual stimuli withinacell’sreceptive field while amonkey fixates on ablank screen and observing,
viamicroelectrode recordings, the neuronal responses dlicited by the displayed stimuli [Hubel and Wiesel, 1968;
Zeki, 1976; Baizer et al., 1977; Andersen et al., 1985; Maunsall and Newsome, 1987]. The initial assumption
was that the responses thus recorded are not substantially different from those generated in amore natura setting,
but later experiments showed that the responses of many visual cortical neurons can be significantly modul ated
by stimuli from beyond the classical receptive field [Nelson and Frost, 1978; Zeki, 1983; Allman et al., 1985;
Desimone and Schein, 1987; Gulyas et al., 1987; Muller et al., 1996]. Modulatory effects in neural responses
have also been recently reported by [Gallant et al., 1994; 1995; Gallant, 1996] in atask where a monkey fredy

* A preliminary account of this work appeared as[Rao and Ballard, 1995b].



views anatural scene. In these experiments, responses from the visua areas V1, V2, and V4 were recorded while
amonkey freely viewed natural images. The image subregionsthat fell within a cell’s receptive field during free
viewing were then extracted from theimages and flashed withinthe cell’ s receptive field whilethe monkey fixated
on ablank screen. Surprisingly, the responses obtained when the stimuli were flashed during the fixation task were
found to be generally much larger than when the same stimuli entered the receptive field during free viewing.

In this paper, we describe a hierarchical network model of dynamics and synaptic learning in the visual cortex
that provides explanations for the above experimenta observations by exploiting two fundamental properties of
the cortex: () the reciprocity of connections between any two connected areas [Rockland and Pandya, 1979;
Van Essen, 1985; Felleman and Van Essen, 1991], and (b) the convergence of inputsfrom lower area neuronsto a
higher area neuron, resulting in larger receptivefield sizesfor neuronsinthe higher area [Van Essen and Maunsdll,
1983; Desimone and Ungerleider, 1989]. The reciprocity of connections allows feedback pathways to convey
top-down reconstructed signal sthat serve as predictionsfor lower level modul es, while the feedforward pathways
convey the residuals between current recognition state and the top-down predictions from the higher level. The
larger receptivefield size of higher level neurons alowsthem to integrate information from alarger spatial extent,
which in turn permits them to influence, viafeedback pathways, lower level units operating at a smaller spatial
scale,

The model acknowledges the fact that vision is an active, dynamic process subserving the larger cognitive
goals of the organism that the visual system is embedded in. In particular, the dynamics of a cortical module at
agiven hierarchical level is shown, using the Minimum Description Length (MDL) principle [Rissanen, 1989;
Zemel, 1994], to assume the form of an extended Kalman filter [Kalman, 1960; Kaman and Bucy, 1961;
Mayhbeck, 1979] which optimally estimates current recognition state by combining information from input-driven
bottom-up signals and expectation-driven top-down signals. The dynamics aso allows a nonlinear prediction
step that facilitates the processing of time-varying stimuli, and helps to counteract the signal propagation delays
introduced by the different hierarchical levels of the network. Prediction is mediated by a set of units whose
weights can be adapted in order to minimize the prediction error. The transformation of signals from lower, less
abstract areas to higher, more abstract areas is achieved via synaptic weightsin thefeedforward pathway whilethe
transformation back is achieved via the feedback weights, both of which are learned during exposure to natura
stimuli. Thislearning is mediated by a Hebbian learning rule also derived from the MDL principle. The weights
are shown to approach the transposes of each other which in turn allowsthe fast dynamics of the Kalman filter to
be efficiently implemented. The combined prediction/learning scheme can be viewed as implementing a form of
the Expectation-Maximization (EM) algorithm [Baum et al., 1970; Dempster et al., 1977].

We first verify the hypothesis that reciprocal connections between different hierarchical levels can mediate
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Figure 1: A Simple Input Encoder Network. The goal is to optimally encodeinputs | by finding best estimates 17, W,
and T for the network parametersU, W, andr. Optimality is defined in terms of least squared reconstruction error where the

reconstruction of theinputisgivenby |’ = Ur.

robust visual recognition by ng the model’s performance on a small training set of redlistic objects. The
mode! is shown to recognize objects fromitstraining set even in the presence of partial occlusionsand maintain a
fine discrimination ability between highly similar visual stimuli. By exposing the network to natural images, we
show that the receptive fields devel oped at the lowest two hierarchical levels are comparableto those of cellsat the
corresponding levelsin the primate visua cortex. We then describe simulations of the model in both free viewing
and fixating conditions and show that the simulated neural responses are qualitatively similar to those observed
in the neurophysiol ogical experiments of [Gallant et al., 1994; 1995; Gallant, 1996]. We conclude by describing
related work on cortical modeling, Kalman filters, and learning/parameter estimation techniques (including the
relationship to the EM agorithm), and discuss the use of themodel as a computational substrate for understanding
a number of well-known psychophysical/physiological phenomena such as illusory contours, bistable percepts,
amodal completions, visua imagery, end-stopping, and other effects from beyond the classical receptivefield.

2 A Simplelnput Encoding Example

We begin by examining a simple input encoding problem. In particular, consider the problem of encoding a
collection of inputsIy, I, . . . using a single-layer recurrent network (Figure 1) with linear activation units where
the goal isto minimize the reconstruction error. In other words, for agivenn x 1 input vector I, we would liketo

minimize the sum of component-wise squared errors as given by:
JU,r)=(1-Ur)"(1-Ur) (1)

where U denotesthen x k feedback matrix, the rows of which correspond to the synaptic weights of unitsin the
feedback pathway, r denotes the current k& x 1 activation (or internal state) vector and 7" denotes the transpose

operator. The vector Ur corresponds to the network’sreconstruction I’ of the input I.



Note that the optimization function J is modulated by two sets of parameters U and r. We can thus minimize
J by performing gradient descent with respect to both of these parameters. For agiven value of U, we can obtain

the optimal estimate # of the state vector r according to:
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where k1 > 0 determinesthe adaptationratefor r. The above equation can be equival ently expressed in itsdiscrete
form as:.

#(t+1) = £(t) + kUL (1 - U(2)) ©)

Similarly, for a given value of r, we can obtain the optimal estimate U of the generative weight matrix U
according to:

ﬁ:———:kz(l—ﬁr)rT (4)

where £, > 0 determines the learning rate. Equivaently,
Ut+1) = U(t) + ko1 = U(t)r)r” (5)

It is interesting to note that the above rule can be regarded as a form of Hebbian learning, with presynaptic
activity r and postsynaptic activity (I — U r). The differencein thelatter term can be computed, for instance, via
inhibitory feedback. Typically, for a given input I during learning, r = 1 is alowed to converge to a stabilized
value before the weights U are updated. These new values for U are subsequently used for computing the state ©
for the next input. The resulting scheme can thus be regarded as implementing an on-lineform of the well-known
Expectation-Maximization (EM) algorithm [Dempster et al., 1977] (see Section 9.5 for adiscussion). Notethat for
appropriately small positivevalues of k1, the quadratic form of .J assures convergence of & to the globa minimum
of J for agiveninput I.

An important feature of the above estimation scheme is that the dynamics in Equation 3 can be readily
implemented in the network of Figure 1 if we make the feedforward weight matrix W = U7, By using alearning
rule for U and W7 identica to Equation 5 but with a linear weight decay term, it can shown that W converges
approximately to UT even when initialized to arbitrary random values (see, for example, [Williams, 1985]).

A number of variants of the estimation scheme sketched above have previoudy appeared in the literature in
various guises. For example, [Daugman, 1988] proposes a gradient descent rule for estimating the coefficients of
afixed basis set of non-orthogonal Gabor filters (see also [Pece, 1992]). Daugman’s scheme can be seen to be
essentially identical to Equation 2 where the rows of /7 comprise the Gabor filter set. On the other hand, rather
than fixing the basis set of filtersto be Gabor functions, one can attempt to learn the basis set for some fixed state

vector r. In particular, if welet r = U7 (the feedforward response assuming W = U7T'), Equation 4 reduces



to Oja's subspace network learning algorithm [Oja, 1989] and Williams' symmetric error-correction learning rule
[Williams, 1985], both of which were shown to generate orthogonal weight vectorsthat span the principal subspace
(or dominant eigenvector subspace) of the input distribution. Thus, the purely feedforward form of the network
performs an operation equivalent to principal component analysis (PCA) [Chatfield and Collins, 1980]. More
recently, | earning schemes similar to the onewe presented above have been proposed independently by [Olshausen
and Field, 1996] and [Harpur and Prager, 1996]. As above, these schemes combine the dynamics of the state
vector r with thelearning of theweightsU. By additionally adding an activity penalty (derived from a* sparseness
function”) to the dynamics of the state vector r, [Olshausen and Field, 1996] demonstrate the development of
non-orthogonal and localized basis filters from natural images.

In the following sections, we show that the above framework can be regarded as a special case of a more
genera estimation and learning scheme that has its roots in stochastic modeling and Kalman filter theory. In
particular, using a hierarchical stochastic model of the image generation process, we formulate an optimization
function based on the minimum description length (MDL) principle. Inthe MDL formulation, the activity penalty
of [Olshausen and Field, 1996] arises as a direct consequence of the assumed model prior. As we show in
the following sections, the resulting learning/estimation scheme alows the modeling of the visual cortex as a

hierarchical Kalman predictor.
3 TheArchitectureof the Model

The modd is a hierarchically organized neural network wherein each intermediate level of the hierarchy receives
bottom-up information from the preceding level aswell astop-downinformationfromahigher level (see Figure2).
At each level, the output signals of spatially adjacent modules, each processing its own local image patch, are
combined and fed as input to the next higher level, whose outputsare in turn combined with those of itsneighbors
and fed into yet another higher level, until the entire visual field has been accounted for. As aresult, the receptive
fields of units become progressively larger as one ascends the hierarchical network in a manner similar to that
observed in the occipitotempora pathway (V1 — V2 — V4 — IT) of the primate visua system [Van Essen
and Maunsell, 1983; Desimone and Ungerleider, 1989]. At the same time, feedback pathways allow top-down
influences to modulate the output of noisy lower level modules. From a computational perspective, such an
arrangement allows a hierarchy of abstract internal representations to be learned while simultaneously endowing
the system with properties essential for dynamic recognition such as the ability to form pattern compl etions during
occlusions. From a neuroanatomical perspective, such an architecture falls well within the known complexity
of cortico-cortical and intracortical connections found in the primate visual cortex [Rockland and Pandya, 1979;
Gilbert and Wiesdl, 1981; Lund, 1981; Jones, 1981; Douglas et al., 1989; Felleman and Van Essen, 1991].

At the lowest level, the input image is processed in parallel by alarge number of identical network modules
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Figure 2: The Architecture of the Model. The feedforward pathways for the first two levels are shown in the top half
of the figure while the bottom half represents the feedback pathways. Each feedforward weight matrix W is approximately
the transpose of its corresponding feedback matrix U. The feedback pathways carry top-down reconstructed signals r ;4 that
serve as predictions for the lower level modules. The feedforward pathways carry residuals between the current state and the
top-down predictions, and these residuals are filtered through the feedforward weight matrix ¥ at the next level. The current
state prediction T(t) is computed from the previous state estimate T'(¢ — 1) using the prediction weights V' and the activation
function f. The current state estimate T(¢t) at each level is continually updated by combining the top-down and bottom-up
residuals with the current state prediction according to the extended Kalman filter update equations derived in the text. The
figure illustrates the architecture for the simple case of four level 1 modules feeding into a level 2 module. However, this
arrangement can be easily generalized in arecursive manner to the case of an arbitrary number of lower level modulesfeeding
into ahigher level module, whose outputs are in turn combined with those of its heighbors and fed into yet another higher level

and so on, until the entire visual field has been covered.

which tessdllate the visual field. For a given module, the local image patch can be considered an n-dimensional
vector I, whichislinearly filtered by aset of £ modifiablefilters asrepresented by therowsof ak x n feedforward
matrix W of the synaptic weights of units. The synaptic weights comprising IV are initialized to small random
values and adapted in response to input stimuli according to the synaptic learning rules derived below. The image
representation I in our model roughly corresponds to the representation at the LGN while the filters defined by
the rows of weight matrix W perform an operation similar to that carried out by simple cellsin layer IV of V1.

Thefiltered image is defined by a response vector y given by:
y =WI (6)

Theresponse vector y isfed into k (possibly nonlinear) “ state” unitswhich compute running estimates r of current
interna state and predict the state T for the next time instant using their synaptic weights V' (see Figure 2). There
aso exist n backprojection or feedback units with an associated n x k matrix of “generative’” weights U which

allow reconstruction of the input at the lower, less abstract level from the current internal state at the higher, more



abstract level. Their output is given by:

I'=0Ur (7)
In addition to bottom-up input I, each level in the hierarchica network (except the highest level) aso receives a
top-down signal r;, from a higher level module. The signa r;4 acts as a prediction of the lower level module's
current state vector ¥, as estimated by a higher-level module after taking into account, for example, information
from alarger spatial neighborhood in conjunction with the past history of inputs.

Note that while the above equations were defined for the first hierarchical level, where the bottom-up input
consisted of the image I(¢), the same analysis can be applied to all levels of the network where the bottom-up
input is simply the vector obtained by combining the output vectors of severa neighboring lower-level modules
asillustrated in Figure 2 for the second level.

Given the above architectural setting, we are now left with the problem of prescribing the dynamics for the
interna state vectors T and T, as well as appropriate learning rules for the synaptic weights U/, V, and W. In
the previous section, we achieved our objective by simply minimizing the reconstruction error. Aswe shall see,
a more general statistical approach isto mode the inputs to the system as being stochastically generated by a
hierarchical image generation process that can be characterized asfollows. First, we assume that images are being

generated by alinear imaging model of the form:
I(t) = U(U)r(t) + neu(t) (8)

where U is a generative matrix (corresponding to the generative feedback weights in the network) and r is a
hidden state vector. We assume the mean of the bottom-up noise process £(n, (t)) = 0. The corresponding

noi se covariance matrix %, at timet isgiven by
Bnpy ()neu(s)’] = Zeu ()8(2, 5) 9

where J isthe Kronecker delta function equaling 1 if t = s and O otherwise.
We model the difference between the top-down predictionr;, from ahigher level and the actual state vector r

at the current level by another stochastic noise processn;4:
ria(t) = r(t) + nya(t) (10)
with E(n.q(t)) = 0. The top-down noise covariance matrix X4 at timet is given by:
Enea(tine(s)"] = Zua(t)d(t, 5) (11)
Given the current state r(¢), the transition to the state r (¢ + 1) a the next timeinstant is modeled as:

r(t+ 1) = fF(V(@)r(t)) +n() (12



where f isa(possibly nonlinear) vector-valued activation function, V' isthe state transition matrix (corresponding

to the “prediction” weightsin the network), and n is a stochastic noise process with mean and covariance:

E(n)] = a() (13)

E(n(t) —0(t))(n(s) —1(s)"] = Z(t)d(t,s) (14)

For the derivations below, we assume that the three stochastic noise processes introduced above are uncorrel ated
over time with each other and with theinitial state vector.

Itisconvenient to view then x k generative weight matrix U and thek x & prediction weight matrix V' asan
nk x 1 vector u and ak? x 1 vector v respectively, where the vectors are obtained by collapsing the rows of the
matrix into asinglevector. For example,

vy
Uy
u= ) (15
U.T
where U; denotes the ith row of U. We characterize the evolution of the different unknown weights we used in

the hierarchical imaging model above by the following dynamic equations:

u(t+1) u(t) +ny(?) (16)
vit+1l) = v(t)+n,() a7)

wheren,, and n,, are stochastic noise processes with mean and covariances given by:

Em,(t)] = mu(t) (18)
Em, ()] = m(1) (19)
El(ny(t) = B (1) (0u(s) = Tu(s)"] = Zu(t)d(t, 5) (20)
El(ny(t) = 1, (1)) (no(s) =T (s))7] = Zy(1)d(2, 5) (21)

In summary, Equations 8 through 21 reflect our assumed hierarchical model of how visual inputs are being
stochastically generated. The goa of a given cortical module is thus to estimate, as closdly as possible, its
counterpart in the input generation model as characterized by the system of equations above.! It does so by

minimizing a cost function based on the Minimum Description Length principle.
4 TheMinimum Description Length Based Optimization Function

In order to prescribe the dynamics of the network and derive the learning rules for modifying the synaptic weight

matrices, we make use of the Minimum Description Length (MDL) principle [Rissanen, 1989; Zemdl, 1994], a

1By convention, each estimate that the cortical module maintains will be differentiated from its counterpart in the input generation model

by the occurrence of the hat symbol. For example, the mean of the current cortical estimate of the actual state vector 1 will be denoted by T.



formal information-theoreticversion of the well-known Occam’s Razor principle commonly attributed to William
of Ockham (13th-14th century A.D.) [Li and Vitanyi, 1993]. Briefly, the goal isto encode input datain away that
balances the cost of encoding the data given the use of a model with the cost of specifying the model itself. The
underlying motivation behind such an approach isto accurately fit the model to the input data while at the same
time avoiding overfitting and allowing generalization.

Suppose that we have already computed a prediction T of the current state r based on prior data. In particular,
let ¥ be the mean of the current state vector before measurement of the input data at the current time instant. The

corresponding covariance matrix is given by:
Elx-F)(r-7'] = M (22)
Similarly, let w and v be estimates of the current weightsu and v calculated from prior data with:

Blu-wm-w"] = S (23)

Elv-¥(v-91 = T (24)

Given a description language £, data P and modd parameters M, the MDL principle advocates minimizing the
following cost function [Zemel, 1994]:

J(M, D) = [LM, D)| = [L(DIM)] + |L(M)] (25)

| - | denotes length of the description. In our case, D consists of the current input image I(¢) and top-down input

r;4(t), and M condists of the parameters U, V, and r that can be modulated.? Thus,
|IL(DIM)] = [L(I—Ur)[+ |L(rea — )| (26)

The two terms on the right hand side of the preceding equation are simply the bottom-up and top-down recon-

struction errors. The cost of the mode is given by:
[LM)] = [L(x)[+ [L(u)[+ |L(v)] (27)

In a Bayesian framework, the above eguation can be regarded as taking into account the prior model parameter
distributions while Equation 26 represents the negative log-likelihood of the data given the model parameters.
Minimizing the complete cost function J is thus equivalent to maximizing the posterior probability of the model

M givendataD.

2The feedforward weight matrix ¥ does not appear among the model terms since this matrix can be constrained to be the transpose of the

feedback weight matrix U as aresult of the synaptic learning rules described in Section 6.



Given the true probability distribution (over discrete events) of the various terms in the above equations, the

expected length of the optimal code for each termis given by Shannon’s optimal coding theorem [ Shannon, 1948]:
|£(z)] = —log P(X = z) (28)

where P(X = z) denotes the probability of the discrete event . Since the true distributions are unknown, we
appeal to the Centra Limit Theorem [Feller, 1968] and use multivariate Gaussians as the prior distributions for
coding the various terms above. However, encoding from a continuous distribution requires the calculation of
the probability mass of a particular small interval of values around a given value for use in Equation 28 above
[Nowlan and Hinton, 1992; Zemel, 1994]. Using a trapezoidal approximation, we may estimate the mass under a
continuous(in our case, Gaussian) density p inan interval of width w aroundavaluez tobe P(X = z) = p(z)w.
For encoding the errors (Equation 26), we assume w to be a constant infinitesimal width which yields (using

Equation 28 and ignoring the constant terms due to the coefficients of the multivariate Gaussians):
LOIM)| = (I=Ur) S I = Ur) + (ra — 1) % (e — ) (29)

For encoding the model terms (Equation 27), a constant infinitesimal width w may be inappropriate since some
values of the parameters may need to be encoded more accurately than others. For example, the network may be
more sensitive to small changesin some parameter val uesthan others [Nowlan and Hinton, 1992]. Onesolution, as
suggested by [Nowlan and Hinton, 1992], isto make w inversaly proportional to the curvature of the cost function
surface, but this may be computationally very expensive. A simpler aternative, which favors small values for
the parameters given the choice between small and large values, isto let w be a zero mean radialy symmetric
Gaussian for each of the model termsu, v, and r with variances inversely proportional to «, 3, and ~ respectively.

Using Equation 28, the model cost then reduces to (ignoring the constant terms):

LM) = - M -t +u-afS u-a)+v-¥ITH{v-¥)+

yrlr + aufu + gvlv (30

Thefirst threeterms in the sum above arise from the prior Gaussian densitiesfor r, u, and v as given by G(r, M),
G(a, S), and G(¥,T') whilethe latter three terms are derived from the zero mean Gaussians associated with w.
Note that the above equation implements an intuitively appealing trade-off between achieving a good fit with
respect to prior predictions (r, w and ¥v) and simultaneously penaizing large values for the parameters (activities
r and weightsu and v). One may also view the latter three terms as regularizers [Poggio et al., 1985] that help

prevent overfitting of data, thereby increasing the potential for generalization.3

3The variance-related regularization parameters «r, 3, and v may be chosen according to avariety of techniques (see [Girosi et al., 1995]

for references) but for the experimentsin this paper, we used appropriately small but arbitrary fixed valuesfor these parameters.
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5 Network Dynamics and Optimal Estimation of Recognition State

The derivation of the estimation algorithm for recognition state is anal ogous to that for the discrete Kalman filter
as given in standard texts such as [Bryson and Ho, 1975] (the continuous case followsin a straightforward fashion
by applying afew limitsto the difference equationsin the discrete case [Bryson and Ho, 1975]). Given new input
I and top-down prediction r;4, the optima estimate of current state r after measurement of the new data is a
stochastic code whose mean T and covariance P can be obtained by setting:

9J(M,D) _ (31
Or
which implies

M@ -7 - UT5 (1 - UF) — 2 (rea —T) +97 =0 (32

After some algebrai c manipul ation, the above equation yiel dsthefollowingupdate rule for the mean of the optimal

stochastic code at timet:
T(t) = T(t) + PUTE M1 - UF(t)) + PE}Mrea — F(t)) — vPE(?) (33)

where the prediction T is given by:

t(t+ 1) = f(V()r(¥)) + n(t) (34)

It followsthat the covariance matrix P at timet isgiven by the update rule:
P(t) = (M™Ht) + UM I (U + 35 () + D)™ (35)
where [ isthe k x k identity matrix. The prediction error covariance matrix M isupdated according to:

M(t+1) = g—fP(t) (g—f) +3(t) (36)

with the partid derivative being evduated at r = 7(¢t). The partial derivatives arise from a first-order Taylor
series approximation to the activation function f around r(¢). The above set of equations can be regarded as
implementing a form of the extended Kalman filter [Maybeck, 1979].

During implementation of the agorithm, the covariance matrices %, 2, and ;4 can be approximated by
matrices £, 5y, and 3,4 estimated from sample data. Further, by appealing to a version of the EM agorithm
(see Section 9.5), wemay use U = U and V = V in the equations above, where U and V' are learned estimates
whose update rules are described in Section 6 and the appendix respectively. For neural implementation, the
update equations above can be simplified considerably by noting that the basis filters that form the rows of
the feedforward matrix W (= UT; see learning rule below) also approximately decorrelate their input, thereby
effectively diagonalizing the noise covariance matrices (see also [Pentland, 1992] for related ideas). This allows
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the recursive update rules to be implemented locally in an efficient manner through the use of recurrent axon
collaterals.

Equation 33 forms the heart of the dynamic state estimation algorithm. Note that Equation 3 which was
derived viagradient descent in Section 2 isactually aspecial case of Equation 33. More importantly, Equation 33
implements an efficient trade-off between information from three different sources: the system prediction r(¢),
the top-down prediction r;4, and the bottom-up data I. Intuitively, the bottom-up and top-down gain matrices
PUbe‘ul and Pft‘ 1 can beinterpreted as signal-to-noiseratios. Thus, when the bottom-up noise variance Shu iS
high (for instance, due to occlusions), the bottom-up term (I — U(t)) is given less weight in the state estimation
step (due to a lower gain matrix) and the estimate r(¢) relies more on the top-down term (r;4 — T(¢)) and the
system prediction ¥(¢). On the other hand, when the top-down noise variance S.ais high (for instance, due to
ambiguity in interpretation by the higher-level modules), the estimate r(¢) relies more heavily on the bottom-up
term (I — Ut (¢)) and the system prediction¥(¢). Finaly, if the system prediction ¥(¢) has alarge noise variance,
the matrix P assumes larger values which implies that the system relies more heavily on the top-down and
bottom-up input data rather than on its noisy prediction(¢). The dynamics of the network thus strives to achieve
a delicate balance between the current prediction and the inputs from various cortical sources by exploiting the
signal-to-noise characteristics of the corresponding input channels. Note that by keeping track of the degree of
correlations between unitsat any given level, the covariance matrices a so dictate the degree of lateral interactions
between the units as determined by Equation 33.

In summary, the optimal estimate of the current state before measurement of current datais a stochastic code
with mean ¥ and covariance M. After measurement and update as given by Equations 33 and 35, the mean and
covariance becomer and P respectively. The mean T is updated by filtering the current residual sor “innovations’
[Maybeck, 1979] (I — UF) and (r;y — T) using PUbe‘ul and P2 respectively. Note that this requires the
existence of the matrix U for filteri ng the bottom-up residua (I — Ut) that is being communicated from the
lower level. Thiscomputation can be readily implemented if the feedforward weights 17 happen to be symmetric
with the feedback weights 7 i.e. 77 = U . Therefore, we need to address the question of how such feedforward
and feedback weights can be devel oped.

6 Learningthe Feedforward and Feedback Synaptic Weights

The previous section described one method of minimizing the optimization function J (M, D): updating the
estimate of the current state r as given by r and P in response to the input data. However, J can be further
minimized by additionally adapting the weights u, v, and the feedforward weights w as well. Here, we derive
the learning rules for u and w. A possible learning procedure for the prediction weights v is described in the

appendix. Note that in order to achieve stability in the estimation of state r, the weights need to be adapted at a
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much slower rate than the dynamic processthat is estimating r.

We first derive the weight update rule for estimating the backprojection (generative) weightsu. Notice that:

(I-Ur)=(I- Ru) (37)
where R isthen x nk matrix given by:
0 0
o F ... o0
R=1| . . . . (38)
0 0o 7

Differentiating J with respect to the backprojection weightsu and setting the result to O:

0J(M,D)

5 =0 (39)

we obtain, after some agebraic manipulation, the following update rule for the mean of the optimal stochastic

weight vector at timet (notethat weuser = ¥(t) as prescribed by aversion of the EM algorithm - see Section 9.5):
u(t) =u(t) + PRI ZHI - R(tya(t)) — aP,a(t) (40)

wherew(t + 1) = u(t) + 1, (t) and R(¢) isthe matrix obtained by replacing r with ¥(¢) in the definition of R

above. The covariance matrices are updated according to:

Put) = (S7M0) + ROTEAOR) + ol) (4)

St+1) P,(t) + Z,(2) (42)

where I isthenk x nk identity matrix. Note that Equation 40 is simply a Hebbian learning rule with decay, the
presynaptic activity being the current responses R(t) and the postsynaptic activity being theresidua (I— R(¢)u(t))
(see feedback pathway in Figure 2).

It is relatively easy to see that Equation 5 which we derived via gradient descent in Section 2 isin fact a
special case of Equation 40 above. Thus, as we mentioned in Section 2, for the case of feedforward processing,
wherer = WIand U = W, thislearning rule (without the covariance matrices) becomes identical to Williams
symmetric error-correction learning rule [Williams, 1985] and Oja’s subspace network learning algorithm [Qja,
1989], both of which perform an operation equivalent to principal component analysis (PCA) [Chatfield and
Collins, 1980]. The more general form above which additionally incorporates dynamics for the state vector allows
the development of non-orthogonal and local representations as well. Another interesting feature of the above
learning ruleisthetransitionfrom u(¢) tow(t + 1). Thisstep alowsthe modeling of intrinsic neuronal noisevia

theterm n,, (¢). By assuming a distribution for this noise term (for example, a zero-mean Gaussian distribution)
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and sampling from this distribution, the transition from u(¢) to u(¢ + 1) can be made stochastic. This helpsthe
learning algorithm avoid local minima and facilitates the search for a globa minimum. The weight decay term
—aP,u(t) (duetothemode term | £(u)| inthe MDL optimization function) penalizes overfitting of the dataand
helpsincrease the potentia for generalization.

Having specified a learning rule for the feedback weights, we need to formulate one for the feedforward
weights such that the dynamics expressed by Equation 33 is satisfied. In other words, the feedforward weight
matrix W should be updated so as to approximate the transpose of the feedback matrix /. One solution is to
assume that the feedforward weights are initialized to the same random values as the transpose of the feedback
weights, and then to apply the rule given in Equation 40. However, it ishighly unlikely that biological neuronscan
have their synapses initializedin such a convenient manner. A more reasonabl e assumption isthat the feedforward
weights are initialized independently of the feedback weights.

Let w represent the vectorized form of the matrix W7 analogous to Equation 15. Consider the following

weight modification rulefor the feedforward weights at time+:

w(t) =w(t) + P,Rt)TZ, HI — R(t)u(t)) — aP,w(t) (43)
where we use w(t + 1) = w(¢) + 1, (¢) with o, (¢) assumed to be a zero-mean Gaussian noise process. This
isagain aform of Hebbian learning (with decay), the presynaptic activity thistime being the residual image and
the postsynaptic activity being the current r (see feedforward pathway in Figure 2). It isrelatively easy to show
that the above rule causes the feedforward matrix to approach the transpose of the feedback matrix, i.e. TV = UT,
even when they start from different initial conditions. Define a difference vector d as:

d=1u(t) —w(t) (44
Then, from Equations 40 and 43,
d = (a(t) -w(t)) — aPu(u(t) — w(t)) (45)
Asymptoticaly, asu(t) — u(t) and w(t) — w(t), (u(t) — w(t)) — d and Equation 45 reduces to:
—aP,d=0 (46)

Thus, given that o > 0 and P, ispositive definite, the expected value of d approaches zero asymptotically, which

impliesu = w. In other words (sincew s by definition), 1 = " which satisfies the condition needed for

the dynamics of the network (Equation 33) to converge to the optimal response vector for agiven input.
7 Experimental Results

Before presenting simulation results for the free viewing and fixation experiments, we verify the viability of the

model by describing results from two related experiments.
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7.1 Experiment 1: Learning and Recognizing Simple Objects

The first experiment was designed to test the model’s performance in a simple recognition task. A hierarchical
network as shown in Figure 2 was used with four level 1 modules, each processing itsloca image patch, feeding
into asinglelevel 2 module. The four level 1 feedforward modules each contained 10 units (rows of /) while
the second level module contained 25. The constants o and « that determine the variances of the MDL model
termswere set at 0.02 and 0.1 respectively. The feedforward and feedback matrices were trained by exposing the
network to grey scale images of five objects as shown in Figure 3 (A). Each input image was of size 128 x 128
and was split into four equal subimages of size 64 x 64 that were fed to the four level 1 modules. The average
grey level valueswere subtracted from each image and the resulting image normalized to unit length before being
input to the network. For each input trainingimage, the entire network was allowed to stabilize before the weights
were updated. Since only static images were used, we used T(¢ + 1) = ¥(¢). Notethat even without a non-linear
prediction step, for an arbitrary set of possibly non-orthogonal weight vectors, the optimal response of the network
at a given hierarchical level remains a highly non-linear function of the input image that cannot be computed
by a single feedforward pass but rather must be recursively estimated by using Equation 33 until stabilizationis
achieved (cf. [Daugman, 1988]). Figure 3 (B) through (E) illustrate the response of the trained network to various
input images.

7.2 Experiment 2: Learning Receptive Fields from Natural Images

The previous section demonstrated the model’s ability to learn internal representations for various man-made
objects and subsequently use these representations for robust recognition. In this section, we ask the question:
what internal representations does the network develop if it isexposed to a sequence of arbitrary natural images?
Note that this question becomes especially relevant if the network is to be used as a model of the visua cortical
processing during, for example, free viewing of natural images and therefore the internal representations (such as
theweightsT4) devel oped by themode! will needto beat least qualitatively similar to corresponding representations
in the cortex that have been reported in the literature.

We once again employed a hierarchical network as shown in Figure 2 with four level 1 modulesfeedinginto a
singlelevel 2 module. The four level 1 feedforward modules each contained 20 units (rows of ) whilethe level
2 module contained 25. Eight grey scale images of natural outdoor scenes were used for training the network.
However, unlike the previous experiment, the receptive fields of the four level 1 moduleswere alowed to overlap
as shown at theright of Figure 4 in order to quditatively model the overlapping organization of receptive fiel ds of
neighboring cellsin the cortex [Hubel, 1988]. Thus, for each natural image, a20 x 20 image patch was chosen and
four overlapping 16 x 16 subimages, offset by 4 pixelshorizontally and/or vertically from each other, were fed as
input to the lower-level modules. Each of the subimages was preprocessed by subtracting the average grey level
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Figure 3: Results from Experiment 1: Recognition of Simple Objects. (A) The five objects used for training the
hierarchical network. The first image additionally shows how a given image was partitioned into four local subimages that
were fed to the four corresponding level 1 modules. (B) through (E) illustrate the response of the trained network to various
input images. (B) When a training image is input, the network predicts an almost perfect reconstructed image resulting in a
residual that isalmost everywhere zero, which indicates correct recognition. (C) If apartially occluded object from the training
set isinput, the unoccluded portions of the image together contribute, via the level 2 module, to predict and fill in the missing
portions of the input. (D) When the network is presented with an object that is highly similar to atrained object, the prediction
isthat of the closest resembling object (the car in the training set). However, the large residual allows the network to judgethe
input as a new object rather than classifying it as the training object and incurring a false positive error, an occurrencethat is
common in most purely feedforward systems. (E) showsthat acompletely novel object resultsin a prediction imagethat is an
arbitrary mixture of the training images and as such, generates large residuals. The system can then chooseto either learn the

new object using Equations40 and 43, or ignore the object if it happensto be behavioraly irrelevant.
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Figure4: Resultsfrom Experiment 2: Learning Receptive Fields from Natural Images. (A) Three of the eight images

used in training the weights. The boxes on the right show the size of the first and second-level receptive fields respectively
on the same scale as the images. Four overlapping Gaussian windowed image patches extracted from the natural image were
fed to the level 1 modules as shown at the extreme left in Figure 2. The responsesfrom the four level 1 modules werein turn
combined in a single vector and fed to the level 2 module. The effective level 2 receptive field thus encompasses the image
region spanned by the four overlapping level 1 receptive fields as shown on the right in (C). (B) Ten of the twenty receptive
fields (or spatial filters) as given by the rows of W in alevel 1 module. These resemble classical oriented edge/bar detectors,
which have been previously modeled as difference of offset Gaussians or Gabor functions. (C) Six of twenty receptive fields
as given by the rows of W at level 2. These show non-linearities that result from higher-order correlations captured by the

level 2 units.

value from each pixel to approximate the removal of DC biasat thelevel of the LGN. The resulting subimage was
windowed by a16 x 16 Gaussian in order to prevent the spatial frequency biasesintroduced by arectangular image
sampling lattice. A total of 12114 image patches were used for training the hierarchical network. For each image
patch, the network was allowed to converge to the different optimal response vectors T for the different modules
at each level before the corresponding weights (W = UT) were updated. The variance-dependent constants «
and vy were set to 0.02 and 0.1 respectively and the temporal prediction step was smply ¥(¢ + 1) = T(t) asinthe
previous section.

Figure 4 shows feedforward synaptic weights ¥ for the level 1 (equivalent to V1) and level 2 (V2) units
that were learned using Equation 43. The level 1 receptive fields resemble non-orthogonal wavel et-like edge/bar
detectorsat different orientationssimilar tothereceptivefields of ssimplecellsinV1 [Hubel and Wiesdl, 1962; 1968;
Palmer et al., 1991] (see also [Olshausen and Field, 1996; Harpur and Prager, 1996; Bell and Sejnowski, 1996]).
These have previously been modeled as 2D Gabor functions [Daugman, 1980; Marcelja, 1980] or difference of
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Gaussian operators [Young, 1985]. The level 2 receptive fields were constructed by propagating a unit impulse
response for each row of the weight matrix 1/ at the second level to level 0. These receptive fields appear to be
tuned towards more complex shapes such as corners, curves, and localized edges. The existence of cellscoding for
features more complex than simple edges and bars have also been reported in several electrophysiological studies
of V2 [Hubel and Wiesel, 1965; Baizer et al., 1977; Zeki, 1978]. Thus, both the first and second level unitsin
the model develop interna representations that are comparabl e to those of their counterparts in the primate visual

cortex.
8 Simulationsof Free Viewing and Fixation Experiments

The experimental results from the previous section suggest that the model may provide a useful platform for
studying cortical function by (a) demonstrating the model’s efficacy in a simple visua recognition task and (b)
showing that the learning rules employed by the model are capable of developing receptive fields that resemble
cortica cell receptive field weighting profiles. In this section, we return to the question posed in the introduction:
why do the responses of some visual cortical neurons differ so drastically when the same image regions enter the
neuron’s receptive field in free viewing and fixation conditions [Gallant et al., 1994; 1995; Gallant, 1996]?

A possible answer is suggested by the recognition resultsin Figure 3 (C). In particular, the figure shows that
the responses of neurons depend not only on the image in the cell’s receptive field but also on the images in the
receptive fields of neighboring cells. This suggests that a cell’s response may be modulated to a considerable
extent by the surrounding context in which the cell’s stimulus appears, due to the presence of top-down feedback
in conjunction with lateral interactions mediated by the covariance matrices P, fb‘ul, and ft‘dl (see Equation 33).

For comparison with Gallant et al.’selectrophysiol ogical recording results, we assumed that the cell responses
recorded correspond totheresidual (¥ —r;,4) inthemodel (see Figure2).* Qualitatively similar resultsare obtained
by measuring thefiltered bottom-up residual. For the simulation experiments, we modeled cellsin V1 and V2 as
shown in Figure 2 (with four level 1 modules feeding into a single level 2 module) but the model can be readily
extended to more abstract higher visual areas with a higher degree of convergence at each level. The parameters

were set to the same values as in Section 7.2. The feedforward and feedback weights were set equal to the values

4 The primate visual cortex is alaminar structure that can be divided into six layers [Felleman and Van Essen, 1991]. The supragranular
pyramidal cells (e.g. layer I11) typically project to layer IV of the next higher visual areawhileinfragranular pyramidals(e.g. layer V/VI) send
axons back to layers I, V and/or VI of the preceding lower area [Van Essen, 1985; Felleman and Van Essen, 1991]. The architecture of the
model (Figure 2) suggests that the supragranular cells may carry the residual (T — r4) to the next level while the infragranular cell axons
could convey the current top-down prediction UT (= 1.4 Or I'14) to the lower level. The bottom-up residual (1= ﬁF) would then befiltered
by layer IV cells (whose synapses encode W) with the help of interneurons which implement the lateral interactions due to the covariances.
The esti mate?(t) would presumably be computed by infragranular cells (whose synapses could encode V) during the course of predicting
(¢ + 1); the presence of recurrent axon collaterals [Lund, 1981] among these cells is especially suggestive of such arecursive computation.

These functional interpretations of cortical circuitry are however speculative and require rigorous experimental confirmation.
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learned during prior exposure to natural images as described in Section 7.2. The free viewing experiments were
simulated by making random “eye-movements’ to image patches within a given natural image and allowing the
entire network to converge till al cell responses stabilized; the response values (as given by the residual) were
then recorded. For determining the response of a cell during the fixation task, only the image region that fell
in the cell’s receptive field during free viewing was displayed and the cell’s response noted. The cell responses
recorded were numerical quantitiesthat could be used to generate spikesin a more detailed neuron model. Since
the eye-movements were assumed to be random, the temporal prediction step involving V' was not used in these
simul ations but we nevertheless expect it to play an important role in future simulationsthat employ temporal as
well as spatial context in predicting stimuli.

Figure 5 shows the simulation results. As noted above, the response of agiven cell at any level is determined
not just by theimage falling withinits receptive field but a so by the images in the receptive fields of neighboring
cells since the neighboring modul es feed into the higher level which conveys the appropriate top-down prediction
back to the lower level: the better the top-down prediction r;4, the smaller the residua (r — r:4) and hence,
the smaller the response. In the case of free viewing an image, the neighboring modules play an active role in
contributing to the top-down prediction for any cell and the existence of this larger spatial context alows for
smaller responsesin general. Thisisshownin Figure5 (A) wherethe given cell’ sresponseinitially increases until
appropriate top-down signals cause the response to diminishto astabilized level. On the other hand, in thefixation
task, only the image subregion that fell in a cell’s receptive field during free viewing is displayed on a blank
screen. The absence of any contextua information resultsin a much less accurate top-down prediction dueto the
lack of contributionsfrom neighboring modul es and hence, arelatively larger responseiselicited asillustrated in
Figure 5 (B). The histograms of responses in the simulations of fixation and free viewing conditions are shown
in Figure 5 (C). The results show that in most but not all cases the responses in free viewing are substantially
reduced. Thisis consistent with the free viewing data [Gallant, 1996] and the data from accompanying control
experiments (see below). Perhaps the most interesting feature of the free viewing versus fixation histogramsis
that they overlap, suggesting that the reduction in responsesisnot abinary al or none phenomenon but rather one
that is dependent on the specific ability of the higher level unitsto predict the current state at the lower level.

9 Discussion

In related experiments [Gallant et al., 1995], it was observed that responses were sometimes also suppressed
by enlarging the stimulus beyond the cell’s receptive field in the fixation task. More recently, Gallant has
shown that in many cases, the response attenuation observed during free viewing can be duplicated in a static
fixation task in which areview “movi€’ recreating the spatiotemporal sequence of image patches that entered the

receptive field during free viewing is presented to the monkey, the review stimuli being three times the size of
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Figure5: FreeViewing and Fixation Simulation Results. (A) An example of the dynamic response of acell to animage
patch in the simulated case of free viewing. (B) The response of the same cell to the same image patch but under conditions
of fixation. (C) The histograms of responses accumulated over 20 cellsin afirst level module for 500 image presentations,
showing the fixation responses (light grey) compared to the free viewing responses (black). Responses obtained during free
viewing were found to bein general much diminished than those obtained during the fixation task. Asthe graph depicts, more
than 80% of the free viewing responseslie within the first bin in the histogram; the fixation distribution, on the other hand, has

amuch longer tail than the free viewing distribution.

20



the classical receptive field [Gallant, 1996]. The results from both of these experiments, which do not involve
any eye movements, lend support to our explanation of the suppression of responses as occurring largely due to
contributions from neighboring modules in response to the global input stimuli, rather than being the result of
oculomotor predictive mechanisms (such as the “ shifter circuit” of [Andersen and Van Essen, 1987]). However,
this does not preclude the possibility of suppression due to oculomotor predictions occurring in other visua
cortical areas, especially thosein the parietal cortex, which are connected to oculomotor structuresand where such
predictive remapping effects have been observed [Duhamd et al., 1992].

A number of neurophysiological effects due to stimuli from beyond the classica receptive field can be
explained within the context of the present model as occurring due to the influence of top-down predictions.
Take, for example, the classical phenomenon of end-stopping, or suppression of responses when the stimulus
(e.g. aline) extends beyond the cell’s receptive field [Hubel and Wiesdl, 1965; 1968]. Thisis clearly a highly
“nonlinear” property of the “hypercomplex” cell [Hubel and Wiesdl, 1965] if one considers the cell inisolation;
however, the model suggests that such “nonlinearities” may in fact arise due to cortico-cortical/genicul o-cortical
and intracortical interactions between linear cells as well. An example of this phenomenon is Figure 3 (C)
where a neura unit participates in the completion of an occluded image: the unit’s response appears to be a
highly non-linear function of the input image patch even though its activation function is linear. In the case
of end-stopping, the present model predicts that the ends are “stopped” via inhibitory feedback whenever the
surrounding and encompassing receptive fields can predict the cell’s local input. The behavior of the cell
appears non-linear only if the cell is viewed in isolation without regard to possible interactions between its
neighbors within alevel and across levels (as suggested by the covariance terms and top-down feedback terms
respectively in Equation 33).° Indeed, experiments by [Murphy and Sillito, 1987] confirm the contribution of
cortical feedback in mediating end-inhibitionin cellsinthe dorsal LGN. In addition, Bolz and Gilbert have shown
that supragranular cellsin thecat striate cortex (V1) lose the property of end-stopping when infragranular cells(in
particular, cellsin layer V1) are inactivated by using the inhibitory transmitter GABA [Bolz and Gilbert, 1986].
Since infragranular cellsin V1 receive feedback from higher extrastriate visual cortical areas [Van Essen, 1985;
Felleman and Van Essen, 1991], it is reasonable to assume that inactivation of these cells prevents top-down
feedback from influencing the supragranular cells, thereby causing them to lose their property of end-stopping.
Note that other properties of the supragranular cells such as orientation selectivity were found to remain intact,

which is in agreement with our model. Further evidence for the fundamenta role of top-down feedback in

5 Notethat this does not preclude the existence of non-linear neuronsin the cortex. Non-linearities (within the dynamic range of acortical
neuron) are accounted for in two ways by the present model: (a) single unitsin the model code both positive and negative quantities whereas
the cortex may employ multiple neuronsfor this purpose, thereby causing the appearance of a non-linearity; (b) the model allows for neurons

with non-linear activation functionsin the prediction step (Equation 34) at each hierarchical level.
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influencing neural activity at lower cortical levelsis provided by the work of [Mignard and Malpeli, 1991] who
show that cells in the upper layers of V1 can be driven in the absence of direct bottom-up input from the LGN.
However, additionally destroying V2 profoundly reduced the upper layer neural activity which led [Mignard and
Malpeli, 1991] to conclude that the cause of the upper layer activity was in fact top-down feedback from V2.
Given the above observations, it may be possible to attribute other types of “non-specific suppression” in V1
cells (such as cross-orientation inhibition [DeAngelis et al., 1992]) to bottom-up/top-down cortico-cortical and
lateral interactions such as those occurring in Equation 33 rather than to purely normalization-based suppression
mechanisms [Heeger et al., 1996]. Also, in the light of the above discussion, the model predicts that much less
response suppression should be observed in Gallant et al.’s free-viewing experiments if top-down feedback is
precluded, for instance, by intracortical pharmacological means as in the experiments of [Bolz and Gilbert, 1986]
or viadestruction of higher cortical areas as in the experiments of [Mignard and Malpeli, 1991].

Suppression of neural responses has also been observed in higher visual cortical areas such as MT [Allman
et al., 1985], V4 [Desimone and Schein, 1987; Muller et al., 1996] and IT [Miller et al., 1991]. Many of these
experiments employ time-varying stimuli such as drifting gratings and we would therefore expect the responses
to be modul ated with respect to not just spatial context (as in this paper) but also recent temporal context. This
would necessitate learning the prediction matrix V' (apossible method i s suggested in the appendix) and usingitin
conjunctionwith an appropriate activationfunction f for predicting spatiotemporal inputsas given by Equation 34.

Simulation of such spatiotemporal cortical models constitutes an active direction of future research.
9.1 FreeViewing of Natural Scenesby Humans

An interesting question is whether the model conforms to behavioral data obtained from human subjects during
free viewing of natural images. Experiments by McConkie and others [McConkie, 1991; Grimes and McConkie,
1995] appear to be especially relevant in answering this equation. In these experiments, subjects were given the
primary task of remembering an image but they were also informed that changes might beintroduced in theimage
as they examine it. They were asked to press a button when they detected a change. During a given trid, parts
of the image was changed during certain saccades. Surprisingly, the subjects were remarkably unaware of such
prominent changes as the addition or deletion of objects, and changesin color.

The remarkable insensitivity of human subjects to changes in the image during “free viewing” might appear
to contradict the present model since, after al, a change in the image from a previous fixation should introduce
alarge residual® and hence direct the subject’s attention to it. Recent experiments in our laboratory [Ballard et

al., 1996] and in McConkie's laboratory [Irwin et al., 1994] in fact do corroborate this expectation: subject’s

6This observation applies to models employing temporal context to predict post-saccadic stimuli whereas the simulations described in this

paper used spatial context only.
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do indeed become aware of the changes if the object that was subject to a change was relevant to the task at
hand. For example, [Ballard et al., 1996] report an increase in fixation time of subjects whenever task-relevant
changes are introduced during the course of a block copying task. In addition, neurophysiologica experiments
by [Miller et al., 1991] indicate that responses in I T neurons in the monkey are attenuated according to whether
or not the presented stimulus matches a previously memorized object, yielding large responses (residuals) during
mismatches and response suppression (small residuas) during matches. Indeed, the theoretical framework of
Crick and Koch (see, for example, [Koch, 1996]) proposesthat visual awareness may be correl ated with responses
in higher visual cortical areas such asV4 and I T, but probably not lower level areas such as V1. Thissupportsour
argument that high residualsin lower level areas, especially when inimage regions not related to thetask at hand,

need not alwaysimply awareness of the corresponding changes as in McConki€'s experiments.
9.2 Illusory Contours, Amodal Completions, Visual Imagery, and Bi-Stable Percepts

We have shown that the ability of adjacent modules to contribute to the output of a neighbor (via feedback from
the next level) endows the model with important properties such as the ability to form completionsin the presence
of occlusions (for example, see Figure 3). The same property aso alows aternate interpretations of phenomena
such as subjective/illusory contours and amodal completions [Kanizsa, 1990]. For example, [Grosof et al., 1992]
and [von der Heydt et al., 1984] report the existence of neurons responding to illusory contoursin V1 and V2
respectively. The present model suggests that these responses may be the result of expectation-based top-down
feedback asillustrated by Figure 3 (C). In thisregard, the existence of overlap between adjacent receptive fields
considerably helpsin providing more accurate compl etions as compared to non-overl apping receptive fields. The
feedback pathwaysin the moddl a so provide a convenient substrate for realizing visual imagery as illustrated by
the top-down reconstructed images in Figure 3. Indeed, recent PET studies have shown that imagery shares some
of the same neural substrates as perception and can activate even the lowest visual areas [Kosdyn et al., 1995].
Equation 34 allows the effects of intrinsic neuronal noise to be modeled via the additive noiseterm ni(t). By
assuming aprobability distribution for thisterm and sampling from thisdistribution in Equation 34, the computation
of the recognition state estimates can be made stochastic. An alternate but equaly plausible method to make
the model stochastic is to directly sample the current recognition state from a Gaussian distribution with mean
T and covariance M . Either of these settings could conceivably allow modeling of bistable percepts and Gestalt
inversions such as Rubin’s vase or Necker’s cube. Such phenomena could be attributed to a lack of convergence
at the highest level to a stable object hypothesis due to large noise variances in the top-down component of the
architecture. The stochastic nature of the model would in turn alow periodic transitions between two aternate
interpretationsof the same visua image (local minimain recognition state space). Evaluating the efficacy of these

ideas remains the subject of ongoing simulations.
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9.3 Comparison with Related Work on Cortical Modeling

There has been considerable work in recent years on determining the computational nature of the cortex and the
brain [Churchland and Sejnowski, 1992]. This work includes models ranging from feedforward networks such
asthe hierarchical “perceptual network” of [Linsker, 1988] and the “HBF’ networks of Poggio and collaborators
[Poggio, 1990; Poggioet al., 1992] to bi-directional “flow”/control -based model s, such asUllman’sCounterstreams
mode! [UlIman, 1994], Deacon’s* counter-current diffusion” model [Deacon, 1989] and Van Essen et al.’sDynamic
Routing Circuit model [Van Essen et al., 1994]. While an exhaustive survey is beyond the scope of this paper,
we briefly outline below comparisons of the present model with some closely related models that employ both
feedforward as well as feedback connectionsfor perception and learning.

Perhaps the earliest use of feedback mechanisms as integra components of perception can be found in the
classic paper by [Pitts and McCulloch, 1947] in which a negative feedback model of oculomotor control is
proposed. Another early model in which feedback plays a central role isthat of [MacKay, 1956] who describes
an automaton that generates “imitative”’ internal responses to adaptively match incoming signals. The present
model can be regarded as a concrete stochastic solution to the “epistemological problem” that is the subject
of MacKay's work. Feedback also plays an important role in several more recent theories such as Carpenter
and Grossberg's adaptive resonance theory [Carpenter and Grossberg, 1987], Edelman’s “re-entrant” signaling
theory [Edelman, 1978], Fukushima's extended Neocognitron mode! [Fukushima, 1988], Harth et al.’s “Alopex”
optimization moddl [Harth et al., 1987], Mumford’s model of the cortex [Mumford, 1994] based on Grenander’s
Pattern Theory [Grenander, 1976-81], and Rolls' theories on the hippocampusand cortical backprojections[Rolls,
1989], al of which utilize feedback connections to instantiate forward models [Jordan and Rumelhart, 1992] of
theinput data but differ in the way top-down feedback iscompared and integrated with bottom-up input. Of these,
Mumford’'s model is closest in spirit to the ideas presented in this paper. However, iterative relaxation schemes
such as those proposed by Mumford and others have been previoudly dismissed as models of perception due to
the large number of iterations that may be required to assure convergence, a fact that contradicts the rapidity
of recognition of static stimuli in humans and primates [Thorpe and Imbert, 1989; Oram and Perrett, 1992;
Toveeet al., 1993]. The model proposed in this paper avoids the pitfallsof stegpest descent relaxation algorithms
by employing prediction weights V' and approximate inverse models (as given by ) in the feedforward pathway
that allow rapid (though perhaps crude and not always correct) one-shot estimates of static stimuli that are further
refined by the state estimation a gorithm if necessary.

Inverse models also play acrucial role in the forward/inverse optics model of [Kawato et al., 1993] and in
the Helmholtz machine [Dayan et al., 1995; Hinton et al., 1995], both of which share considerable similarities

with themodel proposed in this paper and both of which inspired many of the choices made in the present model.
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The Kawato et al. model minimizes the sum of the reconstruction error and a regularizer term incorporating
a priori knowledge about the visua world such as smoothness of representations. This is similar to the MDL
optimization function that we use, but without the stochastic perspective. The Helmholtz machine [Dayan et
al., 1995] is a hierarchical network that builds a stochastic generative model by using an inverse (“recognition”)
model to approximate the true posterior distribution of the input data. For modifying the feedback (generative)
and feedforward (recognition) weights of a given stochastic Helmholtz machine, [Hinton et al., 1995] propose
an elegant learning method known as the “Wake-Sleep” agorithm, which is derived using the MDL principle.
Whilethe derivation of the al gorithm necessitates some approximationsand simplifications, which may sometimes
prevent it from converging to the correct posterior distribution, experimental resultsusing the a gorithm have been
positive [Hinton et al., 1995]. In this regard, the non-linear form of the model presented in this paper also
uses an approximation, namely, a first-order Taylor series approximation to the non-linear activation function
f. A possible weakness of the Helmholtz machine, as stated by [Dayan et al., 1995], is that recognition in the
hierarchical network isa purely bottom-up feedforward process; the generative weights are superfluous and play
no role in mediating perception. In addition, there are no lateral interactions between units at a given level.” The
model presented in this paper alowsfor relatively complex dynamic interactionsto occur between top-down and
bottom-up signals in addition to some latera interactions as given by Equation 33 among the units at each level.
Such top-down/bottom-up interactions have been shown to occur in awide variety of visua tasksin humans (see
[Churchland et al., 1994] for a review). Another issue not directly addressed by many of the models above is
that of modeling the dynamic nature of vision and the role of prediction in visual processing (see [Softky, 1996]
for some arguments regarding the necessity of prediction during perception). The model presented herein on the
other hand is essentially ahierarchical predictor/estimator that continually refines itsrecognition estimates at each

level, dlowing the visual system to anticipate incoming stimuli.
9.4 Comparison with Related Work on Kalman Filters

During the past decade, Ka man filters have been used in computer vision and roboticsfor tackling awide variety
of problems ranging from motion estimation to contour tracking [Hallam, 1983; Broida and Chellappa, 1986;
Ayache and Faugeras, 1986; Matthies et al., 1989; Blake and Yuille, 1992; Dickmanns and Mysdliwetz, 1992;
Pentland, 1992]. Much of this work crucially hinges on the ability to formulate accurate dynamic/physical
models of the object properties being estimated. The formulation of such hand-coded models however becomes
increasingly difficult in more complex dynamic environments. A crucia difference between the present approach
and the approach predominant in much of the Kalman filter literature is that rather than being concerned solely

with the estimation of state for a predefined model, we suggest that Kalman filter based estimation algorithms

"However, see [Dayan and Hinton, 1996] for several interesting variants of the Helmholtz machine that address some of these issues.
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may also be used for simultaneously learning the feedforward, feedback, and prediction models (“measurement”
and “system” models in Kaman filter terminology) as given by their respective weight matrices. It remains
to be seen whether these learned models perform favorably in environments where hand-coded models have
proved to be unsatisfactory. Another important difference is the use of a hierarchical form of the Kalman filter.
Our formulation in this regard is in many ways similar to the recent proposals of [Chou et al., 1994a; 1994b;
Luettgen and Willsky, 1995] who describe an optimal estimation algorithm for a class of multiscale dynamic
models. These dynamic models are similar in spirit to the one we described in Section 3 abeit without the
tempora prediction step. In particular, Chou et al. exploit the analogy between time and scale, and define

scale-recursive linear dynamic models evolving on dyadic trees:

r(s) = A(s)r(s—1)+ B(s)w(s) (47)

I(s) = C(s)r(s)+v(s) (48)

where s denotes the current scale on the dyadic tree (highest val ues denote the leaves), and w and v are zero-mean
white noise processes. This formulation leads to an elegant estimation algorithm recursive in scale, consisting of
an upward sweep in which information in a subtree is fused in a fine-to-coarse fashion, followed by a downward
sweep in which information is spread back through the tree. For the ssmple linear case without the temporal
prediction step, the iterative a gorithm presented in this paper can be seen to converge to approximately the same
solution as that found by the upward/downward sweep algorithm proposed by Chou et al..®

The equationsused by Chou et al. above can be seen to be closely related to the following two equations (when
defined on a dyadic tree) that formed part of the more general stochastic model described in Section 3:

rig(s,t) = r(s,t) +mnw(s,t) (49)

I(s,t) = U(s,t)r(s,t) + npu(s,?) (50)

wherewe may user:q(s,t) = U'(s — 1,t)r(s — 1,t) if r.4 happensto be information from the next higher level
and U? is the part of the higher level weight matrix U that generates inputs for the given lower level module
(in Figure 2, for example, the matrix U* for the first level module corresponds to the top one-fourth rows of the
second level matrix U as depicted in thefigure). The correspondence between the variousterms in the two sets of
equations (47 and 49, 48 and 50) is quite striking. However, afew important differences are also evident. While
the linear dynamic system mode in Chou et al.’s framework is used only to relate transitions from one scale to
the next, the model used in this paper can be seen to be recursive in both scale and time. The recursion in scale

is however implicit since information from another scale is handled in a modular fashion simply as input from a

8We thank Peter Dayan for pointing out this equivalence.
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separate source (asin Equations 10 and 49). The corresponding estimation algorithmisthusrecursiveintimeasin
the standard Kaman filter and alowsfor prediction in the temporal domain at each hierarchical level. As stressed
previoudly, the ability to predict is crucial for perception and action. Being strictly recursive in scale, the Chou
et al. algorithm requires that covariance matrix information be propagated across hierarchica levels. In contrast,
the modd presented here maintains covariance information localy a each level. In a biological setting, the
computation of covariance information may be alimiting step and is perhaps best kept local. A further advantage
of our formulation isthat it lends itself naturally to arbitrary varieties of modularization by allowing estimates of
agiven state variable from disparate sources to be integrated according to their signal-to-noiseratios (this paper
illustrates the example of top-down and bottom-up sources). A direct consequence of such aformulation is that
one can model arbitrary connections among different (but related) cortical areas which do not necessarily have to
be related in a strictly multiscale, hierarchical fashion as required by the framework of Chou et al. A fina but
important difference, as mentioned in the previous paragraph, is the prominent role accorded to learning in our

approach, a subject not addressed by Chou et al.
9.5 Comparison with Related Work on Learning and Parameter Estimation

The subject of learning synaptic weights that resemble receptive field weighting profiles in the visual cortex has
received considerable attention within the neural modeling community. Early work showed that receptive fields
resembling those of simple cellsin thestriate cortex could belearned from natural images using a gorithmsranging
from competitive learning [Barrow, 1987] to principal component analysis [Hancock et al., 1992]. However, these
fell short of providing a complete characterization due to limitations such as proclivity towards producing global
and/or orthogonal receptive fields. More recently, algorithms that produce better characterizations of cortical
receptive fields have been proposed independently by [Olshausen and Field, 1996] and [Harpur and Prager,
1996] (see also [Bell and Sejnowski, 1996]), building on previous work by [Daugman, 1988] and [Pece, 1992].
As alluded to in Section 2, these algorithms can be seen to be special cases of the learning rule expressed in
Equation 40. In particular, the “sparseness’ function of [Olshausen and Field, 1996] corresponds to the MDL
model prior term |£(r)| in Equation 27. Using different encoding distributions gives rise to different degrees
of sparseness and localization in the internal representations. For example, [Olshausen and Field, 1996] show
how a variety of non-linear sparseness functions can be used to generate localized receptive fields.® In our
case, the Gaussian distribution assumed when evaluating |£(r)| leads to a linear activity penaty that favors
distributed codes; localization in our model is provided by the already existing cortical topology of hierarchical,
overlapping receptive fields, whose size at each level is predetermined by the local dendritic field. Since the
learning algorithms of [Harpur and Prager, 1996] and [Olshausen and Field, 1996] are based on gradient descent

9However, [Baddeley, 1996] presents some arguments against sparseness maximization.
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(as described in Section 2), they require the specification of a schedule for adapting the learning rate parameter
whereasthisadaptation occurs naturally in Equation 40 dueto the gradual reductionin the noise covariance asmore
inputs become available. Moreimportantly, the learning rule expressed by Equation 40 as well as those proposed
for the other weightsin themodel takeinto account not only bottom-up information but a so top-down expectations
during weight modification. This allowsfor the possibility of devel oping top-down guided task-relevant internal
representations.°

The learning method presented in this paper is closaly related to mean field methods for Bayesian belief
networks [Saul et al., 1996; Jaskkola et al., 1996] which use mean field equations for computing lower bounds
on the log-likelihood based cost function. The network parameters (the weights and biases) are subsequently
learned by performing gradient ascent on the mean field derived bound for the log-likelihood. In comparison,
the learning scheme presented in this paper can be regarded essentialy as employing an on-line form of the
Expectation-Maximization (EM) algorithm [Dempster et al., 1977] in which the M-step performs maximum a
posteriori (MAP) estimation rather than maximum likelihood (ML) estimation. Notethat ML estimationissimply
a specia case of MAP estimation in which there is no prior information (this corresponds to the case where no
predictions are computed from prior data as, for example, in Section 2). In particular, the on-line MAP form of

the EM agorithmisinvoked in three different waysin the present framework:

o Edtimation of the stater: In this case, the “hidden” variables (or “missing” data) consist of the weights U
and V whilewetresat the state vector r asthe parameter to be estimated. Thus, the E-step invol vescomputing
the Gaussian distributionsgiven by (i, S) and (v, T"). The M-step then uses these distributions from the
E-step to compute T and P, thereby maximizing the posterior probability of the parameter vector r (by
minimizing the MDL-based cost function of Section 4). Note however that in the case where the activation
function f isnon-linear, the maximization in the M-step is not exact due to the Taylor series approximation

to f used in the various update equations (the same appliesto the other M-steps bel ow).

o Estimation of the generative weights u: Here, the hidden variables consist of the state vector r and the
weights V', while the parameter to be estimated is /. The E-step thusinvolves computing the distributions
given by (¥, M) (or when feasible, (v(¢|V), P(¢|V)) - see below) and (¥, T") which alow the calculation
of u and P, inthe M-step as discussed in Section 6.

o Estimation of prediction weights v: In this case, the hidden variables comprise the state vector r and the

weightsU, and the parameter to be estimated isthe statetransitionmatrix V. Since V' implementsaMarkov

10A hierarchical learning method for vector quantization in the presence of noise is presented in [Luttrell, 1992]. This method allows
single-cause models whereas the present model can encode multiple-cause models [Dayan and Zemel, 1995; Saund, 1995] (see also [Luttrell,

1995]).
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chain relating the states r in time (see Equation 12), the E-step in this case becomes more complicated than
in the two cases above since the optimal estimate of the state r is no longer causal but depends temporally
on future as well as past and current data values. In the case of hidden Markov models (HMMs) [Rabiner
and Juang, 1986] (which are analogousto Kalman filters with discrete hidden states), thisimpasseis solved
by using the familiar forward-backward procedure within the context of the Baum-Welch algorithm [Baum
et al., 1970] (the Baum-Welch algorithmis incidentally a special case of the EM agorithm). In our case,
we may use a form of optimal smoothing [Bryson and Ho, 1975] which, when given the batch input data
fortimet = 1,..., N, optimally assmilates past, current, and future data into temporally-smoothed state
estimatest(¢| V) (with covariance P(¢|N)) for each of thetimeinstants¢ = 1, ..., N. This, dongwith the
computation of (w,.S), comprises the E-step. The M-step then involves computing v and P, as described

in the appendix.

It isworth noting that it may be desirable in many cases to implement the various E- and M-steps above for each
set of parameters in an asynchronous manner rather than in strict alternation. For example, the cortex may choose
to update its estimates for the state r much more frequently than those for I/ and V' in order to act in real-time.
The updates for U and V' could then be carried out either on-line but at a slower rate than r, or alternately when
the organism isin arest phase. The latter suggestion is especialy attractive in the case of learning V' given that
the batch processing of data required by the optimal smoothing step suggested above may not be appropriate in
many circumstances that demand real -time responses from the organism. In such cases, it might be beneficial for
the organism to act based on its current on-line state estimates while simultaneoudy storing behaviorally relevant
input sequences in memory as batch data. Such stored data may then be replayed out at a later time when the
organism is in a more quiescent phase in order to learn or fine-tune the prediction weights V. This suggests a

possible computational rolefor dream slegp in facilitating learning and memory.
9.6 Summary and Conclusion

Visionisfundamentally a dynamic process. Any putative model of the visual cortex must therefore acknowledge
thisfact and alow the modeling of dynamic processes. This paper suggests that the hierarchical structure of the
visual cortex iswell-suited to implement a multiscal e estimation algorithm that can be regarded as a hierarchica
form of theextended Kalman filter [Maybeck, 1979]. At each hierarchical level, thealgorithmrecursively estimates
the current recognition state by combining “measurement” information from top-down and bottom-up cortical
modules with the prediction that was made by using a “system” model. The “system” matrix (the prediction
weights) as well as the “measurement” matrices (feedforward and feedback weights) can be learned from visual
experiencesin adynamic environment. Thus, the adaptive processesin the cortex are model ed at two different time

scales: afast dynamic state estimation process that allows the visual system to anticipate incoming stimuli and a
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slower Hebbian synaptic weight change mechanism. Both these processes are characterized by their respective
mean and covariance estimates which are continually updated.

Some of the salient features of the model as a recognition system were illustrated by training it on a small
number of man-made objects and testing recognition performance. The model was shown to be robust to partial
occlusions and confusing stimuli. An ongoing effort involves a more quantitative evaluation of the modd’s
recognition performance using realistic objectsin natural scenes and the validation of the model in the domain of
human visual search. Preliminary results along these two directionshave been promising [Rao and Ballard, 1995g;
Rao et al., 1996]. When trained on natural images, the model devel oped feedforward receptive fields qualitatively
resembling those found at the early hierarchical levels of the primate visual cortex. Current simulations involve
applying the learning algorithms to successively higher levels of the network and comparing the receptive field
properties that develop to those found at higher cortical levels such as IT. The hierarchica model aso provides
a computational platform for understanding a number of neurophysiological/psychophysical phenomena such as
illusory contours, amodal completions, visual imagery, bistable percepts, end-stopping, and other effects that
occur dueto stimuli from beyond the classical receptivefield. In particular, we provided simulations of the model
suggesting that some of the recent results of [Gallant et al., 1994; 1995; Gallant, 1996] regarding neural response
suppression during free viewing of natural scenes may be interpreted as occurring due to predictions from higher
levels of the cortex. While the present framework illustrates how information from two different sources, one
top-down and the other bottom-up, may be integrated in a given cortical ares, it isnot hard to envision extensions
of the model where more than two areas feed into asingle areaasisevident in thevisual cortex [Felleman and Van
Essen, 1991]. Thiswould entail the relatively straightforward exercise of adding additional error/model terms to
the optimization equations 26 and 27 to account for inputsfrom the additional areas before deriving the estimation
algorithms.

A reassuring feature of the model isthat it does not explicitly depend on theinput signalsbeing visual. Thus,
given that the neocortex is organized along similar laminar input-output principles regardless of cortical area or
input modeality [Creutzfeldt, 1977], it is reasonable to assume that the general framework proposed herein may be
uniformly applicableto other cortical areas such asthe parietal, auditory, or motor cortex aswell.** We expect the

results obtained using the current model to play a crucial rolein guiding our future cortical modeling efforts.

1we have recently shown in [Rao and Ballard, 1996] how the model presented in this paper can be extended to handle transformations
in the image plane. The resulting estimation scheme parallels the functional dichotomy between the dorsal (occipitoparietal) and ventral
(occipitotemporal) pathwaysin the primate visual cortex [Felleman and Van Essen, 1991]. Support for the possibility of modeling the motor
cortex using Kalman filter-like mechanisms comes from the work of [Wolpert et al., 1995] who provide strong psychophysical evidence for

the existence of such mechanismsin the context of sensorimotor integration.
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Appendix
L earning the Prediction Weights

While the simulations in the paper used static stimuli and therefore did not make use of the prediction step, it is
almost certain that such predictions play an important role in the processing of time-varying stimuli. Therefore,
we suggest in this appendix a possible learning procedure for modifying the synaptic weights v of the (possibly
nonlinear) prediction units during exposure to time-varying stimuli. The derivation is similar to that for the

feedback weightsu. Given the current vector of responses T at timet, definethe k x k2 matrix Rtobe

P 0
. o ¥ ... o0
R=1 . . . (51)
o .. o0 i
Notice that the prediction step can be stated as:
rt+1) = f(V{@)r(t)+n()
= f(R(t)v(1)) +nl(1) (52)

Differentiating the cost function J with respect to the vector of prediction weights v and setting the result to zero,

we obtain (using Equation 52 for ¥(¢ + 1)):

() Mot fR@) ) + TR v 0) + 5O =0 (6
which yieldsthe update rule (for time t):
w10 =0 + P, (2) W+ ) - SR 50 - 9P (54
or more simply: i
90 =% + 2, (52) MHele+ )~ w0+ 1) - SR (55

where v(t + 1) = v(t) + m,(¢) and T(t + 1) = f(ﬁ(t)v(t)) + n(t). The corresponding covariance matrix is
updated at timet asfollows:

20 =+ (L) migl v on (56

where I isthe k2 x k2 identity matrix. The partial derivatives are evaluated at v(t) = v(¢). Note that in order
to obtain a closed-form expression for updating v and P,, we once again applied a first-order Taylor series

approximation to f around the current estimate v(¢). The covariance matrix 7' gets updated according to:
Tt+1) =P,(t)+ Z,(t) (57)
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By appealing to aversion of the EM agorithm (see Section 9.5), wemay user(¢ + 1) = r(¢ + 1| V) in Equation 55
above, where (¢ + 1| V) is the optimal temporally smoothed state estimate [Bryson and Ho, 1975] for time
t + 1 (< N), given input data for each of thetimeinstants 1, ..., N (see discussion in Section 9.5). In certain
circumstances, it might be possible to use the on-line estimate T(¢ + 1) in place of its computationally more
expensive smoothed counterpart ¥(¢ + 1|V), though such an approximation has been known to yield negative
resultsin other related network architectures [Peter Dayan, persona communication]. Simulations are currently
underway to evaluate the effectiveness of the above learning rule and the role of temporally smoothing the state
estimates.

Intuitively, Equation 55 may be regarded as a form of quasi-Hebbian adaptation involving the presynaptic
activity % (which is simply the response }A%(t) at time ¢ for linear neurons) and the postsynaptic activity
(r(t + 1N) — T(¢ + 1)) which indicates the error in prediction. Note that computing the difference in the
prediction error term requires the presence of some form of inhibitory interneurons. Inhibitory interneurons are
also required by some of the other estimation algorithms derived in this paper. Interestingly, a wide variety of

such interneurons have been discovered in the primate visual cortex [Jones, 1981].

33



References

[Allmanet al., 1985] J. Allman, F. Miezin, and E. McGuinness. Stimulus specific responses from beyond the
classical receptive field: Neurophysiological mechanisms for local-global comparisons in visual neurons.

Annual Review of Neuroscience, 8:407-429, 1985.

[Andersen and Van Essen, 1987] C.H. Andersen and D.C. Van Essen. Shifter circuits: A computational strategy
for dynamic aspects of visual processing. Proceedings of the National Academy of Sciences, 84:6297-6301,
1987.

[Andersenet al., 1985] R.A. Andersen, G.K. Essick, and R.M. Siegel. Encoding of spatial location by posterior
parietal neurons. Science, 230:456-458, 1985.

[Ayache and Faugeras, 1986] N. Ayache and O.D. Faugeras. HYPER: A new approach for the recognition and
positioning of two-dimensional objects. |EEE Trans. Pattern Analysis and Machine Intelligence, 8(1):44-54,
1986.

[Baddeley, 1996] R. Baddeley. Searching for filters with “interesting” output distributions: an uninteresting
direction to explore? Network, 7(2):409-421, 1996.

[Baizer et al., 1977] J.S. Baizer, D.L. Robinson, and B.M. Dow. Visual responses of area 18 neurons in awake,

behaving monkey. Journal of Neurophysiology, 40:1024-1037,1977.

[Ballard et al., 1996] D.H. Ballard, M.M. Hayhoe, PK. Pook, and R.PN. Rap. Deictic codes for the embodiment

of cognition. Behavioral and Brain Sciences, 1996. In review.

[Barrow, 1987] H.G. Barrow. Learning receptivefields. In Proceedings of thel EEE Int. Conf. on Neural Networks,
pages 115-121, 1987.

[Baumet al., 1970] L. E. Baum, T. Petrie, G. Soules, and N. Weiss. A maximization technique occurring in
the statistical analysis of probabilistic functions of Markov chains. The Annals of Mathematical Satistics,
41:164-171, 1970.

[Bell and Sejnowski, 1996] A.J. Bell and T.J. Sginowski. The ‘independent components’ of natural scenes are
edge filters. Submitted to Vision Research, 1996.

[Blake and Yuille, 1992] A. Blakeand A. Yuille, editors. Active Vision. Cambridge, MA: MIT Press, 1992.

[Bolz and Gilbert, 1986] J. Bolz and C.D. Gilbert. Generation of end-inhibitionin thevisua cortex viainterlam-

inar connections. Nature, 320:362—365, 1986.

34



[Broidaand Chellappa, 1986] T.J. Broidaand R. Chellappa. Estimation of object motion parameters from noisy
images. |EEE Trans. Pattern Analysis and Machine Intelligence, 8(1):90-99, 1986.

[Bryson and Ho, 1975] A.E. Bryson and Y.-C. Ho. Applied Optimal Control. New York: John Wiley and Sons,
1975.

[Carpenter and Grossberg, 1987] G.A. Carpenter and S. Grossberg. A massively parallel architecture for a salf-
organizing neura pattern recognition machine. Computer Vision, Graphics, and Image Processing, 37:54-115,

1987.

[Chatfield and Collins, 1980] C. Chatfield and A.J. Collins. Introduction to Multivariate Analysis. New York:
Chapman and Hall, 1980.

[Chouet al., 1994a] K.C. Chou, A.S. Willsky, and A. Benveniste. Multiscale recursive estimation, data fusion,
and regularization. |EEE Transactions on Automatic Control, 39(3):464-478, March 1994.

[Chou et al., 1994b] K.C. Chou, A.S. Willsky, and R. Nikoukhah. Multiscale systems, Kalman filters, and Riccati
equations. |EEE Transactions on Automatic Control, 39(3):479-492, March 1994.

[Churchland and Sejnowski, 1992] P. Churchland and T. Sejnowski. The Computational Brain. Cambridge, MA:
MIT Press, 1992.

[Churchland et al., 1994] PS. Churchland, V.S. Ramachandran, and T.J. Sejnowski. A critique of purevision. In
C. Koch and J.L. Davis, editors, Large-Scale Neuronal Theories of the Brain, pages 23-60. Cambridge, MA:
MIT Press, 1994.

[Creutzfeldt, 1977] O.D. Creutzfeldt. Generality of thefunctional structureof theneocortex. Naturwissenschaften,
64:507-517, 1977.

[Daugman, 1980] J.G. Daugman. Two-dimensional spectral analysis of cortical receptive field profiles. Vision
Research, 20:847-856, 1980.

[Daugman, 1988] J.G. Daugman. Complete discrete 2-D Gabor transformsby neural networksfor image analysis
and compression. |EEE Trans. Acoustics, Speech, and Sgnal Proc., 36(7):1169-1179, 1988.

[Dayan and Hinton, 1996] P. Dayan and G.E. Hinton. Varieties of Helmholtz machine. Neural Networks, 1996.

(In press).

[Dayan and Zeme!, 1995] P.DayanandR.S.Zemel. Competitionand multiplecausemodels. Neural Computation,
7:565-579, 1995.

35



[Dayan et al., 1995] P. Dayan, G.E. Hinton, R.M. Neal, and R.S. Zemd. The Helmholtz machine. Neural
Computation, 7:889-904, 1995.

[Deacon, 1989] T. Deacon. Holismand associ ationismin neuropsychology: Ananatomical synthesis. InE. Perec-
man, editor, Integrating Theory and Practicein Clinical Neuropsychology, pages 1-47. Hillsdale, NJ: Lawrence
Erlbaum, 1989.

[DeAngdiset al., 1992] G.C. DeAngdis, J.G. Robson, |. Ohzawa, and R.D. Freeman. Organization of suppres-
sion in receptive fields of neuronsin cat visua cortex. Journal of Neurophysiology, 68(1):144-163, 1992.

[Dempster et al., 1977] A.P. Dempster, N.M. Laird, and D.B. Rubin. Maximum likelihood from incomplete data
viathe EM agorithm. J. Royal Satistical Society Series B, 39:1-38, 1977.

[Desimone and Schein, 1987] R. Desimone and S.J. Schein. Visual properties of neurons in area V4 of the

macaque: sensitivity to stimulusform. Journal of Neurophysiology, 57:835-868, 1987.

[Desimone and Ungerleider, 1989] R. Desimone and L.G. Ungerleider. Neural mechanisms of visual processing
in monkeys. In F. Boller and J. Grafman, editors, Handbook of Neuropsychol ogy, volume 2, chapter 14, pages
267-299. New York: Elsevier, 1989.

[Dickmanns and Mysliwetz, 1992] E.D. Dickmannsand B.D. Mysliwetz. Recursive 3D road and rel ative ego-state
recognition. |EEE Trans. Pattern Analysis and Machine Intelligence, 14(2):199-213, 1992.

[Douglaset al., 1989] R.J. Douglas, K.A.C. Martin, and D. Whitteridge. A canonica microcircuit for neocortex.
Neural Computation, 1:480-488, 19809.

[Duhamel et al., 1992] J. Duhamd, L. Colby, and M.E. Goldberg. The updating of the representation of visual
space in parieta cortex by intended eye movements. Science, 255:90-92, 1992.

[Edelman, 1978] G.M. Edeman. Group sdection and phasic re-entrant signaling: a theory of higher brain
function. In V.B. Mountcastleand G.M. Edelman, editors, The Mindful Brain, pages 51-100. Cambridge, MA:
MIT Press, 1978.

[Felleman and Van Essen, 1991] D.J. Felleman and D.C. Van Essen. Distributed hierarchical processing in the
primate cerebral cortex. Cerebral Cortex, 1:1-47,1991.

[Feller, 1968] W. Feller. An Introductionto Probability Theory and Its Applications, volume 1. Wiley, New York,
1968.

36



[Fukushima, 1988] K. Fukushima. A neural network for visual pattern recognition. Computer, 21(3):65-75,
1988.

[Galant et al., 1994] JL. Gallant, C.E. Connor, and D.C. Van Essen. Responses of visual cortical neuronsin a
monkey freely viewing natural scenes. Soc. Neuro. Abstr., 20:838, 1994.

[Galant et al., 1995] JL. Gallant, C.E. Connor, H. Drury, and D.C. Van Essen. Neural responses in monkey
visual cortex during free viewing of natural scenes: Mechanisms of response suppression. Invest. Ophthalmol.

Mis. i, 36:1052, 1995.

[Gallant, 1996] J.L. Gallant. Cortical responses to natural scenes under controlled and free viewing conditions.

Invest. Ophthalmol. Vis. Sci., 37(3):674, 1996.

[Gilbert and Wiesel, 1981] C.D. Gilbert and T.N. Wiesdl. Laminar speciaization and intracortical connectionsin
cat primary visual cortex. In The Organization of the Cerebral Cortex, pages 163—191. Cambridge, MA: MIT
Press, 1981.

[Girosi et al., 1995] F. Girosi, M. Jones, and T. Poggio. Regularization theory and neural networks architectures.
Neural Computation, 7(2):219-269, 1995.

[Grenander, 1976-81] U. Grenander. Lecturesin Pattern Theory |, Il and 111: Pattern Analysis, Pattern Synthesis

and Regular Structures. Berlin: Springer-Verlag, 1976-81.

[Grimes and McConkie, 1995] J. Grimes and G. McConkie. On the insengitivity of the human visual system
to image changes made during saccades. In K. Akins, editor, Problems in Perception. Oxford, UK: Oxford
University Press, 1995.

[Grosof et al., 1992] D.H. Grosof, R.M. Shapley, and M.J. Hawken. Macaque striate responses to anomalous
contours? Invest. Ophthalmol. Vis. Sci., 33:1257, 1992.

[Gulyaset al., 1987] B. Gulyas, G.A. Orban, J. Duysens, and H. Maes. The suppressive influence of mov-
ing textured backgrounds on responses of cat striate neurons to moving bars. Journal of Neurophysiology,

57(6):1767-1791, 1987.

[Hallam, 1983] J. Hallam. Resolving observer motion by object tracking. In Proc. of 8th I nternational Joint Conf.
on Artificial Intelligence, volume 2, pages 792—798, 1983.

[Hancock et al., 1992] PJ.B. Hancock, R.J. Baddeley, and L.S. Smith. The principa components of natural
images. Network, 3:61-70, 1992.

37



[Harpur and Prager, 1996] G.F. Harpur and R.W. Prager. Development of low-entropy coding in a recurrent
network. Network, 7:277-284, 1996.

[Harth et al., 1987] E. Harth, K.P. Unnikrishnan, and A.S. Pandya. The inversion of sensory processing by
feedback pathways: A model of visua cognitive functions. Science, 237:184-187, 1987.

[Heeger et al., 1996] D.J. Heeger, E.P. Simoncelli, and J.A. Movshon. Computational models of cortical visual
processing. Proc. National Acad. Sciences, 93:623-627, 1996.

[Hintonet al., 1995] G.E. Hinton, P. Dayan, B.J. Frey, and R.M. Neal. Thewake-d eep al gorithmfor unsupervised
neural networks. Science, 268:1158-1161, 1995.

[Hubel and Wiesdl, 1962] D.H. Hubedl and T.N. Wiesdl. Receptive fields, binocular interaction, and functional
architecture in the cat’s visual cortex. Journal of Physiology (London), 160:106-154, 1962.

[Hubel and Wiesdl, 1965] D.H. Hubel and T.N. Wiesdl. Receptive fields and functional architecture in two non-
striate visua areas (18 and 19) of the cat. Journal of Neurophysiol ogy, 28:229-289, 1965.

[Hubel and Wiesdl, 1968] D.H. Hubel and T.N. Wiesdl. Receptive fields and functional architecture of monkey
striate cortex. Journal of Physiology (London), 195:215-243, 1968.

[Hubel, 1988] D.H. Hubel. Eye, brain, and vision. New York: Scientific American Library, 1988.

[lrwinet al., 1994] D.E. lrwin, G.W. McConkie, L. Carlson-Radvansky, and C. Currie. A localist evaluation
solution for visua stability across saccades. Behavioral and Brain Sciences, 17:265-266, 1994.

[Jaakkolaet al., 1996] T. Jaakkola, L.K. Saul, and M.I. Jordan. Fast learning by bounding likelihoodsin sigmoid
type belief networks. In D. Touretzky, M. Mozer, and M. Hasselmo, editors, Advances in Neural Information
Processing Systems 8, pages 528-534. Cambridge, MA: MIT Press, 1996.

[Jones, 1981] E.G. Jones. Anatomy of cerebral cortex: Columnar input-output organization. In The Organization

of the Cerebral Cortex, pages 199-235. Cambridge, MA: MIT Press, 1981.

[Jordan and Rumelhart, 1992] M.I. Jordan and D.E. Rumelhart. Forward models: Supervised learning with a
distal teacher. Cognitive Science, 16:307-354, 1992.

[Kalman and Bucy, 1961] R.E. Kalman and R.S. Bucy. New resultsin linear filtering and predictiontheory. Trans.
ASME J. Basic Eng., 83:95-108, 1961.

[Kalman, 1960] R.E. Kaman. A new approach to linear filtering and prediction theory. Trans. ASME J. Basic
Eng., 82:35-45, 1960.

38



[Kanizsa, 1990] G. Kanizsa. Subjective contours. In I. Rock, editor, The Perceptual World: Readings from
Scientific American Magazine, pages 155-163. New York: W.H. Freeman and Company, 1990.

[Kawato et al., 1993] M. Kawato, H. Hayakawa, and T. Inui. A forward-inverse optics model of reciprocal
connections between visual cortical areas. Network, 4:415-422, 1993.

[Koch, 1996] C.Koch. Towardstheneuronal substrate of visual consciousness. In S.R. Hameroff, A.W. Kaszniak,
and A.C. Scott, editors, Towards a Science of Consciousness. The First Tucson Discussions and Debates.

Cambridge, MA: MIT Press, 1996.

[Kosslynet al., 1995] S.M. Kosslyn, W.L. Thompson, I.J. Kim, and N.M. Alpert. Topographical representations
of mental imagesin primary visual cortex. Nature, 378:496-498, 1995.

[Li and Vitanyi, 1993] M. Li and P. Vitanyi. An Introduction to Kolmogorov Complexity and Its Applications.
New York: Springer-Verlag, 1993.

[Linsker, 1988] R. Linsker. Self-organization in a perceptua network. Computer, 21(3):105-117, 1988.

[Luettgen and Willsky, 1995] M.R. Luettgen and A.S. Willsky. Likelihood calculation for a class of multi-
scale stochastic models, with application to texture discrimination. |EEE Transactions on Image Processing,

4(2):194-207, February 1995.

[Lund, 1981] J.S. Lund. Intrinsic organization of the primate visual cortex, area 17, as seen in Golgi preparations.

In The Organization of the Cerebral Cortex, pages 105-124. Cambridge, MA: MIT Press, 1981.
[Luttrell, 1992] S.P. Luttrell. Self-supervised adaptive networks. |EE Proceedings Part F, 139:371-377, 1992.

[Luttrell, 1995] SP. Luttrell. A componential self-organising neura network. Technical Report
DRA/CIS(SEL)/651/11/RP/3.1, Defence Research Agency, Malvern, UK, November 1995.

[MacKay, 1956] D.M. MacKay. Theepistemologica problemfor automata. In Automata Studies, pages 235-251.
Princeton, NJ: Princeton University Press, 1956.

[Marcelja, 1980] S. Marcelja. Mathematical description of the responses of simple cortical cells. Journal of the
Optical Society of America, 70:1297-1300, 1980.

[Matthieset al., 1989] L. Matthies, T. Kanade, and R. Szdliski. Kalman filter-based algorithms for estimating
depth from image sequences. International Journal of Computer Vision, 3:209-236, 1989.

[Maunsdll and Newsome, 1987] JH.R. Maunsdll and W.T. Newsome. Visual processing in monkey extrastriate
cortex. Annual Review of Neuroscience, 10:363-401, 1987.

39



[Maybeck, 1979] PS. Maybeck. Stochastic Models, Estimation, and Control (Mols. | and 11). New York: Academic
Press, 1979.

[McConkie, 1991] G.W. McConkie. Perceiving a stable visua world. In Proceedings of the Sixth European
Conference on Eye Movements, pages 5—7. Leuven, Belgium: Laboratory of Experimental Psychology, 1991.

[Mignard and Malpeli, 1991] M. Mignard and J.G. Malpeli. Paths of information flow through visual cortex.
Science, 251:1249-1251, 1991.

[Miller et al., 1991] E.K. Miller, L. Li, and R. Desimone. A neural mechanism for working and recognition

memory in inferior temporal cortex. Science, 254:1377-1379, 1991.

[Muller et al., 1996] JR. Muller, B. Singer, J. Krauskopf, and P. Lennie. Center-surround contrast effects in
macaque cortex. Invest. Ophthalmol. is. Sci., 37(3):904, 1996.

[Mumford, 1994] D. Mumford. Neurona architecturesfor pattern-theoretic problems. In C. Koch and J.L. Davis,
editors, Large-Scale Neuronal Theories of the Brain, pages 125-152. Cambridge, MA: MIT Press, 1994.

[Murphy and Sillito, 1987] PC. Murphy and A.M. Sillito. Corticofugal feedback influences the generation of
length tuning in the visual pathway. Nature, 329:727—729, 1987.

[Nelson and Frost, 1978] J.I. Nelson and B.J. Frost. Orientation-selective inhibition from beyond the classic
visua receptive field. Brain Research, 139:359-365, 1978.

[Nowlan and Hinton, 1992] S.J. Nowlan and G.E. Hinton. Simplifying neural networks by soft weight-sharing.
Neural Computation, 4(4):473-493, 1992.

[Oja, 1989] E. Oja. Neural networks, principal components, and subspaces. International Journal of Neural

Systems, 1:61-68, 1989.

[Olshausen and Field, 1996] B.A. Olshausen and D.J. Field. Emergence of simple-cell receptive field properties
by learning a sparse code for natural images. Nature, 381:607—609, 1996.

[Oram and Perrett, 1992] M.W. Oram and D.l. Perrett. Time course of neural responses discriminating different
views of the face and head. Journal of Neurophysiology, 68(1):70-84, 1992.

[Palmer et al., 1991] L.A. Pamer, J.P. Jones, and R.A. Stepnoski. Striate receptive fields as linear filters. Char-
acterization in two dimensions of space. In A.G. Leventhal, editor, The Neural Basis of Visual Function, pages

246-265. Boca Raton: CRC Press, 1991.

40



[Pece, 1992] A.E.C. Pece. Redundancy reduction of a Gabor representation: a possible computational role for
feedback from primary visual cortex to lateral geniculate nucleus. In I. Aleksander and J. Taylor, editors,

Artificial Neural Networks 2, pages 865-868. Amsterdam: Elsevier Science, 1992.

[Pentland, 1992] A.P. Pentland. Dynamic vision. In G.A. Carpenter and S. Grossherg, editors, Neural Networks
for Vision and Image Processing, pages 133-159. Cambridge, MA: MIT Press, 1992.

[Pittsand McCulloch, 1947] W. Pittsand W.S. McCulloch. How we know universals: the perception of auditory
and visual forms. Bulletin of Mathematical Biophysics, 9:127-147, 1947.

[Poggioet al., 1985] T. Poggio, V. Torre, and C. Koch. Computational vision and regularization theory. Nature,
317:314-319, 1985.

[Poggioet al., 1992] T.Poggio, M. Fahle, and S. Edelman. Fast perceptual learninginvisual hyperacuity. Science,
256:1018-1021, May 1992.

[Poggio, 1990] T.Poggio. A theory of how thebrain might work. In Cold Spring Harbor Symposia on Quantitative
Biology, pages 899-910. Cold Spring Harbor Laboratory Press, 1990.

[Rabiner and Juang, 1986] L.R. Rabiner and B.H. Juang. An introduction to hidden Markov models. |EEE ASSP
Magazine, 3:4-16, January 1986.

[Rao and Ballard, 1995a] R.PN. Rap and D.H. Ballard. An active vision architecture based on iconic representa-
tions. Artificial Intelligence (Special Issue on Vision), 78:461-505, 1995.

[Rao and Ballard, 1995b] R.PN. Rao and D.H. Balard. Dynamic model of visua memory predicts neural
response propertiesin the visual cortex. Technical Report 95.4, National Resource Laboratory for the Study of

Brain and Behavior, Department of Computer Science, University of Rochester, November 1995.

[Rao and Ballard, 1996] R.PN. Rap and D.H. Ballard. A class of stochastic models for invariant recognition,
motion, and stereo. Technical Report 96.1, Nationa Resource Laboratory for the Study of Brain and Behavior,

Department of Computer Science, University of Rochester, June 1996.

[Rao et al., 1996] R.PN. Rao, G.J. Zdinsky, M.M. Hayhoe, and D.H. Balard. Modeling saccadic targeting
in visual search. In D. Touretzky, M. Mozer, and M. Hasselmo, editors, Advances in Neural Information

Processing Systems 8, pages 830-836. Cambridge, MA: MIT Press, 1996.

[Rissanen, 1989] J. Rissanen. Sochastic Complexity in Satistical Inquiry. Singapore: World Scientific, 1989.

41



[Rockland and Pandya, 1979] K.S. Rockland and D.N. Pandya. Laminar origins and terminations of cortical
connections of the occipital lobein the rhesus monkey. Brain Research, 179:3-20, 1979.

[Rolls, 1989] E. Rolls. The representation and storage of informationin neuronal networksin the primate cerebral
cortex and hippocampus. In R. Durbin, C. Midl, and G. Mitchison, editors, The Computing Neuron, chapter 8,
pages 125-159. Addison-Wesl ey, 1989.

[Saul et al., 1996] L.K. Saul, T. Jaakkola, and M.l. Jordan. Mean field theory for sigmoid belief networks. Journal
of Artificial Intelligence Research, 4:61-76, 1996.

[Saund, 1995] E. Saund. A multiple cause mixture model for unsupervised learning. Neural Computation,
7:51-71, 1995.

[Shannon, 1948] C.E. Shannon. A mathematical theory of communication. Bell System Technical Journal,
27:379-423,623-656, 1948.

[Softky, 1996] W.R. Softky. Unsupervised pixel-prediction. In D. Touretzky, M. Mozer, and M. Hasseimo,
editors, Advances in Neural |nformation Processing Systems 8, pages 809-815. Cambridge, MA: MIT Press,
1996.

[Thorpe and Imbert, 1989] S.J. Thorpe and M. Imbert. Biological contraints on connectionist modelling. In
R. Pfeifer, Z. Schreter, F. Fogelman-Soulie, and L.Stedls, editors, Connectionismin Perspective, pages 63-92.
Amsterdam: Elsevier, 1989.

[Toveeet al., 1993] M.J. Tovee, E.T. Roalls, A. Treves, and R.P. Bellis. Information encoding and the responses
of single neuronsin the primate tempora visua cortex. Journal of Neurophysiology, 70(2):640-654, 1993.

[Ullman, 1994] S. Ullman. Sequence seeking and counterstreams: A mode! for bidirectional information flow in
the cortex. In C. Koch and JL. Davis, editors, Large-Scale Neuronal Theories of the Brain, pages 257-270.
Cambridge, MA: MIT Press, 1994.

[Van Essen and Maunsdll, 1983] D.C. Van Essen and JH.R. Maunsdll. Hierarchica organization and functional

streams in the visual cortex. Trends in Neuroscience, 6:370-375, 1983.

[Van Essen et al., 1994] D.C. Van Essen, C.H. Anderson, and B.A. Olshausen. Dynamic routing strategies in
sensory, motor, and cognitive processing. In C. Koch and J.L. Davis, editors, Large-Scale Neuronal Theories

of the Brain, pages 271-299. Cambridge, MA: MIT Press, 1994.

[Van Essen, 1985] D.C. Van Essen. Functional organization of primatevisual cortex. In A. Peters and E.G. Jones,
editors, Cerebral Cortex, volume 3, pages 259-329. Plenum, 1985.

42



[von der Heydt et al., 1984] R. von der Heydt, E. Peterhans, and G. Baumgartner. |llusory contours and cortical
neuron responses. Science, 224:1260-1262, 1984.

[Williams, 1985] R.J. Williams. Feature discovery through error-correction learning. Technical Report 8501,
Ingtitute for Cognitive Science, University of Californiaat San Diego, 1985.

[Wolpert et al., 1995] D.M. Wolpert, Z. Ghahramani, and M.l. Jordan. An interna model for sensorimotor
integration. Science, 269:1880-1882, 1995.

[Young, 1985] R.A. Young. The Gaussian derivative theory of spatial vision: Analysis of cortical cell receptive
field line-weighting profiles. General Motors Research Publication GMR-4920, 1985.

[Zeki, 1976] S.M. Zeki. The functional organization of projections from striate to prestriate visual cortex in the
rhesus monkey. Cold Spring Harbor Symp. Quant. Biology, 40:591-600, 1976.

[Zeki, 1978] SM. Zeki. Uniformity and diversity of structure and function in rhesus monkey prestriate visual
cortex. Journal of Physiology (London), 277:273-290, 1978.

[Zeki, 1983] S.M. Zeki. Colour coding in the cerebral cortex: the reaction of cells in monkey visual cortex to

wavelengths and colours. Neuroscience, 9:741-765, 1983.

[Zemdl, 1994] R.S. Zemel. A Minimum Description Length Framework for Unsupervised Learning. PhD thesis,

Department of Computer Science, University of Toronto, 1994.

43



