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Abstract. Given a graph with an unknown labeling of its nodes, we
consider the problem of choosing a subset of nodes to observe so as
to minimize the prediction error for labels of the remaining unobserved
nodes. While this problem has been studied before, the novelty of our
setting is twofold. First, we assume that the node labels are random vari-
ables having a known joint distribution, i. e., they constitute a “graphical
model”. Second, we consider adaptive node selection strategies, i.e., the
node we choose to observe at any given time may depend on the labels we
have observed so far. We first prove a NP-hardness result for finding the
optimal set of nodes for general graphical models (either adaptively or
non-adaptively). Then we show that for ferromagnetic Ising models on
the 1-D chain graph, adaptive strategies outperform the non-adaptive
ones (we show this by proving matching upper and lower bounds for
adaptive and non-adaptive strategies).

1 Introduction

Given an undirected graph with an unknown labeling of its nodes (using a fixed
set of labels) and the ability to observe the labels of a subset of the nodes,
consider the problem of predicting the labels of the unobserved nodes. This
is a widely studied problem in machine learning, where the focus until now
has largely been on designing the prediction algorithm. Recently however, the
problem of selecting the set of vertices to observe (i.e. active prediction) has
been receiving attention [5], and this is what our work tries to address. We
are interested in designing adaptive strategies for the selection problem, i.e.,
at any point in time, the next node we choose to observe can depend on the
labels of nodes that have already been selected and (hence) revealed. While
previous research [7, 5] has mostly focused on the worst case prediction error of
the selection strategy (i. e., assume adversarial labeling of all nodes), we analyze
the expected error under the assumption that the labels are random variables
with a known joint distribution. In other words we consider graphical models
(such as the Ising model) with known parameters. We assume that the selection
stategy is provided a budget of the number of nodes it can observe, and we
study the expected number of mispredictions as a function of this budget. We
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are particularly interested in the question of whether there exist very simple yet
optimal node selection strategies.

The example we study is the (ferromagnetic) Ising model (one of the simplest
graphical models) on a chain graph. To further simplify the problem we consider
a continuous version of the Ising model, that is, the limit as the number of
vertices on the path goes to infinity. We show that some simple adaptive selection
strategies have optimal error (up to a constant factor), and have asymptotically
smaller number of mispredictions than non-adaptive strategies. We also prove
the hardness of selecting the optimal set of nodes (either adaptively or non-
adaptively) for graphical models on general graphs.

1.1 Related work

In [7] authors consider the problem of non-adaptive selection for minimizing the
worst case prediction error for the case of binary labels. They give an upper
bound on the error of the min-cut predictor, for a given set of observed nodes
S, in terms of the cut size (that is, the number of edges whose endpoints have
different labels) of the unknown labeling and a graph cut function ¥(.S) (which
depends on the underlying graph). The problem of choosing the observed nodes
then reduces to that of minimizing ¥(S) over sets S of a given (budget) size,
for which they suggest a heuristic strategy (the goal of that paper is not to
provide provable guarantees for the heuristic). Authors of [5] give a non-adaptive
selection strategy in a similar adversarial setting for the special case of trees such
that the min-cut predictor’s number of mispredictions is at most a constant
factor worse than any (non-adaptive) prediction strategy (analyzed in the worst
case for labelings that have bounded cut size). We point out that the algorithm of
[5] does not need to know the cut size constraint while in our case, the expected
cut-size is known and depends on the model parameters. Further, [5] provides
a lower bound on the prediction error for general graphs as well. Unlike [7,
5], [1] considers an adaptive version of the selection problem for (certain classes
of) general graphs where the cut size induced by the labeling is known. Their
goal, unlike ours, is to recover the correct label of every node using as few
observations as possible. They claim to give a strategy whose required number of
labels matches the information-theoretic lower bound (ignoring constant factors).

Finally note that our goal here, namely, the active selection of nodes to
observe, is different from that of, e. g., [4] where the nodes to be labeled are chosen
by an adversary, or from that of semi-supervised settings, e.g., [2,11] where
the query nodes are chosen randomly. Also, we aim to minimize the expected
number of mispredictions, as opposed to inferring the most likely labeling (i.e.,
the “minimum energy configuration”) of the unobserved nodes which is what
most applications in computer vision tend to focus on, e.g., [3] (see also [9]).



2 The model

Graphical models are a powerful method of representing complex joint distribu-
tions exploiting the independence between components to reduce the number of
parameters. In an undirected graphical model a distribution of (Xi,...,X,,) is
described in terms of factors—functions ¢1, ..., ¢,, from subsets of variables to
non-negative real numbers. The joint distribution of (X1,...,X,,) is then

H ?; (ij) )
j=1

1
P(X1,...,X,) =

N

where Xg denotes the vector of variables whose indices are in S and Z is the
normalizing factor (called the partition function).

We are going to assume that the graphical model is known to us, a sample has
been taken from it, and our goal is to predict the sample. Let X = (X1,...,X,,)
be a sample from the graphical model. A prediction strategy A, after querying
some of the variables outputs a vector A(X) =Y = (Y1,...,Y,). The average
error of the prediction is
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av-err(X,Y)
n

The expected average error of the prediction strategy A is
erry = Elav-err(X, A(X))], (1)

where the expectation is taken over the random choice of X sampled from the
model. Of course, if the strategy is allowed to query all variables in the model
then it can achieve zero expected average error. The interesting question is—how
well can we infer the values of all the variables if we can query only a few of
them? Thus we are going to study the tradeoff between the number of queries
and the expected average error.

The simplest type of prediction strategy is non-adaptive, that is, one that
queries a subset of the variables U C {1,...,n} and then makes a prediction.
The prediction that minimizes the expected average error is to label each variable
by the most likely label, given the observations, that is,

Y; = argmax P(X; = a| Xy = Xv), (2)

where X v are the values observed.

We are going to focus on adaptive strategies where the choice of variables
queried can depend on the values of previously queried variables. Such a strategy
can be described (in principle, here we ignore the fact that the description has
size exponential in the number of queries) by a decision tree, where each internal
vertex of the tree corresponds to a variable queried, edges correspond to values,



and each leaf gives a prediction for the unseen variables. If the set of variables
queried on a path is U and the values observed are Xy, then, again, the optimal
prediction at that leaf is given by (2).

Question 1 Given a graphical model, what is the best (adaptive) strategy with
budget B?

We explore the computational aspect of Question 1-—can the strategy be
found in polynomial time? Unfortunately the answer is no, given a graphical
model, figuring out the optimal non-adaptive (or adaptive) strategy with a given
budget is NP-hard, this can be shown by reducing from the following problem
(whose NP-hardness follows from CLIQUE):

DENSE B-SUBGRAPH PROBLEM:
INSTANCE: undirected graph H, budget B, threshold T
QUESTION: does there exist S C V(H), |S| = B such that |[E(H) N (g)\ >T7?

Proposition 1. Computing the non-adaptive (or adaptive) strategy with budget
B that minimizes the expected average error is NP-hard.

The proof is deferred to Section 4.

One can still hope for approximately optimal strategy and/or to identify a
family of models where the problem is tractable. (It is likely that some assump-
tions about the family might be needed—this is supported by the fact that we
don’t know a good approximation algorithm for the dense B-subgraph prob-
lem [6]).

Question 2 Given a graphical model, can one find approximately optimal (adap-
tive) strategy with budget B¢

In the next section we explore the model on the Ising model and compare
the adaptive and non-adaptive strategies.

3 Ising model in 1-d

The Ising model [8] is perhaps the simplest graphical model. We have an undi-
rected graph G = (V, E), the variables correspond to the vertices and the factors
correspond to edges. Each variable has two possible values —1 and +1. We are
going to consider the ferromagnetic Ising model with no external field, for which
the energy of a configuration o : V' — {—1,+1} is given by

H(o) =— Z OuOy. (3)

uvel

The distribution described by the model (called Gibbs distribution) is

P(o) = exp(=BE)/Z (),



where 3 > 0 is a parameter (called inverse temperature) and Z () is a normal-
izing constant (called partition function) that makes P(o) into a distribution.

Assume that the underlying graph is a path with n vertices. There are 2 (n;l)
configurations that have k edges whose endpoints are labeled by different spins
(the remaining n — 1 — k edges have endpoints whose spins agree). Thus the
partition function is

Z(8) = ij 2(" . 1) exp(B(n — 1 — 2k)) = 2" cosh(B)" L.
k=0

Let
n—1
Zim= Y 2" ) el 12
k=0,k even
=2""!(cosh(3)" " + sinh(B)" 1),
and

o= 3 4ﬁﬁwwm4—m>

k=0,k odd
= 2" (cosh(B)" " — sinh(8)" ).

The probability that the endpoints of the path have the same spin is given by

an n—1
Pan(0) = ) - SO (@

The probability that the endpoints of the path have a different spin is given by

Suppose that both endpoints are labelled by 4+1. Then the probability that
the i-th vertex is labelled by +1 is given by

Py iPap+1—i TR e L

Pann(B.i) = S T
Aan(B.0) PpiPpgnyi—i +PpiPppyi—i 2 * 2(1+ A1) (6)

where A = tanh(8) (note that A € (0,1)). Suppose that left endpoint is labelled
by +1 and the right endpoint is labelled —1. Then the probability that the i-th
vertex is labelled by +1 is given by

PaiPppti—i IS Ut R

Papn(B.i) = —sy2 A
ADn(8,%) PpAiPpny1—i+PpiPani1—i 2 * 2(1 — A1) 0

If a strategy queried the endpoints and they came out labelled +1 then the
strategy should predict label +1 for all vertices (this follows from (2) and the



fact that expression (6) is greater than 1/2 for all 4). The expected average error
(conditioned on both endpoints being labelled +1) is then

1 12":/\1'*14-)\"*“' 1 1 1—\"
n

Ban®) =5 =0 25meny T2  aaona+aey ®

i=1

If an strategy queried the endpoints and the leftmost one is labelled +1 and the
rightmost one is labelled —1 then the strategy should predict vertices in the left
half to be +1 and the vertices in the right half to be —1 (again, this follows
from (2) and the fact that (7) if at least 1/2 for ¢ < n — ¢ and at most 1/2 if
i > n —1). The expected average error (conditioned on both endpoints being
labelled by disagreeing labels) is then

ln/2) ;1 . n il _,.
1 1 P\ )\t 2\ —_\nt
Epn(B)=35-7 L 9(1— 1) 2 2(1 — An—1)
i=1 i=[n/2]+1 (9)

(1 —Aln2hy(1 - /\Wﬂ)

1 1
2 n (1-=MN(1-x1)

Remark 1. Suppose that we used the labels to predict the most likely configura-
tion and used that to define some error measure. Now if, say, the endpoints have
disagreeing labels then all configurations with one flip (that can occur on any of
the edges) all have the same likelihood (and are the most likely configurations).
However if we changed the interaction energy slightly on just one of the edges
(by changing the constant 1 of o0, in (3) to 1 — ¢) then the most likely con-
figuration would have flip on that edge—a drastic change produced by a small
change in the model; from this it seems unlikely that a robust error measure can
be defined this way.

The behavior of the model will be easier to understand in the continuous limit.

Letting £ = =251 In A and 2 = —52 In X in equations (6) and (7) we obtain

Pl ) = % (1 + Cosi(fh&fx» (10)
and )
Plp(t,a) == % (1 + W) . (11)

As n — oo equations (8) and (9) converge to

L tanne/2).  (12)

2,(0) ::%(z—tanh(e)) and Byl =,

Thus as n — oo and [ scales appropriately (so that ¢ stays fixed) expected
average error of the path (with no labels except at endpoints) goes to E’; (¢) and
E’,(¢), depending on whether the labels of endpoints agree or disagree. To make



keeping track of contributions of subintervals to the expected average error easier
(after we make queries) we will sometimes use un-normalized expected average
error which is just the expected average error multiplied by the length of the
interval.

Let us restate the learning problem in the continuous limit. For simplicity we
will assume that the left and the right endpoint are labeled for free (this changes
the number of queries by 2).

Question 3 (Learning the continuous limit of the 1-d Ising model) We
start with an interval of length L. We are going to query B points (not counting

the queries to the endpoints); for adaptive strategies the queries can depend on

the answers to previous queries. For a point that lies at position x in an interval
of length ¢ the answer to the query is random with distribution given by (10)

and (11) (either Py 4 or P}, depending on whether the endpoints of the inter-

val have the same or differing labels). Let x1 < --- < xp be the points queried

(by convention g =0 and xp11 = L) and let yo,...,yp+1 be the corresponding

labels. The expected average error is the expected value of

B

1

L Z(ﬂfiﬂ — ) By, (Tiy1 — 24),
=0

where Ty = A if y; = yix1 and T; = D otherwise. What is the optimal (adaptive)
strategy that minimizes the expected average error?

The simplest non-adaptive strategy—querying uniformly spaced points is,
not surprisingly, optimal (among non-adaptive strategies).

Proposition 2. Let A be the non-adaptive strategy that queries points x; =
i/(B+1) fori=0,...,B+1. Then

1 I —exp(=L/(B+1))\ _ L 5
errA—2(1— L) B+ 1) >_4(B+1)+O(1/B ). (13)

This is the optimal non-adaptive strategy.

Proof :

Let £ = L/(B + 1) be the width of the intervals cut out by zg,...,zp11. Let
Yo, - - -, Yyp+1 be the labels of the points queried. We have P(yo = +1) = P(yo =
—1) =1/2 and (by (4)) we have

1+ exp(—2¢)
5 )
and hence the contribution of each interval to the expected average error is
(14 e~ 26)(¢ — tanh(¢)) N (1 — e 26)(¢ — tanh(¢/2))
4 4 (14)
(E +ef — 1) .

P(yiy1 =yi) =

Zy =

DN =



The average expected error is then

B+1 1 1—exp(—L/(B+1))
21 )

CeIrTy =

L L/(B+1
i) »
<minq1/2, ———
< {112 355}
where the last inequality follows from exp(—f) < 1 — ¢+ ¢2/2 for £ > 0.
Note that Z; is convex (since exp(¢) is convex). Thus the selection of 1, ..., xp
that minimizes the expected average error is uniform. |

The contributions of intervals of length ¢ to the (un-normalized) expected
average error satisfy the following inequalities

) 1 (3
(B (0) = 5 (¢ tanh(0)) < , (16)

and

< LB} (0) = % (£ — tanh(£/2)) < (17)

B~ o~
N

Note that both ¢E’(¢) and (E},(¢) are convex, this follows from concavity of
the hyperbolic tangent for non-negative numbers. Note that ¢E', (¢) < LE},(¢)
and hence the best possible outcome (that is, the leaf of the decision tree that
contributes the least to the expected average error) for any strategy is that all
query points get the same label. In this case, by convexity, the average error is
minimized when the query points are uniformly spaced. This is a lower bound
on any adaptive strategy. Thus we have

Proposition 3. The expected average error of any adaptive strategy is at least

1 tanh(L/(B + 1))
(1‘ L/(B+1) )

; (18)

For B > L—1 the lower bound can be simplified to (L/(B+1))?/9. (For B < L—1
the lower bound is a constant.)

Proof :
Equation (18) follows from the discussion preceding the statement of the propo-
sition. The simplified version of the lower bound for B > L follows from

2
x® <1 l_tanh(as) ,
9 2 x

which is equivalent to (1 — x + 223/9) < (1 + x — 22%/9) exp(—2z), which is
proved using the Taylor expansion lower bound for exp(—2z). |

Note that when B/L is less than a constant then the lower bound of Propo-
sition 3 and the upper bound of Proposition 2 differ by a multiplicative constant



and hence in this case adaptive strategies cannot yield asymptotic improvement
over nonadaptive strategies. Hence we will assume that B is sufficiently large
compared to L, more specifically

B>e-L. (19)

Note that short intervals with endpoints whose labels disagree contribute
much more to the expected average error (see equations (16) and (17)). Adap-
tive strategies can utilize binary search to rapidly decrease the contribution of
“disagree” intervals: query the mid-point and recurse on the “disagree” interval
of half-length. After k& queries the contribution of all the intervals created to the
expected average error is

k
j4 J4 14 £
QkED (Qk) 227 ( > < ok+1 + 49° (20)

Now we show that combining the non-adaptive strategies with binary search
yields an adaptive strategy with asymptotically better performance.

Proposition 4. There is an adaptive strategy with error bounded by 21(L/B)?,
assuming L > 1.

Proof :

We split our budget B into two parts (for simplicity assume B = 2b), start with
b uniformly placed queries and then use the remaining b queries for binary search
on the “disagree” intervals. The total contribution of the “agree” intervals (this
includes the contributions of the second term in (20)) is bounded from above by

é (bi1>3 (b+1). (21)

The number of “disagree” intervals is stochastically dominated by a Poisson
random variable with parameter L. If there are k “disagree” intervals then each
has |b/k| queries available, and hence will contribute L/ 22 [b/k] to the expected
average error. Thus the contribution of the “disagree” 1ntervals is bounded from
above by

exp(—L)L* L/2 . L? Xexp(—L)LF__,
k 9—Lb/k] < 9—b/(k+1)
Z k! b+1 ~b+1 Z k! =

L? b exp
/T
b+1< +Z )

where the last inequality is true for any choice of integer T'.
Assume L > 1 and let T =b/1In(b/L), x = b/L, and

k=0

b/L  x
T In(b/L)  Inz’




We are now going to argue that the contribution of the “disagree” intervals
is not larger than the contribution of the “agree” intervals. We do not try to
understand the contribution of “disagree” intervals more precisely (as this seems
to be a rather unpleasant optimization). Note that

27T = /b, (23)

We can use the Chernoff bound for Poisson random variables (see Proposition 5
below) to obtain

g _ k e—1\ L
Zexp( L)L < (¢ < 2 §g7 (24)
k! e clne b
k=T
where the last inequality follows from
T T Inlnz _ = b
e Inz n(ln:c) v lnz — 2 2L’

and the second inequality follows from

Inc ¢ c\e—1
e (9.
2 747 \e
The expected average error is bounded by (1/L) times the sum of (21) and (22)
and hence (using (23) and (24)) we obtain

1/ L \°> 5L L L\?
<[ = _ . < = . 25
errA_G(b+1) 3 b+1_21<B) (25)

Proposition 5. (see e.g. [10], p. 97) For a random variable X with Poisson

t—1

L
distribution with parameter L and fort > 1, P(X > tL) < (i—,)

We remark that the following “high probability” version of Proposition 4 also
holds.

Proposition 6. For any § > 0 and budget B > 2max{e®*L,In(1/8)}, the adap-
tive strategy in Proposition 4 with probability at least 1 — ¢ (over observed labels)
has average error at most

220 max {L2, (1n(1/5))2}/B2.

Proof :

As noted in Proposition 4, the number of “disagree” intervals in the continuous
limit follows a Poisson distribution with parameter L. Proposition 5 implies that
the number of “disagree” intervals in 6 is at most max{e?L,In(1/§)} with prob-
ability at least 1 —d. We use the same notation as in the proof of Proposition 4.



The worst case (over observed labels) un-normalized expected average error of
the “disagree” intervals then can be bounded (using the inequalities in (17)) by

L L

b o-lb/k] o T
kge%l,rzi?fn(l/a) 20b+1) — bb+1)

(max{e’L, ln(l/é)})2 ,

where we have used the fact that b = £ > max{e?L,In(1/6)}. Combining this
with the error of the “agree” intervals (21) and normalizing, we obtain the desired
bound. ]

When L < 1, Proposition 4 no longer applies, since as L. — 0 the expected
average error of any adaptive strategy is bounded from below by a linear func-
tion of L. We will show this by arguing that for a short interval with disagreeing
endpoints the expected average error can decrease by a factor of at most 28
(compared to the expected average error with no queries) in any adaptive strat-
egy.

Proposition 7. The un-normalized expected average error contributed by “dis-
agreeing intervals” f(L, B) of an adaptive strategy with budget B on an interval
of length L conditioned on the endpoints disagreeing satisfies

f(L,B) > = (L/2” — tanh(L/25)). (26)

N =

Proof :

We prove the result by induction on B. For B = 0 the formula agrees with (12).
For B > 0 let « € [0, L] be the point of the first query. One of the subintervals
created will have disagreeing endpoints and we have one less query left. Hence

f(L,B) = :JEIET[%HL] Pyp(L,x)f(L —2,B—=1)+ (1= Pp(L,2))f(x,B—1). (27)

Plugging the right-hand side of (26) into the right-hand side of (27) we obtain

L 1 L L—x b T
3BT tan 9B -+ tan (2—3)

+sinh(L—2x) L—2z 1‘5 L L—z —|—1t h(m)
— —tan —tanh (—=) | .
sinh(L) 9B+l 4" 9B 4 M\ 2B

(28)

From concavity of the hyperbolic tangent the maximum of tanh (Lzzf ) +tanh (2%)

happens for z = L/2. By symmetry we can assume x < L/2 (formula (28) is
invariant under  — L —z). Since the derivative of hyperbolic tangent is in [0, 1]
we have

L—-2x 1 L—x 1 T L—-2x 1L-—-2x
——F — —tan —l—ftanh(—> > >0,

9B+1 4 9B 9B+1 4 9B =

with the right equality holding only for = L/2 (and in this case the left
inequality is equality t00).



Thus the minimum of (28) happens at = L/2 for which (28) simplifies to
1
3 (L/2P — tanh(L/2511))

finishing the proof. |

Proposition 8. Assume L < 1. The expected average error of any adaptive
strategy is at least
L n 2
2B+5 ° 18(B +1)%°

(29)

Proof :

With probability (1 — exp(—2L))/2 the endpoints of the interval disagree. By
Proposition 7 and (17) the expected average error conditioned on the endpoints
disagreeing is at least 1/25+2 and hence the expected average error is at least

L
(1 - exp(—?L))/2B+3 > 9B+4’

(30)

where the inequality uses the assumption L < 1. Equation (29) now follows by
combining (30) and Proposition 3. |

4 Proof of Proposition 1

Proof of Proposition 1:

Given a graph H consider the following problem. Each vertex v is independently
assigned a uniformly random label X, from {0,1}. Each edge e = {u,v} is
assigned label Y, = X, @ X, (addition mod 2). Thus in total we have |V (H)| +
|E(H)| random variables with values in {0, 1}. Suppose we can query B of the
variables and then we want to predict the other variables in such a way that we
minimize the expected average error.

We are going to argue that it only makes sense to query the vertex variables
and then one should choose a subset V' C V(H) of them such that the subgraph
of H induced by V has the largest number of edges (which is an instance of
the densest B-subgraph problem). Suppose that we query edges EC E(H) and
vertices V C V(H). Let V' be the set of vertices that are connected by a path to
a vertex in V in (V(H), E). Let E’ be the set of edges which have both endpoints
in V' or their endpoints are connected by a path in (V (H), E).

Note that the values of variables in V and E determine the values of variables
in V/ and E’ (for example, value of X, for v € V' is obtained by adding the
values of the edges on the path and the value of the vertex reached). Now we
argue that no other variables are determined. If v is not in V' then flipping values
of all vertex variables that are in the connected component of v in (V(H), E)
does not change value of variables in V and E (but it changes the value of X,).
If e = {u,v} is not in E’ then, w.l.o.g, v ¢ V' and by the previous sentence we



can flip values of all vertex variables that are in the connected component of v in
(V(H), E) (this operation changes the value of X, but does not change the value
of variables in V and E) Note that the value of the undetermined variables is 0
with probability 1/2 and 1 with probability 1/2.

If we have a connected component C' in (V(H), E) that contains a vertex in
V then instead of querying edges in E(C') we can query vertices in V(C) \ V.
This will not change V’ and E’ and since |V (C)\ V| < [V(C)| — 1 < |E(C)| we
did not increase the number of queries.

If we have a connected component C in (V(H), E) that does not contains
a vertex in V then we can pick a vertex v € C and instead of querying edges
in E(C) we can query vertices in V(C) \ {v}. We did not increase the number
of queries since |V (C)| — 1 < |E(C)|. The size of E’ decreased by at most the
degree of v in C' and the size of V' increased by the number of vertices in C'\ {v}.
Hence the number of determined variables did not decrease.

Thus there exists an optimal strategy (that is, one that maximizes the number
of determined variables) which does not query any edges. In this case E’ is the
set of edges induced by V and the maximization solves the densest B-subgraph
problem. |

5 Conclusion

We have considered in this paper active prediction strategies for labelings of
graphs where the labels are sampled from a graphical model. We have given a
hardness result for finding the optimal set of observed nodes for general graphical
models (Proposition 1). Then we have demonstrated that for the simple ferro-
magnetic 1-D Ising model (in the continuous limit) adaptive strategies (Propo-
sition 4) outperform non-adaptive ones (Proposition 2). We have also demon-
strated lower bounds on the prediction error (Propositions 3, 8) which match the
upper bound for the L > 1 case. Closing the gap between the lower and upper
bounds for the L < 1 case would be an interesting question. Another possible
direction of future work would be to look at Ising models on more general graphs
like trees and to see whether some simple adaptive selection strategy (like the
one we have for 1-D Ising model) is optimal for such graphs as well.
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