A Method for Hierarchical Data Placement

Chengliang Zhang, Yutao Zhong, Chen Ding and Mitsu Ogihara

Computer Science Department
University of Rochester
{zhangchl , yt zhong, cdi ng, ogi hara}@s. rochester. edu

Abstract

To fully utilize the hierarchical memory on modern ma-
chines, hierarchical data placement reorganizes pro-
gram data in many layers of data blocks, which exploit
data locality at all memory levels. Manually designed
methods have been used in at least three important appli-
cation domains—matrix operations, N-body simulation,
and search trees—by different research groups using
very different data layouts. This paper presents a new
method for hierarchical data placement. The method is
based on the reference affinity model, which captures
the temporal pattern in program computation and con-
verts it into the spatial relation in program data. The
method is applicable to any sequential programs. It is
polynomial time. It automatically gives the hierarchi-
cal data layout not only for cases reported by previous
studies but also for other important problems. The new
results reveal strong relations between computation and
data and therefore should help to improve the manage-
ment of data as well as the design of compilers and pro-
gramming languages.

Keywords: hierarchical data placement, reference
affinity, trace, N-body simulation, search tree

1 Introduction

While program data are laid out in a uniform address
space, the memory of most machines is organized as
a hierarchy, which typically includes registers, on-chip
and off-chip cache, virtual memory, disk and network
buffers. Different memory levels come with different
sizes and configurations. The hierarchy may not be
fully visible to a user. In addition, a program may be
run on machines with different cache configurations.
As the programming for specific memory levels be-
comes increasingly untenable, solutions for hierarchi-
cal data placement are developed in separate applica-
tion domains including matrix solvers [5], N-body sim-
ulation [?], and search trees [2], where the program data
are recursively decomposed into smaller blocks. Such

hierarchical partition exploits even an unknown cache
size because it blocks for all cache sizes.

Previous data placement methods are specialized:
Morton layout for matrices, Hilbert curve for particles,
and van Emde Boas layout for search trees. It is un-
clear whether these diverse methods share a common
basis, whether more general methods exist, how about
data placement in other problems, and ultimately, for a
program, how to find the right data hierarchy.

While the data placement is sensitive to a machine,
it is first and foremost driven by the computation order.
In fact, any layout is perfect if the computation traverses
the data contiguously. We think of the data placement
problem as the problem of mapping. The domain is the
set of programs, which is the power set of the set of
all sequences of data accesses. The image is all data
decompositions. The mapping takes from a program to
its hierarchical data placement, from a uniform address
space to a data hierarchy, and from sequences in time to
structures in space.

To place data is to define their spatial relation —
some data but not others should be placed together.
Three general models exist for defining the relation. The
first is compiler analysis. By analyzing structured loops
and subscripted array accesses, a compiler can often de-
rive the best computation order and data layout. How-
ever, most compiler data models are linear rather than
hierarchical. In addition, it is less effective for programs
with input-dependent control flows and indirect data ac-
cesses. The second is profiling of the frequency of the
access to data or data pairs. Although the frequency
model measures the reuses of data, it does not consider
the time of data reuse and consequently cannot guaran-
tee a good data placement [18].

The last, and the most recent of the three is refer-
ence affinity, which we have been developing over the
past five years. Reference affinity measures whether a
group of data are always accessed together during an
execution. We use the distance of data reuse, which
is the amount of other data accessed between the use



and the reuse of a datum. The reuse distance is Eu-
clidean. It combines the information of the frequency,
the time, and the volume of data access. Our earlier pa-
pers described efficient analysis methods for reuse dis-
tance and reference affinity [9, 27] and showed their use
in miss-rate prediction across program inputs, array re-
grouping in Fortran programs, and structure splitting in
C programs [26, 27]. The accuracy of the reuse-distance
model has also been verified by other recent studies [3,
10, 15].

In this paper, we present a method for constructing
a hierarchical data placement for a program. We call
it the data hierarchy method. It divides the reference
affinity groups into two cases: the groups with a con-
stant distance and those with a variable distance. The
construction of the data hierarchy involves a bottom-up
traversal of the affinity hierarchy in the first case and
a bottom-up partition of a probability graph in the sec-
ond case. The next section describes the algorithm in
detail and shows its use in hierarchical data placement
in general and extreme cases. The section shows that
the prior results in matrix multiplication, N-body simu-
lation, and tree searches are just examples of the general
case. As a unique use of the system, it gives the hier-
archical data placement for random walks, whose data
placement problem had not been studied in the litera-
ture.

We note here that the scope of this paper is limited to
the data placement problem, that is, finding that the best
data layout for a given computation sequence. Compu-
tation reordering is outside the scope. The construction
method uses the result of reference affinity analysis. The
analysis does not have a known solution in polynomial
time, although good heuristics exist [25, 27].

As a result of hardware and software trends in the
past decades, data organization has become increas-
ingly important for program performance, communica-
tion speed, power consumption, and software portabil-
ity. Programming for data is often as important and
complex as programming for computation. A general
model of hierarchical data organization is relevant to
programming as well as to programming language de-
sign and implementation.

2 TheDataHierarchy Method

2.1 Basic Structure

We first define the necessary concepts and then give the
basic structure of the data hierarchy method.

2.1.1 Reference Affinity

An address trace or reference string is a sequence of ac-
cesses to a set of data elements. If we assign a logical

time to each access, the address trace is a vector indexed
by the logical time. We use letters such as x, y, z to rep-
resent data elements, subscripted symbols such as a, a’,
to represent accesses to a particular data element x, and
the array index T'[a,] to represent the logical time of the
access a, on atrace 7T

Definition 1 Volume distance. The volume distance
between two accesses, a, and a, (T'[a;] < Tay,]), in
a trace T is the number of distinct data elements ac-
cessed in times T'a,|, T[a;) + 1,...,T[a,] — 1. We
write it as dis(az,ay). If T[az] > T[a,], we define
dis(az, ay) = dis(ay, az).

For example, the volume distance between the accesses
to a and ¢ in the trace abbbc is 2. The volume distance is
Euclidean. Given any three accesses in the time order,
g, ay, and a,, we have dis(az,a,) < dis(ag,ay) +
dis(ay,a), because the cardinality of the union of two
sets is no greater than the sum of the cardinality of each
set. Next we define the condition that a group of data
elements are accessed together.

Definition 2 Linked path. A linked path in a trace is
parameterized by a distance bound &. There is a linked
path from a, to a, (z # y) if and only if there exist ¢
aCCeSSeS, Ay, Agy,y - - - Ay, SUCh that (1) dis(ay, ag, ) <
kN dis(az,,0z,) < kA ... ANdis(az,,ay) < kand (2)
x1,T2,..., %, ¢ and y are different (pairwise distinct)
data elements.

In other words, a linked path is a sequence of accesses
to different data elements, and each link (between two
consecutive members of the sequence) has a volume dis-
tance no greater than k. We call k the link length. We
will later restrict z1, xo, ..., z; to be members of some
set S. If so, we say that there is a linked path from a,, to
a,, with link length & with respect to set .S.

Sequence (1) shows an example sequence. Each
7. section represents a sequence of data elements
other than a, b, and ¢. While a, b, and c are always ac-
cessed together in the trace, they are accessed in dif-
ferent sequences and frequencies, and their accesses are
intermixed with other data accesses. Still, in each occur-
rence, there is a linked path connecting three elements
with a link length 3. Next, we define them as a group
we call a reference affinity group.

...abebc...bf faac. . .cccebga . .. Q)

Definition 3 Reference affinity. Given an address
trace, a set G of data elements is a reference affinity
group (i.e. they have the reference affinity) with the link
length £ if and only if



1. for any =z € G, all its accesses a,, must have a
linked path from a, to some a, for each other
member y € G, that is, there exist different ele-
ments x1, xa, ..., x; € G suchthatdis(as,a,) <
kENdis(ag,,0z,) <kEAN...ANdis(ag,,ay) <k

2. adding any other element to G will make Condition
(1) impossible to hold

Reference affinity groups give a unique and hierar-
chical partition of data, as proved by Zhong et al. in the
form of the following three properties [27].

1. Uniqueness Given an address trace and a fixed link
length £, the affinity groups form a unique partition
of program data.

2. Hierarchical structure Given an address trace and
two distances k and k' (k < k'), the affinity groups
at k& form a finer partition of the affinity groups at
K.

3. Bounded access range Given an address trace with
an affinity group G at the link length &, any time
an element z of G is accessed at a,, there exists
a section of the trace that includes a, and at least
one access to all other members of G. The volume
distance between the two sides of the section is no
greater than 2k|G| + 1, where |G| is the number of
elements in the affinity group.

2.1.2 The Data Hierarchy Method

Given an execution trace and its data size n, we have a
hierarchy of affinity groups parameterized on the link
length k. When k is 0, we can have no linked path
connecting elements; so each data element is an affin-
ity group. When £ is n — 1, we have a linked path from
every element to every other element; so all the data be-
long to a single affinity group. For every k in between,
we have some partition of the data. Therefore, we have
an n-level affinity hierarchy, each level is a partition of
the data. For any two consecutive levels, the partition at
k is either the same partition as or a finer partition than
the level at k& + 1.

The data hierarchy method, shown in Algorithm 1,
takes the affinity hierarchy and the data size as inputs. It
first removes identical levels and splits the affinity hier-
archy at the level whose link length & is greater than the
largest cache size. The link length gives the longest vol-
ume distance between accesses to elements of the same
group. If the group resides in a cache block and its &
is smaller than the cache size, we guarantee the reuse
of every group member after the block is accessed and
before it is evicted due to a capacity miss. If k is greater
than or equal to the cache size, however, we cannot guar-
antee the reuse of every group member. Because of this

difference, the method builds the hierarchy differently
in two cases.

Algorithm 1 The method for constructing a data hier-
archy
procedure MainConstruction(g, n)

{g is the reference affinity hierarchy with levels 0 to
n — 1, and n is the size of program data}
{Remove identical levels}
for k from1lton — 1 do
if the level at link length £ is the same partition as
the level at £ — 1 then
Remove this level from the hierarchy
end if
end for
Renumber the remaining levels from 1 to i

{Divide the affinity hierarchy into two parts}

Let 7 be s.t. the levels 1,...,7 have a link length at
most the largest cache size

Setg; =1,....i — 1land go =14,...,h

{process the two sub-cases and assemble the results}
d; = ConstantDistanceCase(g;, n)

do = VariableDistanceCase(gs, n)

Stack the two data hierarchies d; and dy and return
the result

end MainConstruction

The reference affinity is defined on an execution
trace, so our method constructs the data hierarchy for
a trace instead of a program, which is a set of execu-
tion traces. However, in some programs (as shown by
examples later), the affinity hierarchy has a consistent
structure parameterized by the input size n. We can dis-
cuss the affinity groups with a symbolic n. In this case,
the division of the affinity hierarchy happens at the level
where the link length % is a function of n instead of a
constant independent of n. The reason is that when &
is a function of n, it will become larger than any fixed
cache size when n is sufficiently large. For this reason,
we call the first half the constant distance case and the
second part the variable distance case.

2.2 Constant-Distance Groups

We first consider the case in which the link length & of
an affinity group is a constant. We put all members of
the group in a data block. When & is less than the cache
size, we guarantee that all elements are accessed after
the block is loaded into cache and before it is evicted
from cache due to a capacity miss. The accesses to the
block elements keep the block “warm” in cache. There-
fore, we guarantee the full block utilization for constant-
distance affinity groups.
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Figure 1: Dendrogram for Cheetah

Reference affinity can be shown as a tree or a dendro-
gram. Figure 1 [27] shows the reference affinity among
five structure fields used in Cheetah. Cheetah is a hand
optimized cache simulator for simulating multiple cache
configurations in one run. It is widely distributed as part
of the SimpleScalar tool-set. The main data structure is
a splay tree. The five fields of a tree-node structure are
shown in Figure 1: addr, Ift, rtwt, inum and rt. The ac-
cess to the tree is a sequence of queries, each consists
of a top-down tree search and a bottom-up splay. The
search involves the key (inum) and the children point-
ers (Ift and rt). The splay involves the tree weight (rtwt)
and the children pointers. The search path is stored in
another data structure so a tree node does not need a
parent pointer.

In this example simulation, the majority of the
searches targeted the right-end of the tree. As a result,
the left-child pointer and the node weight have the clos-
est affinity because the bottom-up splay rotates to the
left more often than to the right. The key and the right-
child pointer have the next closest affinity because the
top-down search follows the right-child pointer more of-
ten than the left-child pointer. The addr field is accessed
only at the end of a query, so it has little affinity with the
other four fields. The affinity hierarchy is shown by the
dendrogram in Figure 1. The number marked at each
non-leaf node is the link length of the group of elements
in its sub-tree. For example, Ift and rtwt are accessed
mostly within 19 data elements.

For constant-distance groups, we construct a data hi-
erarchy by traversing the dendrogram in postorder. Al-
gorithm 2 gives an exact description.

Algorithm 2 Hierarchical construction of constant-
distance groups
procedure ConstantDistanceCase(g)
{g is the hierarchy of constant-distance groups}
{g.root is the root of the dendrogram tree}
return PostOrderTraversal(g.root);
endConstantDistanceCase

procedure PostOrderTraversal(r)

if isLeaf(r) then
return r.name;
else
initialize a queue Q to be empty;
while MoreChild(r.children) do
next = NextChild(r.children);
add PostOrderTravelsal(next) in Q;
end while
return Q;
end if
endPostOrderTraversal

Although the dendrogram can be represented as a
binary tree in most cases, we use function NextChild()
in our algorithm to deal with more general n-ary trees.
Furthermore, NextChild() controls the order of data el-
ements within a group. For example, we may assign
higher priorities to children representing sub-groups
with higher reference affinity or consider the group size
or the relation with the previously traversed tree nodes.
The output data hierarchy is an ordered list of data el-
ements. If the children are traversed in the decreas-
ing reference affinity, the output of Algorithm 2 on the
Figure 1 dendrogram would be [ ft,rtwt,inum, rt, and
addr. The result can be used directly to guide field re-
ordering.

Our previous work shows that reference affinity is
effective in improving the cache-block utilization [27].
We use data layouts obtained from the affinity analy-
sis to guide array regrouping for Fortran programs and
structure splitting for C programs. The transformation
consistently outperforms other data placement meth-
ods given by the programmer, frequency-based group-
ing and compiler analysis across varied benchmarks and
different platforms.

2.2.1 Use in Divide-and-Conquer Programs

The divide-and-conquer type of computations we con-
sider are blocked and recursive algorithms for dense
matrix operations, N-body and mesh simulation, and
wavelet transform. We use N-body simulation as an
example. N-body simulation considers how particles
evolve in a space. The change of the speed of a parti-
cle is determined by its interaction with nearby particles
within a specific radius. Mellor-Crummey et al. [17]
optimized the N-body simulation problem by data and
computation reordering. In one iteration of N-body sim-
ulation, most time is spent processing the interactions
between nearby particles as follows. The whole space
is divided into equal sized units. We order the pairs of
units according to the Morton space-filling curve. An
example of a Morton curve is shown in Figure 2. For any
pair of units a and b, we process the interactions where
the first particle appears in unit a and the second particle



in unit b. One can also use divide and conquer technique
to implement this procedure. Take a linear array of units
as an example. We recursively divide the array into two
equal parts: L and R. Then the processing order is LL,
LR, RL, and RR. The divide-and-conquer algorithms
for matrix operations follow the same approaches of ei-
ther using space-fitting curves or recursive division.

123456738

Figure 2: Morton space filling curve for an 8 x 8 ma-
trix. The interactions are sorted according to their keys,
which are the bit-wise interleaving of their row and col-
umn indexes.

In the following analysis, we start from one-
dimensional space. Later we will extend the result to
multi-dimensional space. For simplicity of analysis, we
assume that the unit array is of size n = 2¢, where ¢ is
a non-negative integer. The N-body simulation trace is
then of size 2™. As an example, we give the trace when
n = 4 in Figure 3. Any pair (i, j) means processing the
effect of particles in unit 4 on particles in j.

11) 1,2 (21) 22
1,3 1.4 (23 (24
31D 32 41 42

(33) (34) (43 (44

Figure 3: Trace of N-body simulation when n = 4

The following definition divides the unit array into
equal-sized blocks of different sizes. In the following

discussion, we call a [-aligned [-sized block simply a
block.

Definition 4 We call the set of units with number ¢x[+1
toi =+ [ an [-aligned [-sized block, where [ is a power
of 2 and i is a non-negative integer.

The N-body simulation trace can be expressed using
a matrix format. Figure 4 gives an illustration. In the
figure, rows and columns are units and the Morton space
filling curve corresponds to the trace. After the unit ar-
ray is divided into blocks, the matrix is partitioned into
grids. Every box, including the shaded box, is a con-
tiguous segment of the computation trace.

r

|

|

|
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e e e e i

Figure 4: lllustration of trace in matrix format

For an N-body simulation trace, we have the follow-
ing properties:

Lemma 1 When k = n, all the units belong to the same
reference affinity group.

This is clear since there are at most n different units
between any two units.

Next, we give a loose bound of & for a block to be-
long to the same k-affinity group.

Lemma 2 Every [-aligned [-sized block belongs to the
same 2[-affinity group.

Proof Consider a box, for example, the shaded box in
Figure 4. For every block, if one unit in the block ap-
pears in the box, then all of the other units appear in the
box. Since there are at most 2/ different units in every
box, there is a linked path bounded by 2/ between ev-
ery two units within this box. So every [-aligned [-sized
block belongs to a 2i-affinity group.

We next show that not all » units can belong to a k-
affinity group for a constant k. This and the previous
lemma establish that the Morton computation order has



a reference hierarchy with more than a constant number
of levels.

Lemma 3 For any k, there exists an n, such that the
unit array of size n does not belong to the same k-affinity
group.

Proof We prove this by contradiction. Suppose for any
n, unit array of size n belongs to the same k-affinity
group. Considering the linked path between the first 1
and n, according to the definition of reference affinity,
there are at most n — 1 segments on the path and the
reuse distance of each segment is within k. Since the
time distance between the first 1 and first » in the trace
is of size O(n?), there must exist a segment of size at
least n. However, when n is large enough, every n-sized
segment of the trace has a volume distance greater than
k. A contradiction. |

Next we prove the exact structure of the reference
hierarchy. Lemma 5 is the most important theoretical
result. It establishes the intricate links between the lin-
ear, flexible concept of linked path and the hierarchical,
rigid but complex order of recursive computation.

Lemma 4 If one [-aligned [-sized block belongs to the
same affinity group, then each [-aligned I-sized block
belongs to one affinity group.

Since all I-aligned -sized block are symmetric in the
trace, this lemma holds in a straightforward way. Next
is our most important insight into the relation between
two complex structures: reference affinity and recursive
computation.

Lemma5 There exists a k, such that every [-aligned
I-sized block is a separate k-affinity group, but no 2i-
aligned 2[-sized block belongs to the same k-affinity
group.

Proof Let us select the & to be the smallest reuse dis-
tance that ensures an [-aligned [-sized block in the same
affinity group. From lemma 2, there exists such a k. In
the following proof, we suppose that n > [, since when
n = [, this lemma hold trivially when k& = 1.

Let us prove this lemma by contradiction. Sup-
pose each 2i[-aligned 2[-sized block also belongs to a
k-affinity group. Without loss of generality, we analyze
the first 2/-sized block. As shown in the upper part of
Figure 5, there is a k linked path from 1 to [ + 1. This
linked path crosses 2 to [ at most once. We cut this path
into two parts according to the two boxes. The part in
the left box starts from the first 1 to the first I. Sim-
ilarly, the second part starts from the beginning to the
end of the right part. Based on the symmetry of these
two boxes, we can find a path for 1 to [ for the first box

similar with the right part. Then we get two distinct k-
linked paths from 1 to [, which are shown in the lower
part of Figure 5. Circles uy,...,us and dy, ..., d; are
distinct units that connect 1 and {. Actually, these units
appears in the same section of trace. We put them to-
gether according to their order of the trace.

We prove that there exists a £ — 1 linked path from
1tol witnessed by uy, ..., us,ds, - .., d;, where u; and
d; denote the unit number being accessed. The lower
part of Figure 5 has two paths between the same pair
of end points. We show that the upper path with a link
length % can be converted into a path with a link length
smaller than &, which would give the desirable contra-
diction that the [-block is a group for a link length less
than k.

We first prove for every link (u;,u;+1), where the
volume distance is k, if one d; is located between them
in the trace, then the link is divided into two links of a
volume distance less than k. Consider the smallest box
that includes u; and u; 1. Without loss of generality, we
assume u; < ;1. There are four cases to consider, as
shown in Figure 6:

1. wu; and ;4 are at opposite side. d; is greater than
or less than both u; t0 w; 1.

2. u; and u,;11 are at opposite side. d; is between u;
and Ujq1-

3. u; and w;; are at the same side. d; is greater than
or less than both w; t0 w;41.

4. u; and u,11 are at the same side. d; is between u;
and Ujq1-

In all four cases, if d; is in the upper half of the box,
we move it to the rightmost point on the dashed line.
Otherwise, move it to the leftmost point. For simplicity
we explain only Case 1 and 3 for d; greater than both
u; and u;41. The other cases are similar. The volume
distance of the segment from w; to d; is smaller than &
since the units in the lower portion are not included in
this segment. The volume distance of the segment from
d; 10 u;41 is also smaller than &, since the units smaller
than d; are not included.

To finish the conversion on the entire path, we now
consider the two cases based on whether the k-distance
links in the two paths overlap.

1. When the k-distance links of the two paths do not
overlap. There is a d; between u; and u; ;. This
case has been just proven.

2. Otherwise, no d; lies between w; and u;4+1. Then
there must exist d; and d;; that have u; and w; 11
in between. Since the volume distance between u;
and u;11 is k, d; and d;1 must appear between



u; and Ujg1- Considering Ui—1, dj, Uiy Uit1, dj+1
and wu;4o: If the volume distance between u;_ 1
and d; is smaller than &, then d; and wu;4; can
be divide into two links of a length smaller than
k by moving w;; u;y1 and u;,o can be divided
into two smaller links by using d; ;. Similarly we
can deal with the situation when the volume dis-
tance between d;; and u;;o is less than k. Oth-
erwise, wu;_1, u;, Ui1+1, U2, are exactly k-linked.
We continue to consider ...,d;_1,d;t2,... Step
by step. If we can not get a & linked path at last,
it means that linked path 1,uq,---,us, [ are ex-
actly k-linked. This is impossible, since the origi-
nal linked path goes from unit 1 to unit [ + 1 (see
the upper graph in Figure 5) is not k linked because
of the last unit [ + 1.

We find that the smallest & for a block of sizes 2, 4
and 6 to be in the same k-affinity group are 4, 6 and 8.

12

I+1

@@ @ @ -
© O,

Figure 5: lllustration of the & linked paths

Following Lemmas 2 and 5, we can immediately get
a hierarchical partition of the units array.

Theorem 1 By analyzing the affinity groups of N-body
simulation trace using the divide and conquer tech-
nique, we can get a hierarchical partition of the unit
array with every group of a size of power of 2.

Proof We know that when link length is 4, every 2-
aligned 2-sized block is a 4-affinity group. By lemma 2
and 5, we can gradually find the lowest link length & for
blocks with parameter 4,8 - - -, every time the [-aligned
l-sized blocks merge into bigger block with parameter

9. i

e

A [

A f

A [

Case3 Case 4

Figure 6: Four cases of places of u;, u;41 and d;

Similarly with the previous analysis, we can get the
hierarchical partition for units in 2D or 3D dimensional
space. Examples are shown in figure 7.

Theorem 2 Post-order traversal of the unit hierarchy is
equivalent to the Morton space filling curve of the units
in nD dimensional space.

The proof is straightforward from Theorem 1.

2.3 Variable-Distance Groups

The link length of a variable-distance group is larger
than the greatest cache size. If the group is placed in
a data block, and the block is loaded into cache after the
access of a group member, some members of the group
may not be accessed before the block is evicted from
cache. Therefore, we cannot guarantee the full block
utilization as we do for constant-distance groups. For
this reason, the data hierarchy method first blocks the
constant-distance groups and then uses this step to in-
crease the partial utilization. In this step, the constant-
distance groups are treated as a single data element, ac-
cessed every time when its member is accessed. Accord-
ing to the Bounded Access Range property of reference
affinity, all members are accessed within a bounded dis-
tance when one member is accessed.

Since no two elements are always accessed together
within a bounded distance, we shift our attention to data
groups that are often accessed together. For every pair
of data elements, the following equation defines their
probable affinity (as opposed to guaranteed affinity).

Definition 5 Probable affinity. For any two data ele-
ments x, y, the probable affinity p(x, y) is
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Figure 7: Hierarchical partition of the units in 1D and 2D space

Haz | ay s.t. dis(ag,a,) < w}
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where w is a given window size.

The probable affinity p(x,y) is the frequency of z,y
being accessed together divided by the frequency of
them being accessed. It is an undirected relation and
p(z,y) = p(y, v)

Algorithm 3 shows how to construct a data hierar-
chy from probable affinity relations. The first step con-
structs an affinity graph. It searches for the smallest
window size such that the graph becomes connected by
edges with a probability of greater than some thresh-
old. In later examples, we keep any edge whose proba-
bility does not converge to zero when the problem size
increases. The second step iteratively builds the data hi-
erarchy in a 3-nested repeat-until loop. The outermost
loop builds level by level. The inner two loops build the
next level of data blocks. It un-marks all nodes and then
starts with a random node in a connected region of the
graph. For each node i, it finds the neighbor j that has
the most neighbors and groups j with its neighbors, in-
cluding 4. It uses a work list to cover the entire region.
It uses marks to ensure that each node is grouped only
once at each level. Eventually all connected regions of
the graph becomes a hierarchy of node blocks. To make
this algorithm more efficient, we can search for only the
power-of-two window sizes.

Algorithm 3 Hierarchical construction of variable-
distance groups
procedure VariableDistanceCase(g)

{g is the hierarchy of variable-distance groups}

Collapse constant-distance groups as single data el-
ements, accessed whenever a group member is ac-
cessed

{Constructing the probable affinity graph}
for window size w = 2 to the largest cache size do
Construct the probable affinity graph G
if G is fully connected then
Exit the loop
end if
end for
{Constructing the data hierarchy}
repeat
Clear the mark on all elements in G
Initialize a queue @ to be empty
repeat
Place a random, unmarked data element in Q
repeat
Dequeue the top element 7 from @
Find its unmarked neighbor j that has the
most unmarked neighbors
Group j and all its unmarked neighbors
Collapse the group as a single element con-
nected to the neighbors of the group members
Mark the group
Place the immediate, unmarked neighbors
into Q
until @ is empty
until all elements are marked
until the graph consists of single nodes

return the data hierarchy
end VariableDistanceCase

Algorithm 3 is heuristic based and does not guaran-
tee an optimal placement. It uses pair-wise frequency,



which has been studied in the past [4, 7, 12, 22]. We
can adjust the parameters—considering the size of the
data element and changing the window size and the
cut-off threshold—or fine tune the relation definition—
counting only the accesses that are separated by some
volume distance. While we may improve the current
method using these extensions or other techniques from
previous studies, the unique feature of the algorithm is
not the probability affinity graph but the bottom-up con-
struction of a data hierarchy. It starts with the imme-
diate neighbors and gradually adds levels to the hierar-
chy. Unlike previous work in pair-wise affinity, we do
not pack for a fixed-size data block. Instead we use the
natural graph topology for a hierarchical construction.
In addition, Algorithm 3 is used only after we have ex-
ploited constant-distance affinity groups.

Next we discuss three example uses of Algorithm 3.
In each case, it in fact automatically constructs the best
data hierarchy.

Random Access Sequences As an extreme case, con-
sider a group of n data being repeatedly accessed in
a random order. The affinity hierarchy has two levels.
When £ is 0, each element is a group. When kisn — 1,
all elements are in a single group. Hence, our base algo-
rithm would invoke Algorithm 3. For any constant win-
dow size, the probability graph has no edges because the
probability of any two data element accessed together is
1/n, which is arbitrarily close to zero when n is suffi-
ciently large. Therefore, the construction part finds no
possibility of grouping any data elements. The data hier-
archy has a single level, where each element is a block.
This result is correct because any data layout is equally
good for a random access sequence.

Binary Search Trees Consider a balanced binary
search tree of n nodes. Assume that the access is a se-
quence of random queries of the leaf nodes. We omit the
proof here, but the affinity hierarchy is as follows. When
k is a constant, there is no non-trivial affinity groups.
When £k is "Q—tl — 1, the top k£ + 1 layers of the tree is
only non-trivial affinity group at that £. Therefore, Al-
gorithm 3 is invoked. If it picks the window size to be 2,
the probable affinity graph is the same as the tree. The
hierarchical grouping would produce the first and sec-
ond level blocks as shown in Figure 8. Every first level
block has four tree nodes. Every second level block has
six first level blocks. The data layout has the same re-
cursive structure as the van Emde Boas layout for bi-
nary search trees, which has been shown to be “cache-
oblivious” by Bender et al [2]. Their method divides the
tree top down with three tree nodes in the lowest level
block. The different shape of the block does not affect
the asymptotic optimality. In fact, the size of higher

Figure 8: Recursive blocking of a balanced binary tree
under random searches

level blocks increases in the same exponential rate in
both methods.

Our method has two advantages over cache-
oblivious search trees. First, we build the hierarchy
bottom up, so we do not need to require the tree to be
balanced. Second, the van Emde Boas layout is opti-
mal if the tree is searched randomly. Random access
is only one of the many possible tree-search patterns.
Our method adapts data layouts with the access pattern.
For example, if some tree nodes are always searched
together, our algorithm will exploit the reference affin-
ity first and give better cache performance than the van
Emde Boas layout.

Random Walks As an exercise, we try our algorithm
on a new data placement problem not yet studied in
the literature. Given a grid and a starting point, a ran-
dom walk starts from the point and at this and succeed-
ing points has equal probabilities to walk to one of the
neighboring point. For a two-dimensional square grid of
size n, the affinity hierarchy has no non-trivial constant-
distance affinity groups. Algorithm 3 picks the window
size to be 2. The probable affinity graph is the same
as the grid. The algorithm will construct an hierarchy
as shown in Figure 9. The first and other level blocks
exactly captures the locality in a random walk.

Random walks have many uses in computer science
as well as other fields such as economics. A common ex-
ample is the large hidden Markov models used in natural
language processing and computer vision. This result
suggest that our algorithm can automatically identify the
structure of transition network, construct the data hier-
archy, and improve the cache performance of these ap-
plications.

2.4 Time Complexity

We make an approximate complexity analysis here since
the exact affinity analysis and the input form of the affin-
ity hierarchy is not fixed. For the same reason we do
not discuss the space complexity. Algorithm 1 iterates
all affinity hierarchy levels, which is at most n, where



Figure 9: Recursive blocking of a grid under a random
walk

n is the size of program data. Assuming the identity
check between two levels is constant time, the cost is
O(n). Algorithm 2 uses a post-order traversal of a con-
stant number of layers of the affinity hierarchy. The cost
is again O(n). Algorithm 3 uses O(t) to construct an
probable affinity graph, where t is the length of the trace.
It finds connected components in O(n?). The recursive
construction takes O(nlogn). The total time excluding
affinity analysis is therefore O(t + n?). It can be im-
proved by a sampling method to construct the probably
affinity graph [25] and by bounding the degree of node
in a graph.

The affinity analysis uses efficient heuristics includ-
ing k-distance clustering [27] and sampling [25]. The
first method takes O(n?) and needs the measurement
of reuse distance for every element of the trace. Reuse
distance can be approximated by a precision arbitrarily
close to 100% in O(tloglogn) time, which is effec-
tively linear time for any real data size [9].

3 Redated Work

Chatterjee et al. demonstrated the performance advan-
tage of the hierarchical data layout for matrix multi-
ply, Cholesky factorization, and wavelet transform [5].
Mellor-Crummey et al. studied the blocked sparse
data layout for irregular programs such as N-body and
mesh simulation [17]. The blocked data placement in
these applications is mostly manual and not automated.
An exception is the consecutive packing by Ding and
Kennedy [8], which is shown in practice to be a good
approximation [17, 21]. Bender et al. studied the re-
cursive van Emde Boas layout for search trees, designed
algorithms for a dynamic B-tree, and proved the optimal
cost for random searches [2]. Like the first two studies,
the data layout is designed manually.
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The method in this paper is the first to give the equiv-
alent hierarchical data layout for application domains as
important and diverse as linear systems, N-body sim-
ulation, and databases. While it does not displace the
research for finding and proving the best data layout,
our automatic method assists programming and imple-
mentation. One remaining implementation issue is the
placement order of the sub-blocks within a block. Pre-
vious results suggest that the best order is the one with
the least overhead [17].

Early forms of compiler analysis identify groups of
data that are used together in loop nests [16, 22, 23].
Analysis for general-purpose programs is often based on
the profiling of the access to data elements, data pairs,
and data streams [4, 6, 7, 12, 14, 20, 22]. Although ef-
fective in improving program locality, none of these
models are general enough to give the best layout for
any of the cases we described in the paper. Reuse dis-
tance combines frequency information with the time and
the volume of data access. Experimental results have
shown that reuse distance models are better in data reor-
ganization and locality prediction [3, 9, 10, 15, 26, 27].
In this paper, we build on the past reuse distance and
reference affinity models and show a general method for
hierarchical data placement.

Thabit showed that data packing for a given block
size is NP-hard. Kennedy and Kremer gave a gen-
eral model that considered run-time data transformation
(among other techniques) and showed that the problem
is NP-hard [13]. PetrankRawitz:Hardness Petrank and
Rawitz showed that if P # NP, no polynomial time
method can guarantee a data layout whose number of
cache misses is within O(n'=¢) of that of the optimal
data layout, where n is the data size. It further shows
that using only pair-wise information, no algorithm can
guarantee a data layout whose number of cache misses is
within O(k —3) of that of the optimal data layout, where
k is the size of cache. The harsh bound is true if we
consider all programs. However, many programs have
consistent data patterns that can be exploited. In partic-
ular, with reference affinity, our method can guarantee
the full utilization of the data block in general cases and
can finds best data layout in diverse and important spe-
cial cases. When the analytical method is inadequate,
one can search the solution space using an efficient feed-
back and evaluation system [19].

Loop tiling has long been studied for improving the
data reuse in registers, single- or multi-level cache. The
transformations and their basis in dependence theory are
described by many authors (see [1] for a recent exam-
ple). Divide-and-conquer is a common algorithm frame-
work, known for its efficiency for a storage hierarchy.
Recursive algorithms such as matrix multiply has a long
history, so are the use of space-fitting curves in com-



putation reordering in diverse application domains, as
discussed in the literature (see [5] and [11] for exam-
ples). Leisersen’s group at MIT proved the asymptotic
optimality on a realistic cache model and called such
algorithms cache oblivious [11]. While most recursive
programs are written manually, they can be generated
automatically by a compiler from an iterative form [24].
This work is also related to the research in cache and
memory models, which are the basis for the optimality
results. This work is complementary. It identifies the
data locality and automates the data placement once the
computation order is optimized.

While optimization of general programs is most of-
ten NP-hard and poorly approximable, the research
community has been successful in finding sub-classes
of programs that can be optimized or improved. This
paper makes another step in this direction by presenting
a general model and method for hierarchical data place-
ment.

4 Summary

In this paper we have presented till now the most gen-
eral method for hierarchical data placement. Based
on the reference affinity, the method divides the prob-
lem into two cases. It uses a tree traversal for
constant-distance groups and a bottom-up construction
for variable-distance groups. It automatically gives the
desirable data hierarchy not only for the diverse cases re-
ported by past studies—matrix multiplication, Cholesky
factorization, wavelet transform, N-body simulation,
sparse mesh, and search trees—but also for important
new cases—random accesses and random walks. The
theorems and proofs have established the subtle link be-
tween the path-based affinity models and the hierarchi-
cal structure of the computation. These results advance
our understanding of the hierarchical data placement
and open the door for research in more effective and effi-
cient placement methods for general-purpose programs.
The strong relation between the access pattern in com-
putation and the spatial relation in data gives us a basis
for improving the programming, compiler, and language
support for modern computer memory systems.
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