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—— Abstract

The Swendsen-Wang algorithm is a sophisticated, widely-used Markov chain for sampling from the
Gibbs distribution for the ferromagnetic Ising and Potts models. This chain has proved difficult
to analyze, due in part to the global nature of its updates. We present optimal bounds on the
convergence rate of the Swendsen-Wang algorithm for the complete d-ary tree. Our bounds extend
to the non-uniqueness region and apply to all boundary conditions. We show that the spatial mixing
conditions known as Variance Mizing and Entropy Mizing, introduced in the study of local Markov
chains by Martinelli et al. (2003), imply (1) spectral gap and O(log n) mixing time, respectively, for
the Swendsen-Wang dynamics on the d-ary tree. We also show that these bounds are asymptotically
optimal. As a consequence, we establish ©(logn) mixing for the Swendsen-Wang dynamics for all
boundary conditions throughout the tree uniqueness region; in fact, our bounds hold beyond the
uniqueness threshold for the Ising model, and for the g-state Potts model when ¢ is small with
respect to d. Our proofs feature a novel spectral view of the Variance Mixing condition inspired by
several recent rapid mixing results on high-dimensional expanders and utilize recent work on block
factorization of entropy under spatial mixing conditions.

1 Introduction

Spin systems are idealized models of a physical system in equilibrium which are utilized
in statistical physics to study phase transitions. A phase transition occurs when there
is a dramatic change in the macroscopic properties of the system resulting from a small
(infinitesimal in the limit) change in one of the parameters defining the spin system. The
macroscopic properties of the system manifest with the persistence (or lack thereof) of long-
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range influences. There is a well-established mathematical theory connecting the absence
of these influences to the fast convergence of Markov chains. In this paper, we study this
connection on the regular tree, known as the Bethe lattice in statistical physics [7, 27].

The most well-studied example of a spin system is the ferromagnetic q-state Potts model,
which contains the Ising model (¢ = 2) as a special case. The Potts model is especially
important as fascinating phase transitions (first-order vs. second-order) are now understood
rigorously in various contexts [5, 21, 20, 17, 18].

Given a graph G = (V, E), configurations of the Potts model are assignments of spins [¢q] =
{1,2,...,q} to the vertices of G. The parameter 5 > 0 (corresponding to the inverse of the
temperature of the system) controls the strength of nearest-neighbor interactions, and the
probability of a configuration o € [¢]V in the Gibbs distribution is such that
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where D(o) = {{v,w} € E : 0(v) # o(w)} denotes the set of bi-chromatic edges in o, and Z
is the normalizing constant known as the partition function.

The Glauber dynamics is the simplest example of a Markov chain for sampling from
the Gibbs distribution; it updates the spin at a randomly chosen vertex in each step. In
many settings, as we detail below, the Glauber dynamics converges exponentially slow at
low temperatures (large 8) due to the local nature of its transitions and the long-range
correlations in the Gibbs distribution. Of particular interest are thus “global” Markov
chains such as the Swendsen-Wang (SW) dynamics [49, 23], which update a large fraction
of the configuration in each step, thus potentially overcoming the obstacles that hinder the
performance of the Glauber dynamics, and with steps that can be efficiently parallelized [4].

The SW dynamics utilizes a close connection between the Potts model and an alternative
representation known as the random-cluster model. The random-cluster model is defined
on subsets of edges and is not a spin system as the weight of a configuration depends on
the global connectivity properties of the corresponding subgraph. The transitions of the
SW dynamics take a spin configuration, transform it to a “joint” spin-edge configuration,
perform a step in the joint space, and then map back to a Potts configuration. Formally,
from a Potts configuration o; € [q]V, a transition o; — 0441 is defined as follows:

1. Let M; = M (o) = E \ D(o:) denote the set of monochromatic edges in oy.

2. Independently for each edge e = {v,w} € M;, keep e with probability p = 1 — exp(—_)
and remove e with probability 1 — p. Let A; C M; denote the resulting subset.

3. In the subgraph (V, A;), independently for each connected component C (including
isolated vertices), choose a spin s¢ uniformly at random from [¢] and assign to each
vertex in C the spin s¢. This spin assignment defines oy 1.

There are two standard measures of the convergence rate of a Markov chain. The mizing
time is the number of steps to get within total variation distance < 1/4 of its stationary
distribution from the worst starting state. The relaxation time is the inverse of the spectral
gap of the transition matrix of the chain and measures the speed of convergence from a
“warm start”. For approximate counting algorithms the relaxation time is quite useful as it
corresponds to the “resample” time [30, 37, 35, 34]; see Section 2 for precise definitions and
how these two notions relate to each other.

There has been great progress in formally connecting phase transitions with the conver-
gence rate of the Glauber dynamics. Notably, for the d-dimensional integer lattice Z?, a series
of works established that a spatial mixing property known as strong spatial mizing (SSM)
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implies O(nlogn) mixing time of the Glauber dynamics [39, 15, 22]. Roughly speaking, SSM
says that correlations decay exponentially fast with the distance and is also known to imply
optimal mixing and relaxation times of the SW dynamics on Z¢ [9, 8]. These techniques
utilizing SSM are particular to the lattice and do not extend to non-amenable graphs (i.e.,
those whose boundary and volume are of the same order). The d-ary complete tree, which is
the focus of this paper, is the prime example of a non-amenable graph.

On the regular d-ary tree, there are two fundamental phase transitions: the uniqueness
threshold 3, and the reconstruction threshold £,.. The smaller of these thresholds 3,
corresponds to the uniqueness/non-uniqueness phase transition of the Gibbs measure on the
infinite d-ary tree, and captures whether the worst-case boundary configuration (i.e., a fixed
configuration on the leaves of a finite tree) has an effect or not on the spin at the root (in the
limit as the height of the tree grows). The second threshold (3, is the reconstruction/non-
reconstruction phase transition, marking the divide on whether or not a random boundary
condition (in expectation) affects the spin of the root.

There is a large body of work on the interplay between these phase transitions and the
speed of convergence of the Glauber dynamics on the complete d-ary tree [41, 40, 6], and
more generally on bounded degree graphs [44, 28, 13]. Our main contributions in this paper
concern instead the speed of convergence of the SW dynamics on trees, how it is affected by
these phase transitions, and the effects of the boundary condition.

Martinelli, Sinclair, and Weitz [40, 41] introduced a pair of spatial mixing (decay of
correlation) conditions called Variance Mizing (VM) and Entropy Mizing (EM) which capture
the exponential decay of point-to-set correlations. More formally, the VM and EM conditions
hold when there exist constants £ > 0 and € = &({) such that, for every vertex v € T, the
influence of the spin at v on the spins of the vertices at distance > ¢ from v in the subtree
T, rooted at v decays by a factor of at least €. For the case of VM, this decay of influence is
captured in terms of the variance of any function g that depends only on the spins of the
vertices in T, at distance > ¢ from v; specifically, when conditioned on the spin at v, the
conditional variance of g is (on average) a factor € smaller then the unconditional variance;
see Definition 7 in Section 3 for the formal definition. EM is defined analogously, with
variance replaced by entropy; see Definition 15.

It was established in [40, 41] that VM and EM imply optimal bounds on the convergence
rate of the Glauber dynamics on trees. We obtain optimal bounds for the speed of convergence
of the SW dynamics under the same VM and EM spatial mixing conditions.

» Theorem 1. For all ¢ > 2 and d > 3, for the g-state ferromagnetic Ising/Potts model
on an n-vertex complete d-ary tree, Variance Mizing implies that the relazation time of the
Swendsen-Wang dynamics is ©(1).

» Theorem 2. For all ¢ > 2 and d > 3, for the g-state ferromagnetic Ising/Potts model
on an n-vertex complete d-ary tree, Entropy Mixing implies that the mizing time of the
Swendsen-Wang dynamics is O(logn).

The VM condition is strictly weaker (i.e., easier to satisfy) than the EM condition, but, at
the moment, EM is known to hold in the same parameter regimes as VM. The relaxation
time bound in Theorem 1 is weaker than the mixing time bound in Theorem 2. We also
show that the mixing time in Theorem 2 is asymptotically the best possible.

» Theorem 3. For all ¢ > 2, d > 3 and any B > 0, the mizing time of the SW dynamics on
an n-vertex complete d-ary tree is Q(logn) for any boundary condition.

We remark that the mixing time lower bound in Theorem 3 applies to all inverse
temperatures 8 and all boundary conditions.
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The VM and EM conditions are properties of the Gibbs distribution induced by a specific
boundary condition on the leaves of the tree; this contrasts with other standard notions
of decay of correlations such as SSM on Z?. This makes these conditions quite suitable
for understanding the speed of convergence of Markov chains under different boundary
conditions. For instance, [40, 41] established VM and EM for all boundary conditions

Vid+1

provided 8 < max{ﬁu,%ln(ﬁ)} and for the monochromatic (e.g., all-red) boundary

condition for all 5. Consequently, we obtain the following results.

» Theorem 4. For all ¢ > 2 and d > 3, for the g-state ferromagnetic Ising/Potts model on
an n-vertex complete d-ary tree, the relazation time of the Swendsen-Wang dynamics is ©(1)
and its mizing time is ©(logn) in the following cases:

1. the boundary condition is arbitrary and § < max{ s % In (gii) };

2. the boundary condition is monochromatic and 3 is arbitrary.

Part (i) of this theorem provides optimal mixing and relaxation times bounds for the
SW dynamics under arbitrary boundaries throughout the uniqueness region g < (,. In fact,
Bu < %ln( gﬂ) when ¢ < 2(v/d + 1) and thus our bound extends to the non-uniqueness
region for many combinations of d and q. We note that while the value of the uniqueness
threshold 8, is known, it does not have a closed form (see [31, 10]). In contrast, the
reconstruction threshold f, is not known for the Potts model [47, 43], but one would expect
that part (i) holds for all 8 < f,; analogous results are known for the Glauber dynamics for
other spin systems where more precise bounds on the reconstruction threshold have been
established [6, 45, 48].

Previously, only a poly(n) bound was known for the mixing time of the SW dynamics for
arbitrary boundary conditions [50, 6]. This poly(n) bound holds for every 3, but the degree
of the polynomial bounding the mixing time is quite large (grows with 3); our bound in part

(i) is thus a substantial improvement.

In regards to part (ii) of the theorem, we note that our bound holds for all 3, including
the whole low-temperature region. The only other case where tight bounds for the SW
dynamics are known for the full low-temperature regime is on the geometrically simpler
complete graph [25, 12].

Previous (direct) analysis of the speed of convergence of the SW dynamics on trees
focused exclusively on the special case of the free boundary condition [33, 16], where the
dynamics is much simpler as the corresponding random-cluster model is trivial (reduces to
independent bond percolation); this was used by Huber [33] to establish O(logn) mixing
time of the SW dynamics for all 8 for the special case of the free boundary condition.

We comment briefly on our proof methods next; a more detailed exposition of our approach
is provided later in this introduction. The results in [40, 41] use the VM and EM condition
to deduce optimal bounds for the relaxation and mixing times of the Glauber dynamics;
specifically, they analyze its spectral gap and log-Sobolev constant. Their methods do not
extend to the SW dynamics. It can be checked, for example, that the log-Sobolev constant
for the SW dynamics is ©(n 1), and thus the best possible mixing time one could hope to
obtain with such an approach would be O(nlogn). For Theorem 2, we utilize instead new
tools introduced by Caputo and Parisi [14] to establish a (block) factorization of entropy.
This factorization allows to get a handle on the modified log-Sobolev constant for the SW
dynamics. For Theorem 1, the main novelty in our approach is a new spectral interpretation
of the VM condition that facilitates a factorization of variance, similar to the factorization
of entropy from [14]. Lastly, the lower bound from Theorem 3 is obtained by adapting the
framework of Hayes and Sinclair [32] to the SW setting using recent ideas from [8].
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Finally, we mention that part (ii) of Theorem 4 has interesting implications related to
the speed of convergence of random-cluster model Markov chains on trees under the wired
boundary condition. That is, all the leaves are connected through external or “artificial”
wirings. The case of the wired boundary condition is the most studied version of the random-
cluster model on trees (see, e.g., [31, 36]) since, as mentioned earlier, the model is trivial
under the free boundary. The random-cluster model, which is parameterized by p € (0,1)
and ¢ > 0 (see [24, 1] for its definition), is intimately connected to the ferromagnetic ¢-sate
Potts model when ¢ > 2 is an integer and p = 1 — exp(—/3). In particular, there is a variant
of SW dynamics for the random-cluster model (by observing the edge configuration after the
second step of the chain).

Another standard Markov chain for the random-cluster model is the heat-bath (edge)
dynamics, which is the analog of the Glauber dynamics on spins for random-cluster configur-
ations. Our results for the random-cluster dynamics are the following.

» Theorem 5. For all integer ¢ > 2, p € (0,1), and d > 3, for the random-cluster model
on an n-vertex complete d-ary tree with wired boundary condition, the mizing time of the
Swendsen-Wang dynamics is O(logn). In addition, the mizing time of the heat-bath edge
dynamics for the random-cluster model is O(nlogn).

To prove these results, we use a factorization of entropy in the joint spin-edge space, as
introduced in [8]; they cannot be deduced from the mixing time bounds for the Glauber
dynamics for the Potts model in [40, 41].

Our final result shows that while random-cluster dynamics mix quickly under the wired
boundary condition, there are random-cluster boundary conditions that cause an exponential
slowdown for both the SW dynamics and the heat-bath edge dynamics for the random-cluster
model.

» Theorem 6. For all ¢ > 2, all d > 3, consider the random-cluster model on an n-vertex
complete d-ary tree. Then, there exists p € (0,1) and a random-cluster boundary condition
such that the mizing times of the Swendsen- Wang dynamics and of the heat-bath edge dynamics

is exp(Q(v/n)).

We prove this result extending ideas from [11]. In particular, we prove a general theorem
that allows us to transfer slow mixing results for the edge dynamics on other graphs to the
tree, for a carefully constructed tree boundary condition and a suitable p. To proof this
results we use the random-cluster boundary condition to embed an arbitrary graph G on the
tree; a set with bad conductance for the chain on G is then lifted to the tree. Theorem 6
then follows from any of the known slow mixing results for the edge dynamics [29, 26, 50].

Our techniques.  Our first technical contribution is a reinterpretation and generalization of
the VM condition as a bound on the second eigenvalue of a certain stochastic matrix which
we denote by PTP+. The matrices PT and PV are distributional matrices corresponding to
the distribution at a vertex v given the spin configuration of the set S, of all its descendants
at distance at least £ and vice versa. These matrices are inspired by the recent results in [2, 3]
utilizing high-dimensional expanders; see Section 3 for their precise definitions.

Our new spectral interpretation of the VM condition allows us to factorize it and obtain an
equivalent global variant we call Parallel Variance Mizing (PVM). While the VM condition
signifies the exponential decay with distance of the correlations between a vertex v and
the set S, (and is well-suited for the analysis of local Markov chains), the PVM condition
captures instead the decay rate of set-to-set correlations between the set of all the vertices
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at a fixed level of the tree and the set of all their descendants at distance at least £. The
PVM condition facilitates the analysis of a block dynamics with a constant number of blocks
each of linear volume. We call this variant of block dynamics the tiled block dynamics as
each block consists of a maximal number of non-intersecting subtrees of constant size (i.e., a
tiling); see Figure 1. We use the PVM condition to show that the spectral gap of the tiled
block dynamics is ©(1), and a generic comparison between the block dynamics and the SW
dynamics yields Theorem 1.

Our proof of Theorem 2 follows a similar strategy. We first obtain a global variant of the
EM condition, analogous to the PVM condition but for entropy. For this, we use a recent
result of Caputo and Parisi [14]. From this global variant of the EM condition we deduce a
factorization of entropy into the even and odd subsets of vertices. (The parity of a vertex
is that of its distance to the leaves of the tree.) The even-odd factorization of entropy was
recently shown in [8] to imply O(logn) mixing of the SW on general biparte graphs.

Paper organization. The rest of the paper is organized as follows. Section 2 contains some
standard definitions and facts we use in our proofs. In Sections 3 and 4 we prove Theorems 1
and 2, respectively. Our general comparison result between the SW dynamics and the block
dynamics, our results for the random-cluster model dynamics, and our lower bound for the
SW dynammics (Theorem 3) are proved in the full version of this paper [1].

2 Preliminaries

We introduce some notations and facts that are used in the remainder of the paper.

The Potts model on the d-ary tree. For d > 2, let T? = (V,E) denote the rooted infinite
d-ary tree in which every vertex (including the root) has exactly d children. We consider the
complete finite subtree of T¢ of height h, which we denote by T'= T = (V(T), E(T)). We
use OT to denote the external boundary of T’ i.e., the set of vertices in V\ V(T") incident
to the leaves of T. We identify subgraphs of T with their vertex sets. In particular, for
A CV(T) we use E(A) for the edges with both endpoints in A, OA for the external boundary
of A (i.e., the vertices in (T'U 9T) \ A adjacent to A), and, with a slight abuse of notation,
we write A also for the induced subgraph (A, F(A)). When clear from context, we simply
use T for the vertex set V(7).

A configuration of the Potts model is an assignment of spins [¢] = {1, ..., ¢} to the vertices
of the graph. For a fixed spin configuration 7 on the infinite tree T¢, we use Q7 = [¢]7V?7T to
denote the set of configurations of T" that agree with 7 on 0T. Hence, T specifies a boundary
condition for 7. More generally, for any A C T and any n € Q7, let Q4 C Q7 denote the set
of configurations of 7' that agree with 7 on (T"U9T) \ A. We use p’} to denote the Gibbs
distribution over Q, so for o € Q) we have

1
n e _
walo) = Z eXp( BZ{u,v}EE’(AUBA) L(ow # 0”))’

where Z is a normalizing constant (or partition function). For o ¢ Q}, we set /i (o) = 0.

The tiled block dynamics. Let U = {Uy,...,U,} be a collection of subsets (or blocks) such
that 7= |J; U;. The (heat-bath) block dynamics with blocks ¢ is a standard Markov chain
for the Gibbs distribution p7.. If the configuration at time ¢ is oy, the next configuration
041 is generated as follows:
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(a) B(v,?). (b) Bt. (c) 7.
Figure 1 An illustration of the sets B(v,¥), Bf, and Tf, where /£ represents the number of levels.
1. Pick an integer j € {1,2,...,r} uniformly at random;

2. Draw a sample o441 from the conditional Gibbs distribution ,u‘{]tj; that is, update the
configuration in U; with a new configuration distributed according to the conditional

measure in U; given the configuration of o, on (T'UOT)\ U; and the boundary condition 7.

We consider a special choice of blocks, where each block is a disjoint union of small subtrees
of constant height forming a tiling structure. For 0 < i < h + 1, let L; denote the set of
vertices of T' that are of distance exactly ¢ from the boundary OT'; in particular, Ly = () and
Lp41 contains only the root of T. (It will be helpful to define L; =@ for i < 0 or i > h + 1.)
Let F; = Uj<;L; be the set of vertices at distance at most ¢ from 97'; then Fy = @ and
Fpy1 =T. We further define F; = ) for i <0 and F; = T for i > h+ 1. For each i € N* let

Bf=F\Fi,= |J Lj (2)

i—0<j<i

In words, Bf is the collection of all the subtrees of T' of height £ — 1 with roots at distance
exactly ¢ from OT'; see Figure 1(b). Finally, for each 1 < j < £+ 1, we define

T = U By her1y- (3)

htt—j
0<k< =+

The set Tf contains all the subtrees of T whose roots are at distance j + k(¢ + 1) from 0T
for some non-negative integer k; the height of each subtree (except the top and bottom ones)
is £ — 1. Also notice that all the subtrees in Tf are at (graph) distance at least 2 from each
other, and thus they create a tiling pattern over T. Therefore, we call the block dynamics
with blocks U = {T{,..., T/ ,} the tiled block dynamics; see Figure 1(c). The transition
matrix of the tiled block dynamics is denoted by Pyg.

Mixing and relaxation times. Let P be the transition matrix of an ergodic Markov chain
over a finite set ® with stationary distribution v. We use P*(Xy, ) to denote the distribution
of the chain after ¢ steps starting from Xy € ®. The mixing time of P is defined as
Tmix(P) = max min {t > 0: [|[P*(Xo, ) — v|l,, < 1/4}, where || - ||rv denotes total variation
distance.

When P is reversible, its spectrum is real and we let 1 = Ay > Ay > ... > )\|<I>‘ > —1
denote its eigenvalues (1 > Ay when P is irreducible). The absolute spectral gap of P is
defined by gap(P) = 1 — A*, where \* = max{|Xz, |\¢||}. If P is ergodic (i.e., irreducible
and aperiodic), then gap(P) > 0, and it is a standard fact that if vy, = mingee v(x), then

(gap(P) " — 1) log2 < T (P) < gap(P) " log (4vinh,) ; (4)

see [38]. The relaxation time of the chain is defined as gap(P)~!.
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Analytic tools. We review next some useful tools from functional analysis; we refer the
reader to [42, 46] for more extensive background. We can endow R?® with the inner product
(f,9)0 = > seca f(x)g(z)r(x) for two functions f,g: ® — R. The resulting Hilbert space is
denoted by La(v) = (R?,(-,-),) and P defines an operator from Ly (v) to La(v).

Let 1: ® — R be the constant “all 17 function (i.e., 1(x) =1 Va € ®) and let I denote
the identity mapping over all functions (i.e., If = f for all f: ® — R). We then define:

E,(f) =Y f(@)v(z) = (f,1),, and
xED
Var, (f) = E,(f2) = E,(f)* = (f, (I - ) f),

as the expectation and variance of the function f with respect to (w.r.t.) the measure
v. Likewise, for a function f : 2 — R>( we define the entropy of f with respect to v as
Ent, (f) = B, [flog (z45)]-

Often, we will consider v to be the conditional Gibbs distribution "} for some A C T and
n € Q. In those cases, to simplify the notation, we shall write E}(f) for B, (f), Var'y (f)
for Var,» (f), and Ent’) (f) for Ent,» (f).

The Dirichlet form of a reversible Markov chain with transition matrix P is defined as

Er(f, 1) = (F. =P =5 3 v@)P)(f() - F0)) (5)

z,yced

for any f : ® — R. We say P is positive semidefinite if (f, Pf), > 0 for all functions
f: ® — R. In this case P has only nonnegative eigenvalues. If P is positive semidefinite,
then the absolute spectral gap of P satisfies

B _ . EP(fa f)
gp(P)=1-A2 = Inf ) "
Var, (f)#0

3 Variance Mixing implies fast mixing: Proof of Theorem 1

We start with the formal definition of the Variance Mizing (VM) condition introduced by
Martinelli, Sinclair and Weitz [40]. Throughout this section, we consider the Potts model on
the n-vertex d-ary complete tree T = T,f with a fixed boundary condition 7; hence, for ease
of notation we set p := pl. and Q := Q7.

For v € T', let T}, denote the subtree of T rooted at v. For boundary condition n € Q2 and
a function g : Q’T] — R, we define the function g, : [¢g] — R as the conditional expectation

go(@) =Bl [glov=al= Y pl(o]o,=a)g(o) (7)
UGQ;,U:G'U:a

In words, g,(a) is the conditional expectation of the function g under the distribution /ﬂ%ﬂ
given that the root of T, (i.e, the vertex v) is set to spin a € [g]. We also consider the
expectation and variance of g, w.r.t. the projection of ,u}ﬂv on v. In particular,

E%J [gv] = Zae[q] NTJI“U (Uv = a)gv(a) = E;"U [g]a and
Varf, [9,] = E7, [97] — E7, [9.]°.

For an integer £ > 1, we define B(v,¥) as the set of vertices of T, that are at distance less
than ¢ from v; see Figure 1(a). We say that the function g : QT}U — R is independent of
the configuration on B(v, /) if for all ,0" € Q7 such that o(B(v,f)) # o'(B(v,{)) and
o(Ty \ B(v,£)) = d'(T, \ B(v,?)), we have g(c) = g(o’). We can now define VM.
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» Definition 7 (Variance Mixing (VM)). The Gibbs distribution p = uk satisfies VM({, ¢)
if for everyv € T, every n € Q, and every function g : Q?y — R that is independent of the
configuration on B(v,t), we have Vary, (g,) < € - Vary, (g). We say that the VM condition
holds if there exist constants £ and € = €(¢) such that VM({,€) holds.

The VM condition is a spatial mixing property that captures the rate of decay of

correlations, given by € = ¢(¢), with the distance ¢ between v € T and the set T, \ B(v, ().

To see this, note that, roughly speaking, Varf, (g,) is small when g,(a) = E7, [g | 0, = a] is
close to g, (b) = IE;L [g | o = b] for every a # b. Since g is independent of the configuration
on B(v,¥), this can only happen if the spin at v, which is at distance ¢ from T, \ B(v,¢),
has only a small influence on the projections of the conditional measures ug( | 0y = a),
Nyjl’,,(' | 0y =0) to T, \ B(v,?).

It was established in [40, 41] that VM implies optimal mixing of the Glauber dynamics;
this was done by analyzing a block dynamics that updates one random block B(v,¢) in each
step. This block dynamics behaves similarly to the Glauber dynamics since all blocks are

of constant size, and there are a linear number of them; see [40, 41] for further details.

Our goal here is to establish optimal mixing of global Markov chains, and thus we require
a different spatial mixing condition that captures decay of correlations in a more global
manner. For this, we introduce the notion of Parallel Variance Mixing (PVM). Recall that
for 0 <i < h+1, L; is the set all vertices at distance exactly ¢ from the boundary 9T,
F; = Uj<;L;, and Bf = F;\F,_y; see Figures 1(b) and 1(c).

For 1 <i<h+1,n€Qand g:Qf — R, consider the function gz, : [q]* — R given by

9., =ElLlglor, =& = >  phlo|ow, =8&g0),

n . _
UGQFi o, =¢

for ¢ € [g]*. That is, gr.,(€) is the conditional expectation of function g under the distribution
ug«ﬂ conditioned on the configuration of the level L; being £&. Thus, we may consider the
expectation and variance of gr, w.r.t. the projection of yu7. to L;; namely, E% [gz,] = E% [g]
and Varf, [gr,] = E%, [97.] — B}, [92,]>. The PVM condition is defined as follows.

» Definition 8 (Parallel Variance Mixing (PVM)). The Gibbs distribution u = pl. satisfies
PVM(4,¢) if for every 1 < i < h+ 1, every n € Q, and every function g : Q;], — R that
is independent of the configuration on BY, we have Var’},i (9r,) < e- Var%i (g). The PVM
condition holds if there exist constants { and & = e(€) such that PVM(,€) holds.

PVM is a natural global variant of VM since F; = (J, 1.
can show that the two properties are actually equivalent.

T, and Bf = ¢z, B(v,£). We

» Theorem 9. For every { € Nt and ¢ € (0,1), the Gibbs distribution u satisfies VM({, €)
if and only if u satisfies PVM(¢,¢).

In order to show the equivalence between VM and PVM, we introduce a more general spatial
mixing condition which we call General Variance Mizing (GVM). We define GVM for general
product distributions (see Definition 12) and reinterpret VM and PVM as special cases of
this condition. This alternative view of VM and PVM in terms of GVM is quite useful since
we can recast the GVM condition as a bound on the spectral gap of a certain Markov chain;
this is one key insight in the proof of Theorem 5 and is discussed in detail in Section 3.1.
Now, while VM implies optimal mixing of the Glauber dynamics, we can show that PVM
implies a constant bound on the spectral gap of the tiled block dynamics. Recall that this is
the heat-bath block dynamics with block collection U = {TY,..., T/, } defined in Section 2.
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» Theorem 10. If there exist £ € NT and § € (0,1) such that p = k. satisfies PVM({, )

fore= 2(1%#51), then the relaxzation time of the tiled block dynamics is at most 2(£+1)/4.

To prove Theorem 10, we adapt the methods from [40, 41] to our global setting. Our result
for the spectral gap of the SW dynamics (Theorem 1) is then obtained through comparison
with the tiled block dynamics. We prove the following comparison result between the SW
dynamics and a large class of block dynamics, which could be of independent interest.

» Theorem 11. Let D = {Dy,..., D} be such that D; C T and U, D; = T. Suppose
that each block Dy, is such that Dy = Uf’;lej where dist(Dy;, Dyj) > 2 for every j # j'
and let vol(D) = maxy_ ; |Dyj|. Let Bp be the transition matriz of the (heat-bath) block
dynamics with blocks D and let SW denote the transition matriz for the SW dynamics.
Then, gap(SW) > exp(—O(vol(D))) - gap(Bp).

The blocks of the tiled block dynamics satisfy all the conditions in this theorem, and, in
addition, vol(D) = O(1). Hence, combining all the results stated in this section, we see that
Theorem 1 from introduction follows.

Proof of Theorem 1. Follows from Theorems 9-11. <

3.1 Equivalence between VM and PVM: Proof of Theorem 9

In this section we establish the equivalence between VM and PVM. We start with the
definition of General Variance Mizing (GVM). Let ® and ¥ be two finite sets and let p(-, )
be an arbitrary joint distribution supported on ® x W. Denote by v and 7 the marginal
distributions of p over ® and W, respectively. That is, for z € ® we have v(z) = Zye‘l’ plx,y),
and for y € ¥ we have 7(y) = > .4 p(2,y). We consider two natural matrices associated to
p. For x € ® and y € U, define

p(x,y) pz,y
Pa) = ply | 2) = 222 and P = pla | ) = 252 )
PTis a |®| x |¥| matrix while P* is a |¥| x |®| matrix. In addition, observe that PTP+ and
PYPT are transition matrices of Markov chains reversible w.r.t. v and =, respectively.

» Definition 12 (GVM for p). We say that the joint distribution p satisfies GVM(e) if for
every function f : ® — R we have Var, (P*f) < - Var,(f).

One key observation in our proof is that the GVM condition can be expressed in term of
the spectral gaps of the matrices PTP+ and PVPT.

» Lemma 13. The joint distribution p satisfies GVM(e) if and only if gap(PTPY) =
gap(P*PT) > 1 —e.

Before providing the proof of Lemma 13, we recall the definition of the adjoint operator.
Let S; and S be two Hilbert spaces with inner products (-, -}s, and (-, -)g, respectively, and
let K : S — S; be a bounded linear operator. The adjoint of K is the unique operator
K* : 51 — Sy satistying (f, Kg)s, = (K*f,g)s, for all f € S; and g € S3. When S; = Sy,
K is called self-adjoint if K = K*. We can now provide the proof of Lemma 13.

Proof of Lemma 13. It is straightforward to check that PT1 = 1, P¥1 = 1, vP"T = 7,
7Pt = v, and that the operator P : Ly(m) — Lo(v) is the adjoint of the operator Pt :
Ly(v) — La(n). Hence, both PTPY and PYPT are positive semidefinite and have the same
multiset of non-zero eigenvalues. Now, for f : ® — R, we have

Var,(PYf) = (P'f,(I - 1m)P*f) = (f,PT(I—1m)P'f) =(f,PTP'f) —(f 1vf),.
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Therefore, Var, (P*f) < e - Var,(f) holds if and only if

<f7PTPJ,f>l,_<f?1Vf>VSg'(<faf>u_<f7lyf>y)
~ <f7(I_PTP\L)f>VZ(1_€)<f7(I_1V)f>y
& Epripu(f, f) 2 (1—¢) - Var,(f).

The lemma then follows from (6). <

We provide next the proof of Theorem 9, which follows from Lemma 13 and interpretations
of VM and PVM by GVM. Given F = AUB C T and n € Q, let PT = (P{) arp denote the
gM\Bl x ¢IB\Al stochastic matrix indexed by the configurations on the sets A \ B and B\ A,
such that for £ € [¢]*\F and ¢ € [g]P\* we have PT(¢,¢') = pl(opa =& | oap = §).
In words, P corresponds to the transition matrix that given the configuration £ in A\ B
updates the configuration in B\ A from the conditional distribution p7.(- | £). We define in
a similar manner the ¢!\l x ¢l A\Bl stochastic matrix P* = (P})p) 4 where for ¢’ € [¢]P\
and ¢ € [g]\F we have PH(¢/,€) = pl(oas =& | opa = &)

If we set p to be the marginal of 7 on (A\ B) U (B \ A), then ® = [¢]*\F, ¥ = [¢]P\4,
and v and 7 are the marginals of . on A\ B and B\ A, respectively. Therefore, according
to Definition 12, GVM(e) holds for the marginal of 7. on (A\ B) U (B\ A) if Var, (Pt f) <
e - Var,(f) for every function f: ® — R.

Now, note that a function g : Q. — R independent of B only depends on the configuration
on A\ B. Thus, for fixed 7, g induces a function f : ® — R; in particular, Var’.(g) = Var,(f).
Moreover, letting gp\a(§) = EL[g | opa = &, we have g a(§) = PHf(€) for every
£ €W =[g]P\, and so Var?.(gp\a) = Var, (PYf). Consequently, we arrive at the following
equivalences between VM, PVM and GVM.

» Proposition 14.

1. The Gibbs distribution p satisfies VM(L, €) if and only if for every v € T and n € Q,
GVM(e) holds for the marginal of . on (T, \ B(v,€)) U {v}.

2. The Gibbs distribution u satisfies PVYM(¢, €) if and only if for every i such that1 < i < h+1
and n € Q, GVM(e) holds for the marginal of juf, on (F; \ Uyer, B(v,£)) U L;.

To see part 1 simply note that in the notation above, we can set F =T, A =T, \ v and

B = B(v,{). For part 2, we set F = F;, A= F;_; and B = BY.

Proof of Theorem 9. From Proposition 14 and Lemma 13, VM(¥, ¢) holds if and only if
gap(Qy) > 1 —¢ for every v € T and n € Q, where Q, = (P}, ) B(v,0)1(7,\v) (PP, ) (T \0)1B(v,0)-
Similarly, u satisfies PVM(Z, €) if and only if gap(Qr,) > 1—e for every i such that 1 <7 < h+1
and 1 € Q, where Qr, = (Pg,)pe r,_, (Pi)F,_ 18t

Since F; = J, ¢, T and the T,’s are at distance at least two from each other, /‘717*1- (o, =")
is a product distribution; in particular pf (or, =) = [y, #7, (0w = -) and the chain with
transition matrix @, is a product Markov chain where each component corresponds to @,
for some v € L;. A standard fact about product Markov chains, see, e.g., [9, Lemma 4.7],

then implies that gap(Qr,) = min,cr, gap(Q,) and the result follows. <

4 Entropy Mixing: Proof of Theorem 2

Let E C T denote the set of all even vertices of the tree T, where a vertex is called even if
its distance to the leaves is even; let O = T'\ E be the set of all odd vertices. We show that
EM (i.e., entropy mixing) as defined in [40] implies a factorization of entropy into even and
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odd subsets of vertices. This even-odd factorization was recently shown to imply O(logn)
mixing of the SW dynamics on bipartite graphs [8].

We start with the definition of EM, which is the analog of the VM condition for entropy.
Let 7 be a fixed boundary condition and again set p := p7 and €2 := Q7 for ease of notation.
Recall that for v € T', we use T, for the subtree of T rooted at v. Recall that for n € 2 and
g: Q. — R, we defined the function g,(a) = E7, [g | 0, = a] for a € [g]; see (7).

» Definition 15 (Entropy Mixing (EM)). The Gibbs distribution p = ul. satisfies EM(L, €)
if for every v € T, every n € Q, and every function g : Qg — R that is independent of the
configuration on B(v,{), we have Ent%j (gv) <e- Ent’T’u (g). The EM condition holds if there
exist constants £ and € = e(€) such that EM(¢, €) holds.

Extending our notation from the previous section for the variance functional, for A C T
and a function f: Q — R>q, we use Ent4(f) for the conditional entropy of f w.r.t. u given
a spin configuration in 7'\ 4; i.e., for £ € Q we have

(Enta(f))(€) = Enty(f) = Ent,[f | o\ a = &\ a)-

In particular, we shall write Ent(f) = Entr(f) = Ent,(f). Notice that Enta(f) can be
viewed as a function from [¢]T\ to R>o and E[Ent(f)] denotes its mean, averaging over
the configuration on 7'\ A. We state next our even-odd factorization of entropy.

» Theorem 16. If there exist { € Nt and € € (0,1) such that p = pk satisfies EM({,¢),
then there exists a constant Cyo = Cyo(¢,€) independent of n such that for every function
f:Q — Rxo we have Ent(f) < Cpo (E[Entg(f)] + E[Ento(f)]) .

Theorem 2 follows immediately.

Proof of Theorem 2. By Theorem 16, EM implies the even-odd factorization of entropy,
and the results in [8] imply that the mixing time of the SW dynamics is O(logn). <

Our main technical contribution in the proof Theorem 2 is thus Theorem 16; namely, that
EM implies the even-odd factorization of entropy. To prove Theorem 16, we will first
establish entropy factorization for the tiled blocks defined in (3) and (2); see also Figures 1(b)
and 1(c). From the tiled block factorization of entropy we then deduce the desired even-odd
factorization. This approach is captured by the following two lemmas.

» Lemma 17. If there exist { € Nt and € € (0,1) such that u = pk. satisfies EM(¢,¢),
then there exists a constant Cry = Crg({,€) independent of n such that, for every function
f Q= Rxo, Ent(f) < Cu - 3257 E[Entre (/).

» Lemma 18. If for every function f : Q — R>¢ we have Ent(f) < Crp - Zﬁz E[Entge(f)],
then there exists Cpo = Cuo(Crp, £) such that for every function f :Q — R>o we have

Ent(f) < Cro (E[Entp(f)] + E[Ento(f)]) -
Proof of Theorem 16. Follows directly from Lemmas 17 and 18. <

We proved a version of Lemma 17 for the variance functional as part of the proof of Theorem 10,
and the same argument can then be easily adapted to entropy. We provide next the proof of
Lemma 18, which contains the main novelty in our proof of Theorem 16.
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Proof of Lemma 18. First, we claim that there exists a constant C/ = C’(¥) such that for
every function f : Q%(v 0~ R one has the following inequality:

Ent%(v,e)(f) < (]E?g(v,g) [EntB(v,e)mE(f)] + E%(vl) [EntB(v,l)ﬂO(f)]) . (9)

To deduce (9), consider the even-odd block dynamics M in B(v,£) with boundary condition
n and blocks U = {E N B(v,¢),0 N B(v,¢)}. A simple coupling argument implies that
the spectral gap of M is ©(1). Then, Corollary A.4 from [19] implies that the log-Sobolev
constant a(M) of M is Q(1), which establishes (9) with constant C' = O(1/a(M)). We note
that all bounds and comparisons in this argument are fairly crude, and, in fact, the constant
C' depends exponentially on |B(v,¢)|, but it is still independent of n.

Next, notice that, for any n € €, M;e is the product of a collection of distributions
on (disjoint) subsets B(v,f). Lemma 3.2 from [14] allows us to lift the “local” even-odd
factorization in each B(v, ) from (9) to a “global” even-odd factorization in Tje. Specifically,
for every function f : Qg_e — R>( we obtain

Butf (1) < €' (Ef Butrgop(1)] + Bl Butrino(1)])
Taking expectation over 7, we get
EfEnty (/)] < C' (BBntzsn (/)] + EEntrno(f)]) < C' (EEnts(f)] + E[Ento(/)])

the last inequality follows from the fact that Ent},(f) = EL[Entpeqg(f)] + Enth[Epeqp(f)]-
Summing up over j, '

£+1
> ElBntr(f)] < C'(¢+1) (B[Entp(f)] + E[Ento(f)]),

and the result follows by taking Cyo = C'(£ + 1). <
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