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ABSTRACT

Splaytrees atype of self-adjustingsearchiree,areintroducedand
analyzed. Sincethey have beenwidely usedin searchproblems,
ary performancemprovementswill yield greatbene ts. First, the
paperintroducessomebackgroundaboutsplaytreesand memory
hierarchiesThen,it presentswo heuristicalgorithms basednre-
searchin referenceaf nity anddataregrouping. Thesealgorithms
have good locality, reducememorytransfersanddecreaseache
missrateson differentarchitectures.Finally, the paperevaluates
the performancegain of thesealgorithmson randominputs and
Spec2Kbenchmarlprograms.
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1. INTRODUCTION

Splaytreesareaself-adjustingorm of binarysearchrees.In an
amortizedsensdi.e. thetime peroperationaveragecdver a worst-
casesequencef operations)splaytreesarenot muchworsethan
dynamicbalancedrees|[3] andstaticoptimaltrees[14]. They use
a heuristicrestructuringcalled splayingto move a speci ed node
to the root of the treevia a sequencef rotationsalong the path
from that nodeto the root. Thus, future callsto this nodewill be
accessedaster Splaytreeseven enjoy a constantoperationtime
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whentheaccesgatternis uniformandhasgoodlocality [2].

The key to a splay tree is, of course,the restructuringsplay
heuristic. Speci cally, whena node is searchedit repeatshe
following splaystepuntil is therootof thetree[2]:

Casel (zig): if
edgejoining  with

, the parentof , is theroot, rotatethe

Case2 (zig-zig): If is nottheroot,and and are
bothleft or bothright children,rotatethe edgejoining
with its grandparent andthenrotatethe edgejoining

with

Case3(zig-zag):If is nottherootand is aleft child

and aright child, or vice versa rotatethe edgejoining
with andthenrotatethe edgejoining  with the new

(2].

Figurel demonstratethe splaystepthroughexamples.Obsere
the move-to-rootheuristic,which movesthetargetitemto theroot
of thetreefor eachsearchoperation.Althoughthe costis high for
anindividual operationa bene t is theroughhalving of the depth
alongtheaccesgpath.

Asidefrom beingeasyto programandef cient in practice splay
treesalsouselessspacebecausano balanceinformationis stored.
However, its disadwantagesareits requiring adjustmentst every
treesearchresultingin potentiallyexpensve individual operations.
Despitethepossible timerequiredin theworstcaseof anin-
dividual operationsplaytreeshave amortizedime cost,
provedby Sleator& Tarjan[2].

A splaytreehastwo variants. The algorithmintroducedabore
appliesto a bottom-upsplaytree. The secondkind of splaytreeis
atop-davn splaytree. It searcheslovn from theroot, looking for

two nodesat a time, breakinglinks alongthe accesgath, and
addingeachdetachedubtreeto the bottomright of theleft treeor
the bottomleft of the right tree. Figure 2 illustratesthis process.
Finally, anassemblingstepis neededo nish thework. It moves
theaccessedode to therootandsetstheleft andright children
of totheL andRin gure 2.

The goal of our work is to reducememorytransferusingrefer
enceaf nity analysisanddataregroupingtechniquesandto ana-
lyze the memoryaccesgpatternof asplaytree.In our experiments,
the two kinds of splaytressarecompared.Also, two heuristical-
gorithmsaredesignedo improve the locality of the splaytreeal-
gorithm. They are evaluatedwith randomlygeneratednput and
Spec2Kbenchmarks.

2. MEMORY OPTIMIZA TION TECHNIQ UES
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Figure 1: Bottom-up splaying steps. The node accesseds . (a) Zig: singlerotation. (b) Zig-zig: two single rotation.(c) Zig-zag:
doublerotation.

X
y
%y&% - %%xrz

A B
B
(a)
2N 2R A4
{Xzy c - y
X
A B
B C
(b)

R
-
A C

(c)

Figure 2: Top-down splaying step. The nodeaccesseds |, Initial left treeis L, right treeis R. (a) Zig: node containsthe accessed
item. (b)Zig-zig.(c) Zig-zag.



struct N_fragm0{
int val;

struct N { unsigned int | eft;
int val; b
struct N* left; struct N_fragm1 {
struct N* right; unsigned int right;
b b

struct N_fragmOfO_storefRESERVED];
(a) before splitting struct N_fragml f1_storef RESERVED];

(b) after splitting

Figure 3: structur e splitting example

BecauseCPU speedgrow fasterthanmemoryspeedsmodern
computersusea memoryhierarchythat includesregisters,cache,
disksandeven networks. Evenfor a programwith atheoretically
goodtime bound,we may not gettheideal resultif we ignorethe
impactof memorytransfers. Considerthe simple caseof matrix
multiplication: simply interchanginghe loop levels will dramati-
cally improve the performancavithout affectingtime compleity.

Spatiallocality is one of the mostimportantfactorsto be con-
sideredwhenprogramming.Datalocality is easierto maintainin
problemshaving regularor staticdata.But for dynamicdata,such
asoccurringin splaytrees,maintaininglocality requiresmore ef-
fort. In dynamicproblems,the designof datastructureis more
crucialto moving dataef ciently .

Recentresearcthasrevealeda possibility that somealgorithms
may work well at all levels of the memoryhierarchy We intro-
ducetheseso called cache-obliious algorithmsin the following
sections.

2.1 Structure Splitting

Currentcomputersusuallyusecacheblocksof atleast64 bytes,
making datagroupingvery important. Before groupingdata,we
must rst de ne arelation. Zhong, et al [10] de ned a relation
calledreferencef nity , whichmeasurebow closeagroupof data
is accessedogetherwithin an execution. They measureogeth-
ernesswith a stadk distance which is de ned as the amountof
distinct dataaccessedetweentwo memoryreferencesn an ex-
ecutiontrace. Note that stackdistanceis boundedeven for long
runningprograms.

Also, previous work by Ding & Zhong[11] hasanalyzedreuse

signatues histogram®f thereusadistanceof all programaccesses.

Thereusesignaturenasa consistenpatternacrossdatain comple
programsThis suggestshatwe cananalyzetheaf nity of databy
looking atits reusesignaturegrom trainingexecutions.K-distance
analysidgs asimpli ed methodof measuringeferencef nity . The
parameter meanselementsn the samegrouparealmostalways
usedwithin adistanceof dataelementsSoby using -analysis,
we can get hierarchicalaf nity relationsamongdataarraysand
structureselds.

After gettingthereferenceaf nity of structureelds, we canap-
ply structuresplitting to increasdocality. Structuresplitting is il-
lustratedn gure 3 above.

This splitting canincreaseacheutilization, suchasafteraccess-
ing anode , whenoneof or is accessedPre-
viously, in the original structure,if we accesseaode , thenthe
whole structurewould be loaded,even though may not
be neededn subsequensteps. However, after structuresplitting,
morenodescanbeloadedin onecache-memoryransfer;thusde-

Figure4: Van Emde BoasLayout

creasingmemory-cachearansfer |If is accessedan ad-
ditional load appeargo be necessaryo loadit into cache.Butin
fact, we seelaterthatwe morefrequentlyaccessheright children
of othernodes,which may be preloadedn this transfer So this
loadis oftenuseful.

2.2 Cache-oblvious algorithms

Cache-obliious meansalmostcacheindependent,e. thealgo-
rithm hasgoodef ciency andcompatibilityonall kindsof memory
hierarchies.The theoryof cache-obliious algorithmsis basedon
the ideal-cachemodel. In this model, therearetwo levelsin the
memoryhierarchy calledcacheanddisk. Thedisk is partitioned
into memoryblockseachconsistingof a x ednumberof  consec-
utive cells. The cachehasroomfor memoryblocks. Although
this model seemsunrealistic,Frigo and Leisersonshaved that it
can simulateary memoryhierarchywith a small constant-fctor
overhead Mary cache-obliious algorithmsincluding searchtrees
have beendevelopedto runwell onall memoryhierarchiesvithout
knowing theexactvalueof and .[4]

Currentcache-obliious tree algorithmsinclude the Van Emde
BoaslayoutandPacked-MemoryModel [4]. Intuitively, placinga
nodeinto consecutie memorypositionswith its childrenincreases
spatiallocality becausefrequently accessingnodes childrenoc-
cursafteraccessinghenodeitself. Thisis preciselytheideabehind
theVanEmdeBoaslayout,illustratedin gure 4. By splittingatree
at mid-height,the treebreaksinto top recursve andbottomrecur
sive subtreesThis layoutincorporatesherecursve natureof each
subtree.lt achievesthe optimal memorytransfersfor a
staticoptimalsearcttree.

For adynamicsearchree,we mustfurtherconsidetthe destruc-
tion of the treelayout. Itai, Konheimand Rodehhave developed
a techniquecalled pacled memorystructure which requiresonly

memorytransferson B-trees[4]. Theideais to usea
sparsemethodfor storingusefulelements.Eachtime aninsertion
or deletionoccursin the tree,we do it directly becausehe sparse



Algorithm M1 Algorithm M2
Regrouping | VanEmdeBoas | Sortby
methods layout frequencyof access
Structur e No Yes
splitting
Regrouping | noise threshold| Seach opeiations
time threshold

Table 1: Algorithms M1 & M2

arrayprovidesspaceto doit. Thereis alsoanassociatedhreshold
to determinewhenan array is too full or too sparse. Whenthat
thresholdis reachedwe redistritute the entiretreein a VanEmde
Boaslayout.

A splaytreeis trickier becauseftereachinsertionor deletion,it
transformghe entire pathfrom the nodeto theroot. We discussa
simpli ed algorithmnext.

2.3 Memory Optimization algorithms

Basedon the memoryoptimizationtechniquesabore, anideal
algorithmshouldhave the following componentsa dynamicana-
lyzerthatprovidesaccuraténformationaboutthereferencef nity
of treenodes;a regroupingroutinethatadjuststhe memorylayout
ef ciently, which can speedup the tree searchat the expenseof
overhead;anda decision-makr which decideswhento adjustthe

memorylayoutto getthe minimal overheadandmaximalspeedup.

However, in practice the algorithmhasexcessie overhead es-
pecially in the analyzer Gettingaccurateaf nity informationre-
quiresrun-time monitoring, which costsan unacceptabl@mount
of computingresource gven with the mostef cient known tech-
nigues. Instead we useheuristicsto approximatethe optimal al-
gorithm. Theseheuristicrulesarestraightforvard, e.g. atreenode
shouldbe placedcloseto its children. Two algorithmsare devel-
opedusingdifferentheuristicssummarizedn table1.

Theregroupingroutinein will rst gettheVanEmdeBoas
layoutof the entiretreeandsequentiallyplaceall thenodesin one
smallmemoryblock. This stratgy providessomebene t on spa-
tial locality by groupingthe children andtheir parentsin nearby
locations. But asdiscussedsplayingcandestry theselocalities.
Sowe useanoise ag to measuréhow far the datahasbeenshuf-
ed. To simplify theimplementationye canconsiderthe noiseas
thelevel alongthe accespathbecauseotationoperationsarepro-
portionalto the levels andarethe mainreason®f disturbanceslf
the noisereacheshe threshold thenthe redistritute function will
completelyrearrangehetree. Theamortizedime boundof is

becauset hasonly the overheadof redistribution. But
with carefulselectiorof athresholdthefrequeny of redistrikution
canbereduced.Still, thereis a trade-of in selectinga threshold.
In next sectiondifferentthresholdvaluesareevaluatedto nd the
best.

Algorithm hasthreemajor differencesfrom . First, it
usesstructuresplitting. Secondlyits regroupingroutineplacesthe
nodesaccordingto the timesit hasbeenaccessedecently Do-
ing this requiresaddinga newv nodemembetrto recordaccessime.
Thirdly, it doesnot usenoiseto determinewhento regroup. The
rationaleis that,if anodeis accessedery often, it shouldbeplaced
neartheroot, sothatthecostof nding this elements less.

3. EVALUATION
3.1 Bottom-up Vs. Top-down

Length of Search Sequence| Top-down (sec) | Bottom-up (sec)

10000000

10000000

10000000

20000000

20000000

20000000

Table 2: bottom-up Vs. top-down

To comparethe performancef bottom-upandtop-davn splay-
ing, abottom-upsplaytreeis implementedusingexactly the same
datastructureasthe original exceptthat a pointeris addedto its
parentateachtreenode.Testernvironment:

Machine: PC

CPU: P42.0GHz

Memory: 512M

OS: Linuxkernel2.4.20-19.9

Inputs: randomgenertedkeysin [1, 10000]

Comparingthe two programsywe found thatthe bottom-upver-
sionaveraged22% percentfasterthanthe top-davn version. Both
methodausedatop-davn procedurg¢o nd thesearchedhode.The
bottom-upalgorithmhasgoodlocality becausét actslike a stack,
which rst visits the lastaccessediode. So the reusedistanceof
bottom-upis about while top-dawn is . Thealgorithmwas
run againstarandommemoryaccesgieneratoandcompiledon a
Linux systemwith gcc. Resultsappeaiin table2.

3.2 Heuristic algorithm with random in-
puts

As discussedbove, the algorithmregroupsthe treenodes
by sequentiallyplacingall the nodesin a Van EmdeBoaslayout
whennoise threshold. Sincethe regroupingroutine hasover-
headtheefciency of depend®ntwo factors:thesubtreesize
in the Van EmdeBoaslayoutandthethresholdto regroup. Figure
5 shaws thetestresultsunderthefollowing environment:

Machine: PC

CPU: P42.0GHz

Memory: 512M

OsS: Linuxkernel2.4.20-19.9

Inputs: randomgenertedkeysin [1, 10000]
lengthof input sequencés 50,000,000.

We canseefrom theresultthatthe overheadof regroupingcan-
not be ignored, becausewith a very low threshold,the running
time increaseglramatically Anotherobsenation is thatregroup-
ing speedsaip the execution,e.g. (100, 4) is fasterthan(1000,4),
althoughit did moreredistritutionthanthelatterone.By carefully
choosingthe propervaluesfor a thresholdand subtreedepth,we
canincreasaheperformancef thesplaytreeby 10%for randomly
generatednputs.

3.3 Heuristic algorithms M1 and M2 on Spec2K
benchmarks

Platforms. Theexperimentaise machineswith
OSF1V4.0 cccompiler
Tools A source-lgel instrumentatioranda run-timemonitor pro-
le accesseso individual data. The instrumentatiorprogramis
calledatom,whichis only availableon machines.
The pro ling tool wasdevelopedby Ding and Zhongto measure
thereusesignature®f programs.[11]

The testresultis displayedin Figure6. Comparedo random
inputs, doesnot getthe sameperformancemprovement:only
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Figure5: with random search operations. -axis is the depth of the Van Emde Boasrecursive subtree, -axisis the execution
time. Different lines correspondto different threshold, meansif (noise¢10*numbemf nodesin this tree)then regroup; is the
original splaytreeprogram.
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1 3%. Thereasonis thatthe af nity assumptiorworks well for
randontreesearchebut gainslittle improvementfor programtraces,
wherethe possibility of accessindeft andright childrenmaydiffer
signi cantly. Also the layout of the splay tree changegoo fre-
guently whichreduceghebene tsof regrouping.

It is unexpectedthat works almostaswell as although
its heuristicis very naive; namely sortby accesdrequenyg. This
shavsthatonly asmallpartof thetotaltreeis visitedoften. Moving
themto therootwill improve the performancealbeitnotby much.

4. CONCLUSIONS

In practice,splaytreesshav very complex memoryaccesgat-
terns whichmake simplegroupingstratgiesnotapplicableén mary
casesHowever, if we assumehatthe possibility of accessindeft
andright childrenarenearlyequal thenthe algorithmmayre-
ducethe executiontime up to 10%. Of course,in real application
programsgdueto the existenceof inheritedaccespatternsusually
it is not possibleto gain suchdramaticimprovements.To the best
of ourknowledge thisis the rst studyto comparegop-davn splay
treeswith the bottom-upsplaytrees.
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