CSC 446 Notes: Lecture 1

1 What Is Machine Learning?

Machine learning is about automatically analyzing data; it mostly focuses on the problems of classification
and regression. In this class, we will learn multiple methods for solving each of these problems.

e Classification is the problem of assigning datapoints to discrete categories; the goal is to pick the best
category for each datapoint.

e Regression is the problem of learning a function from datapoints to numbers; fitting a line or a curve
to the data is an example of a regression problem.

One example of a classification problem would be: given heights and weights, classify people by sex. We
are given a number of training datapoints, whose heights, weights, and sexes we know; we can plot these
datapoints in a two-dimensional space. Our goal is to learn a rule from these datapoints that will allow us
to classify other people whose heights and weights are known but whose sex is unknown. This rule will
take the form of a curve in our two-dimensional space: then, when confronted with future datapoints, we
will classify those datapoints which fall below the curve as female those which fall above the curve as male.
So how should we draw this curve?

One idea would be to draw a winding curve which carefully separates the datapoints, assuring that all
males are on one side and all females are on the other. But this is a very complicated rule, and it’s likely to
match our training data too closely and not generalize well to new data. Another choice would be to draw
a straight line; this is a much simpler rule which is likely to do better on new data, but it does not classify
all of the training datapoints correctly. This is an example of a fundamental tradeoff in machine learning,
that of overfitting vs. generalization. We will return to this tradeoff many times during this class, as we
learn methods of preventing overfitting.

An example of a regression problem would be: given weights of people, predict their heights. We
can apply the nearest neighbor model to solve this problem. The nearest neighbor model remembers the
weights and corresponding heights of the people in the training data. Then for a new test weight, it looks up
the person with the closest weight in the training data, and returns the corresponding height. This results
in a piece-wise constant function that may be affected by outliers and may result in overfitting. Another
choice would be to fit a straight line.

2 Probability Theory

This section contains a quick review of basic concepts from probability theory.

Let X be a random variable, i.e., a variable that can take on various values, each with a certain proba-
bility. Let = be one of those values. Then we denote the probability that X = z as P(X = x). (We will often
write this less formally, as just P(x), leaving it implicit which random variable we are discussing. We will
also use P(X) to refer to the entire probability distribution over possible values of X.)

In order for P(X) to be a valid probability distribution, it must satisfy the following properties:

e Forallz, P(X =z) > 0.

e > P(X =z)=1or [ P(z)dz = 1, depending on whether the probability distribution is discrete or
continuous.



If we have two random variables, X and Y, we can define the joint distribution over X and Y, denoted
P(X = z,Y = y). The comma is like a logical “and”; this is the probability that both X = z and Y = y.
Analogously to the probability distributions for a single random variable, the joint distribution must obey
the properties that for all z and for all y, P(X = 2,Y = y) > 0 and either 3, P(X =z,Y =y) = 1lor
J [ P(z,y)dydz = 1, depending on whether the distribution is discrete or continuous.

From the joint distribution P(X,Y’), we can marginalize to get the distribution P(X): namely, P(X =

z) =3, P(X =x,Y =y). We can also define the conditional probability P(X = z|Y" = y), the probability
that X = z given that we already know Y = y. Thisis P(X = z|Y =y) = %, which is known as
the product rule. Through two applications of the product rule, we can derive Bayes rule:

PY =yl X =2)P(X =x)

PIX = ol =) = i

Two random variables X and Y are independent if knowing the value of one of the variables does not
give us any further clues as to the value of the other variable. Thus, for X and Y independent, P(X =
z|Y =y) = P(X = z), or, written another way, P(X = z,Y =y) = P(X = z)P(Y =vy).

The expectation of a random variable X with respect to the probability distribution P(X) is defined as
Ep[X] =Y, P(X = z)z or Ep[X] = [ P(z)zdz, depending on whether the random variable is discrete
or continuous. The expectation is a weighted average of the values that a random variable can take on. Of
course, this only makes sense for random variables which take on numerical values; this would not work
in the example from earlier where the two possible values of the “sex” random variable were “male” and
“female”.

We can also define the conditional expectation, the expectation of a random variable with respect to a
conditional distribution: Ep(xy)[X] = >, P(X = 2|Y = y)z. This is also sometimes written as Ep[X|Y].
Lastly, we are not restricted to taking the expectations of random variables only; we can also take the
expectation of functions of random variables: Ep[f(X)] =Y P(X = z) f(z). Note that we will often leave
the probability distribution implicit and write the expectation simply as E[X].

Expectation is linear, which means that the expectation of the sum is the sum of the expectations, i.e.,
E[X +Y] = E[X] + E[Y], or, more generally, £ [ZZIL Xi] = vazl E[X;]. For the two-variable case, this can
be proven as follows:

EX+Y]= ZP =y)(z+y)
—ZP +ZP =y)y
:ZP 1:+ZP

= BE[X] + E[Y]

The N-variable case follows from this by induction.

For readability, let z = E[X]. Then we can define the variance, Var[X] = E[(z — z)?]. In words, the
variance is the weighted average of the distance from the mean squared. Why is the distance squared?
Well, if we take out the square, we get that Var[X] = E[z — Z|, which by linearity of expectation equals
Elz] — E[z] = E[X] — & = 0, so we put the square in to keep that from happening. The reason we do not
use absolute value instead is that the absolute value function is nondifferentiable. As a result of squaring,
the variance penalizes further outliers more.

Unlike expectation, variance is not linear; that means in general Var[X + Y| # Var[X] + Var[Y]. The
covariance of X and Y is defined as: Cov[X,Y]| = E [(X — E[X])(Y — E[Y])]. We can show that Var[aX] =
a*Var[X]and Var[X +Y] = Var[X]+Var[Y]+2Cov[X,Y]. If X and Y are independent, then Cov[X,Y] =
0.



3 A Machine Learning Example

Consider a set of N independent and identically distributed random variables X3, ..., Xy. “Independent
and identically distributed”, which is usually abbreviated as i.i.d., means that the random variables are
pairwise independent (i.e., for each 4, j such that ¢ # j, X; and X; are independent) and that they are all
distributed according to the same probability distribution, which we will call P. Much of the data that we
will look at in this class is i.i.d. Since our goal is to automatically infer the probability distribution P that is
the best description of our data, it is essential to assume that all of our datapoints were actually generated
by the same distribution. One of the implications of i.i.d. is that the joint probability distribution over all of

the random variables decomposes as follows: P(X1,...,Xn) = Hle P(X,).

Again, our task is to automatically infer the probability distribution P which best describes our data.
But how can we quantify which probability distribution gives the best description? Suppose that our ran-
dom variables are discrete and have K possible outcomes such that each datapoint X takes on a value in
{1,...,K}. We can describe P with a K-dimensional vector that we will call 0, letting 6, = P(X = k) for
each k; 6 is called the parameters of the distribution. It’s useful to describe the probabilities in our distribu-
tion using a vector, because then we can employ the powerful tools of vector calculus to help us solve our
problems.

Now the question of finding the best probability distribution becomes a question of finding the optimal
setting of . A good idea would be to pick the value of § which assigns the highest probability to the data:

0* = argmax P(Xy,...,Xn;0)
0

This method of estimating 6 is called maximum likelihood estimation, and we will call the optimal setting

of the parameters O k. It is a constrained optimization problem that we can solve using the tools of vector
calculus, though first we will introduce some more convenient notation. For each k, let c(k) = ZnN:1 I(X, =
k) be the number of datapoints with value k. Here, I is an indicator variable which is 1 when the statement
in the parentheses is true, and 0 when it is false.

Using these counts, we can rewrite the probability of our data as follows:
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This switch in notation is very important, and we will do it quite frequently. Here we have grouped our
data according to outcome rather than ordering our datapoints sequentially.

Now we can proceed with the optimization. Our goal is to find argmax, H,{,{:l P(X = k)“* such
that Zkl-(=1 0 = 1. (We need to add this constraint to assure that whichever 6 we get describes a valid
probability distribution.) If this were an unconstrained optimization problem, we would solve it by setting
the derivative to 0 and then solving for 6. But since this is a constrained optimization problem, we must
use a Lagrange multiplier.

In general, we might want to solve a constrained optimization problem of the form maxz f(Z) such
that g(#) = c¢. Here, f(Z) is called the objective function and ¢(Z) is called the constraint. We form the
Lagrangian

VIZ)+ Avg(Z) =0

and then solve for both & and \.
Now we have all the tools required to solve this problem. First, however, we will transform the objective
function a bit to make it easier to work with, using the convenient fact that the logarithm is monotonic



increasing, and thus does not affect the solution.
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We get the gradient of this objective function by, for each 0y, taking the partial derivative with respect
to 9k2
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(To get this derivative, observe that all of the terms in the sum are constant with respect to 0, except for the
one term containing 6;; taking the derivative of that term gives the result, and the other terms’ derivatives
are 0.)

Thus, we get that
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In a similar vein,
o | X

Now we substitute these results into the Lagrangian v f + AVg = 0. Solving this equation, we discover that
c(k)

for each £, Cé]z) = —\, or 6 = —=~. To solve for \, we substitute this back into our constraint, and discover
that Zszl O = —% Zle ¢(k), and thus —\ = Z,[le ¢(k). This is thus our normalization constant.

In retrospect, this formula seems completely obvious. The probability of outcome % is the fraction of
times outcome k occurred in our data. The math accords perfectly with our intuitions; why would we ever
want to do anything else? The problem is that this formula overfits our data, like the curve separating the
male datapoints from the female datapoints at the beginning of class. For instance, suppose we never see
outcome k in our data. This formula would have us set §;, = 0. But we probably don’t want to assume that
outcome k will never, ever happen. In the next lecture, we will look at how to avoid this issue.
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