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Chapter 2

Satis�ability Solvers

Carla P. Gomes,Henry Kautz,
AshishSabharwal,and Bart Selman

The pastfew yearshave seenan enormousprogressin the performanceof Boolean
satis�ability (SAT) solvers. Despitetheworst-caseexponentialruntimeof all known
algorithms,satis�ability solvers are increasinglyleaving their mark as a general-
purposetool in areasasdiverseassoftwareandhardwareveri�cation [29–31, 228],
automatictestpatterngeneration[138, 221], planning[129, 197], scheduling[103],
andeven challengingproblemsfrom algebra[238]. AnnualSAT competitionshave
led to thedevelopmentof dozensof clever implementationsof suchsolvers[e.g. 13,
19, 71, 93, 109, 118, 150, 152, 161, 165, 170, 171, 173, 174, 184, 198, 211, 213, 236],
an explorationof many new techniques[e.g. 15, 102, 149, 170, 174], andthe cre-
ationof anextensivesuiteof real-world instancesaswell aschallenginghand-crafted
benchmarkproblems[cf. 115]. ModernSAT solversprovidea“black-box” procedure
thatcanoftensolvehardstructuredproblemswith overamillion variablesandseveral
million constraints.

In essence,SAT solvers provide a genericcombinatorialreasoningand search
platform.Theunderlyingrepresentationalformalismis propositionallogic. However,
thefull potentialof SAT solversonly becomesapparentwhenoneconsiderstheiruse
in applicationsthat arenot normally viewed as propositionalreasoningtasks. For
example,considerAI planning,which is a PSPACE-completeproblem. By restrict-
ing oneselfto polynomial sizeplans,oneobtainsan NP-completereasoningprob-
lem,easilyencodedasa Booleansatis�ability problem,whichcanbegivento a SAT
solver [128, 129]. In hardwareandsoftwareveri�cation, a similar strategy leadsone
to considerboundedmodelchecking,whereoneplacesaboundon thelengthof pos-
sibleerror tracesoneis willing to consider[30]. Anotherexampleof a recentappli-
cationof SAT solversis in computingstablemodelsusedin theanswersetprogram-
mingparadigm,apowerful knowledgerepresentationandreasoningapproach[81]. In
theseapplications—planning,veri�cation, andanswersetprogramming—thetrans-
lation into apropositionalrepresentation(the“SAT encoding”)is doneautomatically
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and is hiddenfrom the user: the useronly dealswith the appropriatehigher-level
representationlanguageof theapplicationdomain. Note that the translationto SAT
generallyleadsto a substantialincreasein problemrepresentation.However, large
SAT encodingsareno longeranobstaclefor modernSAT solvers. In fact, for many
combinatorialsearchandreasoningtasks,thetranslationto SAT followedby theuse
of a modernSAT solver is oftenmoreeffective thana customsearchenginerunning
on the original problemformulation. The explanationfor this phenomenonis that
SAT solvershavebeenengineeredto suchanextentthattheirperformanceis dif�cult
to duplicate,evenwhenonetacklesthereasoningproblemin its original representa-
tion.1

AlthoughSAT solversnowadayshave foundmany applicationsoutsideof knowl-
edgerepresentationandreasoning,theoriginal impetusfor thedevelopmentof such
solverscanbe tracedbackto researchin knowledgerepresentation.In the early to
mid eighties,thetradeoff betweenthecomputationalcomplexity andtheexpressive-
nessof knowledgerepresentationlanguagesbecameacentraltopicof research.Much
of thiswork originatedwith aseminalseriesof papersby BrachmanandLevesqueon
complexity tradeoffs in knowledgerepresentation,in general,anddescriptionlogics,
in particular[36–38, 145, 146]. For a review of the stateof the art in this area,see
Chapter3 of thisHandbook.A key underlingassumptionin theresearchoncomplex-
ity tradeoffs for knowledgerepresentationlanguagesis that thebestway to proceed
is to �nd themostelegantandexpressive representationlanguagethatstill allows for
worst-casepolynomialtimeinference.In theearlynineties,thisassumptionwaschal-
lengedin two earlypapersonSAT [168, 213]. In the�rst [168], thetradeoff between
typical-casecomplexity versusworst-casecomplexity wasexplored. It wasshown
that mostrandomlygeneratedSAT instancesareactuallysurprisinglyeasyto solve
(oftenin lineartime),with thehardestinstancesonly occurringin arathersmallrange
of parametersettingsof therandomformulamodel.Thesecondpaper[213] showed
thatmany satis�ableinstancesin thehardestregion couldstill besolvedquiteeffec-
tively with anew styleof SAT solversbasedonlocalsearchtechniques.Theseresults
challengedtherelevanceof the”worst-case”complexity view of theworld.2

The successof the currentSAT solverson many real-world SAT instanceswith
millions of variablesfurthercon�rms thattypical-casecomplexity andthecomplexity
of real-world instancesof NP-completeproblemsis muchmoreamenableto effective
generalpurposesolution techniquesthanworst-casecomplexity resultsmight sug-
gest.(For someinitial insightsinto why real-world SAT instancescanoftenbesolved
ef�ciently , see[233].) Giventhesedevelopments,it maybeworthwhileto reconsider
thestudyof complexity tradeoffs in knowledgerepresentationlanguagesby notinsist-

1 EachyeartheInternationalConferenceon TheoryandApplicationsof Satis�ability Testinghostsa
SAT competitionor racethathighlightsanew groupof “world's fastest”SAT solvers,andpresentsdetailed
performanceresultson a wide rangeof solvers[141–143, 215]. In the2006competition,over 30 solvers
competedon instancesselectedfrom thousandsof benchmarkproblems.Most of theseSAT solverscan
bedownloadedfreely from theweb. For a goodsourceof solvers,benchmarks,andothertopicsrelevant
to SAT research,we refer the readerto the websitesSAT Live! (http://www.satlive.org ) and
SATLIB (http://www.satlib.org ).

2 The contrastbetweentypical- and worst-casecomplexity may appearratherobvious. However,
note that the standardalgorithmic approachin computerscienceis still largely basedon avoiding any
non-polynomialcomplexity, therebyimplicitly accedingto a worst-casecomplexity view of the world.
ApproachesbasedonSAT solversprovide the�rst seriousalternative.

http://www.satlive.org
http://www.satlib.org
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ing onworst-casepolynomialtimereasoningbut allowing for NP-completereasoning
sub-tasksthatcanbehandledby aSAT solver. Suchanapproachwouldgreatlyextend
theexpressivenessof representationlanguages.Thework on theuseof SAT solvers
to reasonaboutstablemodelsis a �rst promisingexamplein this regard.

In this chapter, we �rst discussthemainsolutiontechniquesusedin modernSAT
solvers,classifyingthemascompleteandincompletemethods.Wethendiscussrecent
insightsexplainingtheeffectivenessof thesetechniqueson practicalSAT encodings.
Finally, we discussseveral extensionsof the SAT approachcurrently underdevel-
opment. Theseextensionswill further expandthe rangeof applicationsto include
multi-agentandprobabilisticreasoning.For a review of thekey researchchallenges
for satis�ability solvers,we referthereaderto [127].

2.1 De�nitions and Notation

A propositionalor Booleanformula is a logic expressionsde�ned over variables(or
atoms)that take valuein thesetf FALSE, TRUEg, which we will identify with f 0;1g.
A truth assignment(or assignmentfor short)to a setV of Booleanvariablesis a map
s : V ! f 0;1g. A satisfyingassignmentfor F is a truth assignments suchthat F
evaluatesto 1 unders . We will be interestedin propositionalformulasin a certain
specialform: F is in conjunctivenormalform(CNF)if it is aconjunction(AND, ^ ) of
clauses, whereeachclauseis adisjunction(OR,_) of literals, andeachliteral is either
avariableor its negation(NOT, : ). For example,F = (a_ : b) ^ (: a_ c_ d) ^ (b_ d)
is aCNFformulawith four variablesandthreeclauses.

The BooleanSatis�ability Problem(SAT) is the following: Given a CNF for-
mula F, doesF havea satisfyingassignment?This is the canonicalNP-complete
problem[51, 147]. In practice,oneis not only interestedin this decision(“yes/no”)
problem,but alsoin �nding an actualsatisfyingassignmentif thereexists one. All
practicalsatis�ability algorithms,known asSAT solvers,do producesuchanassign-
mentif it exists.

It is natural to think of a CNF formula as a set of clausesand eachclauseas
a setof literals. We usethe symbolL to denotethe emptyclause, i.e., the clause
thatcontainsno literalsandis thereforeunsatis�able.A clausewith only oneliteral
is referredto asa unit clause. A clausewith two literals is referredto asa binary
clause. Whenevery clauseof F hask literals, we refer to F asa k-CNF formula.
TheSAT problemrestrictedto 2-CNFformulasis solvablein polynomialtime,while
for 3-CNFformulas,it is alreadyNP-complete.A partial assignmentfor a formula
F is a truth assignmentto a subsetof thevariablesof F. For a partialassignmentr
for a CNF formula F, Fjr denotesthe simpli�ed formula obtainedby replacingthe
variablesappearingin r with theirspeci�edvalues,removing all clauseswith at least
oneTRUE literal, anddeletingall occurrencesof FALSE literals from the remaining
clauses.

CNF is thegenerallyacceptednormfor SAT solversbecauseof its simplicity and
usefulness;indeed,many problemsarenaturallyexpressedasa conjunctionof rela-
tively simpleconstraints.CNF alsolendsitself to theDPLL processto bedescribed
next. The constructionof Tseitin [225] canbe usedto ef�ciently convert any given
propositionalformulato onein CNF form by addingnew variablescorrespondingto
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its subformulas.For instance,givenanarbitrarypropositionalformulaG, onewould
�rst locally re-writeeachof its logic operatorsin termsof ^ ;_; and: to obtain,say,
G = ((( a^ b) _ (: a^ : b)) ^ : c) _ d. To convert this to CNF, onepossibilityis to add
four auxiliary variablesw;x;y; andz, constructclausesthatencodethefour relations
w $ (a^ b), x $ (: a^ : b); y $ (w_ x); andz$ (y^ : c), andaddto thattheclause
(z_ d).

2.2 SAT Solver Technology—CompleteMethods

A completesolutionmethodfor theSAT problemis onethat,giventheinput formula
F, either producesa satisfyingassignmentfor F or proves that F is unsatis�able.
Oneof themostsurprisingaspectsof therelatively recentpracticalprogressof SAT
solvers is that the bestcompletemethodsremainvariantsof a processintroduced
severaldecadesago: theDPLL procedure,which performsa backtracksearchin the
spaceof partial truth assignments.A key featureof DPLL is ef�cient pruningof the
searchspacebasedon falsi�ed clauses.Sinceits introductionin theearly1960's, the
mainimprovementsto DPLL have beensmartbranchselectionheuristics,extensions
like clauselearningandrandomizedrestarts,andwell-crafteddatastructuressuchas
lazy implementationsandwatchedliterals for fastunit propagation. This sectionis
devoted to understandingthesecompleteSAT solvers,alsoknown as “systematic”
solvers.3

2.2.1 The DPLL Procedure

The Davis-Putnam-Logemann-Lovelandor DPLL procedureis a complete,system-
aticsearchprocessfor �nding asatisfyingassignmentfor agivenBooleanformulaor
proving that it is unsatis�able. Davis andPutnam[61] cameup with the basicidea
behindthis procedure.However, it wasonly a coupleof yearslater that Davis, Lo-
gemann,andLoveland[60] presentedit in theef�cient top-down form in which it is
widely usedtoday. It is essentiallyabranchingprocedurethatprunesthesearchspace
basedon falsi�ed clauses.

Algorithm 1, DPLL-recursive( F; r ) , sketchesthe basicDPLL procedureon
CNF formulas. The ideais to repeatedlyselectan unassignedliteral ` in the input
formula F andrecursively searchfor a satisfyingassignmentfor Fj ` andF: ` . The
stepwheresuchan` is chosenis commonlyreferredto asthebranchingstep.Setting
` to TRUE or FALSE whenmakinga recursive call is calleda decision, andis asso-
ciatedwith a decisionlevel which equalsthe recursiondepthat that stage.Theend
of eachrecursive call, which takesF backto fewer assignedvariables,is calledthe
backtrackingstep.

A partialassignmentr is maintainedduringthesearchandoutputif theformula
turnsout to besatis�able.If Fjr containstheemptyclause,thecorrespondingclause
of F fromwhichit cameis saidto beviolatedby r . To increaseef�ciency, unit clauses
areimmediatelysetto TRUE asoutlinedin Algorithm 1; this processis termedunit

3 Due to spacelimitation, we cannotdo justiceto a large amountof recentwork on completeSAT
solvers,whichconsistsof hundredsof publications.Theaimof thissectionis to givethereaderanoverview
of severaltechniquescommonlyemployedby thesesolvers.
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Algorithm 2.1: DPLL-recursive (F; r )
Input : A CNF formulaF andaninitially emptypartialassignmentr
Output : UNSAT, or anassignmentsatisfyingF
begin

(F; r )  UnitPropagate( F; r )
if F containstheemptyclausethen return UNSAT
if F hasnoclausesleft then

Outputr
return SAT

`  a literal notassignedby r // the branching step
if DPLL-recursive( Fj` ; r [ f `g) = SAT then return SAT
return DPLL-recursive( Fj: ` ; r [ f : `g)

end

subUnitPropagate( F; r )
begin

while F containsnoemptyclausebut hasa unit clausex do
F  Fjx
r  r [ f xg

return (F; r )
end

propagation. Pure literals (thosewhosenegation doesnot appear)are also set to
TRUE asapreprocessingstepand,in someimplementations,duringthesimpli�cation
processaftereverybranch.

Variantsof this algorithmform the mostwidely usedfamily of completealgo-
rithms for formula satis�ability. They are frequently implementedin an iterative
ratherthanrecursive manner, resultingin signi�cantly reducedmemoryusage.The
key differencein theiterative versionis theextra stepof unassigningvariableswhen
onebacktracks.Thenaive way of unassigningvariablesin a CNF formulais compu-
tationallyexpensive, requiringoneto examineevery clausein which theunassigned
variableappears.However, the watched literals schemeprovidesan excellentway
aroundthisandwill bedescribedshortly.

2.2.2 KeyFeaturesof Modern DPLL-BasedSAT Solvers

The ef�ciency of state-of-the-artSAT solversreliesheavily on variousfeaturesthat
have beendeveloped,analyzed,andtestedover the last decade.Theseincludefast
unit propagationusingwatchedliterals,learningmechanisms,deterministicandran-
domizedrestartstrategies,effective constraintdatabasemanagement(clausedeletion
mechanisms),andsmartstaticanddynamicbranchingheuristics.We give a �a vor of
someof thesenext.

Variable (and value)selectionheuristic is oneof thefeaturesthatvary themost
from oneSAT solver to another. Also referredto asthedecisionstrategy, it canhave
a signi�cant impacton theef�ciency of thesolver (seee.g.[160] for a survey). The
commonlyemployed strategiesvary from randomly�xing literals to maximizinga
moderatelycomplex function of the currentvariable-and clause-state,suchas the
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MOMS (Maximum Occurrencein clausesof Minimum Size)heuristic[121] or the
BOHM heuristic[cf. 32]. One could selectand �x the literal occurringmost fre-
quently in the yet unsatis�edclauses(the DLIS (DynamicLargestIndividual Sum)
heuristic[161]), or choosea literal basedon its weightwhichperiodicallydecaysbut
is boostedif a clausein which it appearsis usedin deriving a con�ict, like in the
VSIDS (VariableStateIndependentDecayingSum)heuristic[170]. Newer solvers
like BerkMin [93], Jerusat [171], MiniSat [71], andRSat [184] employ further
variationson this theme.

Clause learning hasplayeda critical role in the successof moderncomplete
SAT solvers. The ideahereis to cache“causesof con�ict” in a succinctmanner(as
learnedclauses)andutilize this informationto prunethesearchin a differentpartof
thesearchspaceencounteredlater. We leave thedetailsto Section2.2.3, which will
bedevotedentirelyto clauselearning.We will alsoseehow clauselearningprovably
exponentiallyimprovesuponthebasicDPLL procedure.

The watchedliterals schemeof Moskewicz etal. [170], introducedin theirsolver
zChaff , is now a standardmethodusedby mostSAT solversfor ef�cient constraint
propagation. This techniquefalls in the category of lazy datastructuresintroduced
earlierby Zhang[236] in thesolver Sato . Thekey ideabehindthewatchedliterals
scheme,as the namesuggests,is to maintainand “watch” two specialliterals for
eachactive (i.e., not yet satis�ed)clausethatarenot FALSE underthecurrentpartial
assignment;theseliteralscouldeitherbesetto TRUE or beasyet unassigned.Recall
thatemptyclauseshalt theDPLL processandunit clausesareimmediatelysatis�ed.
Hence,onecanalways �nd suchwatchedliterals in all active clauses.Further, as
longasaclausehastwo suchliterals,it cannotbeinvolvedin unit propagation.These
literals aremaintainedasfollows. Supposea literal ` is set to FALSE. We perform
two maintenanceoperations.First, for every clauseC thathad` asa watchedliteral,
we examineC and�nd, if possible,anotherliteral to watch(onewhich is TRUE or
still unassigned).Second,for every previously active clauseC0 thathasnow become
satis�edbecauseof this assignmentof ` to FALSE, we make : ` a watchedliteral for
C0. By performingthissecondstep,positiveliteralsaregivenpriority overunassigned
literalsfor beingthewatchedliterals.

With thissetup,onecantestaclausefor satis�ability by simplycheckingwhether
at leastoneof its two watchedliteralsis TRUE. Moreover, therelatively smallamount
of extra book-keepinginvolvedin maintainingwatchedliterals is well paidoff when
oneunassignsaliteral ` by backtracking—infact,oneneedsto doabsolutelynothing!
Theinvariantaboutwatchedliteralsis maintainedassuch,savingasubstantialamount
of computationthat would have beendoneotherwise. This techniquehasplayeda
critical role in thesuccessof SAT solvers,in particularthoseinvolving clauselearn-
ing. Evenwhenlargenumbersof very long learnedclausesareconstantlyaddedto
theclausedatabase,this techniqueallows propagation to bevery ef�cient—the long
addedclausesarenot even lookedat unlessoneassignsa valueto oneof the literals
beingwatchedandpotentiallycausesunit propagation.

Con�ict-dir ectedbackjumping, introducedby StallmanandSussman[220], al-
lowsasolver to backtrackdirectlyto adecisionlevel d if variablesat levelsd or lower
aretheonly onesinvolved in thecon�icts in bothbranchesat a point otherthanthe
branchvariableitself. In thiscase,it is safeto assumethatthereis nosolutionextend-
ing thecurrentbranchatdecisionlevel d, andonemay�ip thecorrespondingvariable
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atlevel d or backtrackfurtherasappropriate.Thisprocessmaintainsthecompleteness
of theprocedurewhile signi�cantly enhancingtheef�ciency in practice.

Fast backjumping is a slightly differenttechnique,relevant mostly to the now-
popularFirstUIPlearningschemeusedin SAT solversGrasp [161] andzChaff [170].
It letsa solver jump directly to a lower decisionlevel d whenevenonebranchleads
to a con�ict involving variablesat levelsd or lower only (in additionto thevariable
at the currentbranch).Of course,for completeness,the currentbranchat level d is
not marked as unsatis�able;one simply selectsa new variableand value for level
d andcontinueswith a new con�ict clauseaddedto the databaseandpotentiallya
new implied variable.This is experimentallyobservedto increaseef�ciency in many
benchmarkproblems.Note,however, thatwhile con�ict-directedbackjumpingis al-
waysbene�cial, fastbackjumpingmaynot beso. It discardsintermediatedecisions
which mayactuallyberelevantandin theworstcasewill bemadeagain unchanged
afterfastbackjumping.

Assignmentstack shrinking basedon con�ict clausesis a relatively new tech-
nique introducedby Nadel [171] in the solver Jerusat , and is now usedin other
solversaswell. Whena con�ict occursbecausea clauseC0 is violatedandthe re-
sulting con�ict clauseC to be learnedexceedsa certainthresholdlength,the solver
backtracksto almostthe highestdecisionlevel of the literals in C. It thenstartsas-
signingto FALSE theunassignedliteralsof theviolatedclauseC0until a new con�ict
is encountered,which is expectedto result in a smallerandmorepertinentcon�ict
clauseto belearned.

Con�ict clauseminimization wasintroducedby EénandSörensson[71] in their
solver MiniSat . The idea is to try to reducethe size of a learnedcon�ict clause
C by repeatedlyidentifying and removing any literals of C that are implied to be
FALSE when the rest of the literals in C are set to FALSE. This is achieved using
the subsumptionresolutionrule, which lets onederive a clauseA from (x_ A) and
(: x_ B) whereB � A (thederivedclauseA subsumestheantecedent(x_ A)). This
rule canbegeneralized,at theexpenseof extra computationalcostthatusuallypays
off, to a sequenceof subsumptionresolutionderivationssuchthat the �nal derived
clausesubsumesthe�rst antecedentclause.

Randomizedrestarts, introducedby Gomeset al. [102], allow clauselearning
algorithmsto arbitrarily stopthesearchandrestarttheir branchingprocessfrom de-
cisionlevel zero.All clauseslearnedsofarareretainedandnow treatedasadditional
initial clauses.Most of thecurrentSAT solvers,startingwith zChaff [170], employ
aggressive restartstrategies,sometimesrestartingafterasfew as20 to 50backtracks.
This hasbeenshown to helpimmenselyin reducingthesolutiontime. Theoretically,
unlimited restarts,performedat the correctstep,canprovably make clauselearning
verypowerful. Wewill discussrandomizedrestartsin moredetaillaterin thechapter.

2.2.3 ClauseLearning and Iterati veDPLL

Algorithm 2.2 givesthe top-level structureof a DPLL-basedSAT solver employing
clauselearning. Note that this algorithm is presentedherein the iterative format
(ratherthanrecursive) in which it is mostwidely usedin today's SAT solvers.

TheprocedureDecideNextBranch choosesthenext variableto branchon (and
thetruthvalueto setit to) usingeitherastaticor adynamicvariableselectionheuris-
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Algorithm 2.2: DPLL-ClauseLearning-Iterative
Input : A CNF formula
Output : UNSAT, or SAT alongwith asatisfyingassignment
begin

while TRUE do
DecideNextBranch
while TRUE do

status Deduce
if status= CONFLICTthen

blevel  AnalyzeConflict
if blevel= 0 then return UNSAT
Backtrack( blevel)

elseif status= SAT then
Outputcurrentassignmentstack
return SAT

else break

end

tic. TheprocedureDeduce appliesunit propagation,keepingtrackof any clausesthat
maybecomeempty, causingwhatis known asa con�ict. If all clauseshave beensat-
is�ed, it declaresthe formula to be satis�able.4 The procedureAnalyzeConflict
looksatthestructureof implicationsandcomputesfrom it a“con�ict clause”to learn.
It alsocomputesandreturnsthedecisionlevel thatoneneedsto backtrack.Notethat
thereis no explicit variable�ip in the entirealgorithm;onesimply learnsa con�ict
clausebeforebacktracking,andthis con�ict clauseoften implicitly “�ips” thevalue
of a decisionor implied variableby unit propagation.This will becomeclearerwhen
wediscussthedetailsof con�ict clauselearninganduniqueimplicationpoint.

In termsof notation,variablesassignedvaluesthroughtheactualvariableselec-
tion process(DecideNextBranch ) arecalleddecisionvariablesandthoseassigned
valuesasaresultof unit propagation(Deduce ) arecalledimpliedvariables.Decision
and implied literals areanalogouslyde�ned. Upon backtracking,the last decision
variableno longerremainsa decisionvariableandmight insteadbecomeanimplied
variabledependingon the clauseslearnedso far. The decisionlevel of a decision
variable x is onemorethanthe numberof currentdecisionvariablesat the time of
branchingon x. The decisionlevel of an implied variable y is the maximumof the
decisionlevelsof decisionvariablesusedto imply y; if y is implied a valuewithout
usingany decisionvariableat all, y hasdecisionlevel zero.Thedecisionlevel at any
stepof theunderlyingDPLL procedureis themaximumof thedecisionlevels of all
currentdecisionvariables,andzeroif thereis no decisionvariableyet. Thus,for in-
stance,if theclauselearningalgorithmstartsoff by branchingonx, thedecisionlevel
of x is 1 andthealgorithmat this stageis atdecisionlevel 1.

A clauselearningalgorithmstopsanddeclaresthegivenformulato beunsatis�-
ablewhenever unit propagation leadsto a con�ict at decisionlevel zero, i.e., when

4 In someimplementationsinvolving lazy datastructures,solvers do not keeptrack of the actual
numberof satis�edclauses.Instead,theformulais declaredto besatis�ablewhenall variableshave been
assignedtruthvaluesandnocon�ict is createdby thisassignment.
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no variableis currentlybranchedupon. This conditionis sometimesreferredto asa
con�ict at decisionlevel zero.

Clauselearninggrew out of work in arti�cial intelligenceseekingto improve the
performanceof backtracksearchalgorithmsby generatingexplanationsfor failure
(backtrack)points,andthenaddingtheexplanationsasnew constraintsontheoriginal
problem.Theresultsof Davis [62], deKleer andWilliams [63], Dechter[64], Gene-
sereth[82], StallmanandSussman[220], andothersprovedthisapproachto bequite
promising. For generalconstraintsatisfactionproblemsthe explanationsarecalled
“con�icts” or “no-goods”; in the caseof BooleanCNF satis�ability, the technique
becomesclauselearning—thereasonfor failure is learnedin the form of a “con�ict
clause”whichis addedto thesetof givenclauses.Despitetheinitial success,theearly
work in this areawaslimited by thelargenumbersof no-goodsgeneratedduringthe
search,which generallyinvolved many variablesand tendedto slow the constraint
solversdown. Clauselearningowesa lot of its practicalsuccessto subsequentre-
searchexploiting ef�cient lazy datastructuresandconstraintdatabasemanagement
strategies. Througha seriesof papersand often accompanying solvers, Bayardo
Jr. and Miranker [17], BayardoJr. and Schrag[19], Marques-Silva and Sakallah
[161], Moskewicz et al. [170], Zhang[236], Zhanget al. [240], andothersshowed
thatclauselearningcanbeef�ciently implementedandusedto solve hardproblems
thatcannotbeapproachedby any othertechnique.

In general,thelearningprocesshiddenin AnalyzeConflict is expectedto save
usfrom redoingthesamecomputationwhenwe laterhave anassignmentthatcauses
con�ict due in part to the samereason.Variationsof suchcon�ict-driven learning
includedifferentwaysof choosingthe clauseto learn (different learning schemes)
andpossiblyallowing multiple clausesto be learnedfrom a singlecon�ict. We next
formalizethegraph-basedframework usedto de�ne andcomputecon�ict clauses.

Implication Graph and Con�icts

Unit propagationcanbenaturallyassociatedwith animplicationgraphthatcaptures
all possiblewaysof deriving all implied literals from decisionliterals. In what fol-
lows, we usethe term knownclausesto refer to the clausesof the input formula as
well asto all clausesthathave beenlearnedby theclauselearningprocesssofar.

De�nition 1. TheimplicationgraphG at a givenstageof DPLL is a directedacyclic
graphwith edgeslabeledwith setsof clauses.It is constructedasfollows:

Step1: Createa nodefor eachdecisionliteral, labeledwith that literal. These
will betheindegree-zerosourcenodesof G.

Step2: While thereexistsaknown clauseC = (l1_ : : : lk_ l) suchthat: l1; : : : ; : lk
labelnodesin G,

i. Add anodelabeledl if notalreadypresentin G.

ii. Add edges(l i ; l );1 � i � k; if notalreadypresent.

iii. Add C to thelabelsetof theseedges.Theseedgesarethoughtof as
groupedtogetherandassociatedwith clauseC.
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Step3: Add to G a special“con�ict” nodeL . For any variablex thatoccursboth
positively andnegatively in G, adddirectededgesfrom x and: x to L .

Sinceall nodelabelsin G aredistinct,we identify nodeswith theliteralslabeling
them.Any variablex occurringbothpositively andnegatively in G is a con�ict vari-
able , andx aswell as: x arecon�ict literals. G containsa con�ict if it hasat least
onecon�ict variable.DPLL at a givenstagehasa con�ict if the implicationgraphat
thatstagecontainsa con�ict. A con�ict canequivalentlybe thoughtof asoccurring
whentheresidualformulacontainstheemptyclauseL . Notethatwe areusingL to
denotethenodeof theimplicationgraphrepresentinga con�ict, andL to denotethe
emptyclause.

By de�nition, the implication graphmay not containa con�ict at all, or it may
containmany con�ict variablesandseveral waysof deriving any single literal. To
betterunderstandandanalyzea con�ict whenit occurs,we work with a subgraphof
theimplicationgraph,calledthecon�ict graph(seeFigure2.1), thatcapturesonly one
amongpossiblymany waysof reachinga con�ict from the decisionvariablesusing
unit propagation.

a cut corresponding
to clause (Ø a ÚØ b)

Ø p

Ø q

b

a

Ø t

Ø x1

Ø x2

Ø x3

y

ØØØØ y

L

reason side conflict side

conflict
variable

Figure2.1: A con�ict graph

De�nition 2. A con�ict graphH is any subgraphof the implicationgraphwith the
following properties:

(a) H containsL andexactlyonecon�ict variable.

(b) All nodesin H have apathto L .

(c) Every nodel in H otherthanL eithercorrespondsto a decisionliteral or has
preciselythenodes: l1; : l2; : : : ; : lk aspredecessorswhere(l1_ l2_ : : :_ lk_ l)
is aknown clause.

While an implication graphmay or may not containcon�icts, a con�ict graph
alwayscontainsexactly one. Thechoiceof thecon�ict graphis partof thestrategy
of thesolver. A typical strategy will maintainonesubgraphof an implicationgraph
that hasproperties(b) and(c) from De�nition 2, but not property(a). This canbe



C.P. Gomesetal. 99

thoughtof asa uniqueinferencesubgraphof the implicationgraph.Whena con�ict
is reached,this uniqueinferencesubgraphis extendedto satisfyproperty(a) aswell,
resultingin acon�ict graph,which is thenusedto analyzethecon�ict.

Con�ict clauses

For a subsetU of theverticesof a graph,theedge-cut(henceforthcalleda cut) cor-
respondingto U is the setof all edgesgoing from verticesin U to verticesnot in
U.

Considertheimplicationgraphatastagewherethereis acon�ict and�x acon�ict
graphcontainedin that implicationgraph. Chooseany cut in thecon�ict graphthat
hasall decisionvariablesononeside,calledthereasonside, andL aswell asat least
onecon�ict literal on theotherside,calledthecon�ict side. All nodeson thereason
sidethathave at leastoneedgegoingto thecon�ict sideform a causeof thecon�ict.
Thenegationsof thecorrespondingliterals formsthecon�ict clauseassociatedwith
this cut.

Learning Schemes

Theessenceof clauselearningis capturedby thelearningschemeusedto analyzeand
learnthe“cause”of a failure. More concretely, differentcutsin a con�ict graphsep-
aratingdecisionvariablesfrom a setof nodescontainingL anda con�ict literal cor-
respondto differentlearningschemes(seeFigure2.2). Onemayalsode�ne learning
schemesbasedoncutsnot involving con�ict literalsatall suchasaschemesuggested
by Zhanget al. [240], but theeffectivenessof suchschemesis not clear. Thesewill
notbeconsideredhere.

FirstNewCut clause
(x1 Úx2 Úx3)

Decision clause
(p Úq ÚØ b)

1UIP clause
t

r el - sat clause
(Ø a ÚØ b)

Ø p

Ø q

b

a

Ø t

Ø x1

Ø x2

Ø x3

y

ØØØØ y

L

Figure2.2: Learningschemescorrespondingto differentcutsin thecon�ict graph

It is insightful to think of thenondeterministicschemeasthemostgenerallearn-
ing scheme.Herewe selectthe cut nondeterministically, choosing,whenever pos-
sible, onewhoseassociatedclauseis not alreadyknown. Sincewe canrepeatedly
branchon the samelast variable,nondeterministiclearningsubsumeslearningmul-
tiple clausesfrom a singlecon�ict aslong asthesetsof nodeson thereasonsideof
thecorrespondingcutsform a(set-wise)decreasingsequence.For simplicity, wewill
assumethatonly oneclauseis learnedfrom any con�ict.
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In practice,however, we employ deterministicschemes.The decisionscheme
[240], for example,usesthecut whosereasonsidecomprisesall decisionvariables.
Relsat [19] usesthecut whosecon�ict sideconsistsof all implied variablesat the
currentdecisionlevel. This schemeallows the con�ict clauseto have exactly one
variablefrom the currentdecisionlevel, causingan automatic�ip in its assignment
uponbacktracking.In the exampledepictedin Figure2.2, the decisionclause(p_
q_ : b) hasb astheonly variablefrom thecurrentdecisionlevel. After learningthis
con�ict clauseandbacktrackingby unassigningb, the truth valuesof p andq (both
FALSE) immediatelyimply : b, �ipping thevalueof b from TRUE to FALSE.

This nice �ipping property holds in generalfor all unique implication points
(UIPs) [161]. A UIP of an implication graphis a nodeat the currentdecisionlevel
d suchthatevery pathfrom thedecisionvariableat level d to thecon�ict variableor
its negationmustgo throughit. Intuitively, it is a singlereasonat level d thatcauses
thecon�ict. Whereasrelsat usesthedecisionvariableastheobviousUIP, Grasp
[161] andzChaff [170] useFirstUIP, theonethatis “closest”to thecon�ict variable.
Grasp alsolearnsmultipleclauseswhenfacedwith acon�ict. Thismakesit typically
requirefewerbranchingstepsbut possiblyslowerbecauseof thetime lost in learning
andunit propagation.

The conceptof UIP canbe generalizedto decisionlevels otherthanthe current
one.The1UIP schemecorrespondsto learningtheFirstUIPclauseof thecurrentde-
cisionlevel, the2UIP schemeto learningtheFirstUIPclausesof boththecurrentlevel
andthe onebefore,andso on. Zhanget al. [240] presenta comparisonof all these
andotherlearningschemesandconcludethat1UIP is quite robust andoutperforms
all otherschemesthey consideronmostof thebenchmarks.

Anotherlearningscheme,which underliestheproof of a theoremto bepresented
in thenext section,is theFirstNewCutscheme[22]. This schemestartswith thecut
thatis closestto thecon�ict literalsanditeratively movesit backtowardthedecision
variablesuntil a con�ict clausethat is not alreadyknown is found; hencethe name
FirstNewCut.

2.2.4 A Proof Complexity Perspective

Propositionalproof complexity is the studyof the structureof proofsof validity of
mathematicalstatementsexpressedin a propositionalor Booleanform. Cook and
Reckhow [52] introducedtheformalnotionof aproofsystemin orderto studymath-
ematicalproofsfrom acomputationalperspective. They de�nedapropositionalproof
systemto beanef�cient algorithmA that takesasinput a propositionalstatementS
anda purportedproof p of its validity in a certainpre-speci�edformat. Thecrucial
propertyof A is that for all invalid statementsS, it rejectsthe pair (S;p) for all p,
andfor all valid statementsS, it acceptsthepair (S;p) for someproof p. This notion
of proof systemscanbealternatively formulatedin termsof unsatis�ableformulas—
thosethatareFALSE for all assignmentsto thevariables.

They further observed that if thereis no propositionalproof systemthat admits
short(polynomialin size)proofsof validity of all tautologies,i.e., if thereexist com-
putationallyhardtautologiesfor every propositionalproof system,thenthecomplex-
ity classesNP andco-NParedifferent,andhenceP 6= NP. This observation makes
�nding tautologicalformulas(equivalently, unsatis�ableformulas)thatarecomputa-
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tionally dif�cult for variousproofsystemsoneof thecentraltasksof proofcomplexity
research,with farreachingconsequencesto complexity theoryandComputerScience
in general.Thesehardformulasnaturallyyield ahierarchy of proofsystemsbasedon
thesizesof proofsthey admit. Tremendousamountof researchhasgoneinto under-
standingthis hierarchicalstructure.BeameandPitassi[23] summarizemany of the
resultsobtainedin thisarea.

To understandcurrentcompleteSAT solvers,we focuson theproofsystemcalled
resolution, denotedhenceforthasRES. It is a very simplesystemwith only onerule
whichappliesto disjunctionsof propositionalvariablesandtheirnegations:(a OR B)
and (( NOT a) OR C) togetherimply (B OR C). Repeatedapplicationof this rule
suf�ces toderiveanemptydisjunctionif andonly if theinitial formulais unsatis�able;
suchaderivationservesasaproofof unsatis�ability of theformula.

Despiteits simplicity, unrestrictedresolutionasde�ned above (alsocalledgen-
eral resolution) is hardto implementef�ciently dueto thedif�culty of �nding good
choicesof clausesto resolve; naturalchoicestypically yield hugestoragerequire-
ments.Variousrestrictionson thestructureof resolutionproofsleadto lesspowerful
but easierto implementre�nementsthathave beenstudiedextensively in proof com-
plexity. Thoseof specialinterestto us aretree-like resolution, whereevery derived
clauseis usedat most oncein the refutation,and regular resolution, whereevery
variableis resolved uponat most one in any “path” from the initial clausesto the
emptyclause. While theseandother re�nementsaresoundandcompleteasproof
systems,they differ vastly in ef�ciency. For instance,in a seriesof results,Bonet
etal. [34], BonetandGalesi[35], andBuresh-OppenheimandPitassi[41] haveshown
that regular, ordered,linear, positive, negative, andsemanticresolutionareall expo-
nentiallystrongerthantree-like resolution.On theotherhand,Bonetet al. [34] and
Alekhnovich et al. [7] have proved that tree-like, regular, andorderedresolutionare
exponentiallyweaker thanRES.

Mostof today's completeSAT solversimplementa subsetof theresolutionproof
system.However, till recently, it wasn't clearwhereexactly do they �t in theproof
systemhierarchy andhow do they compareto re�nementsof resolutionsuchasreg-
ular resolution. Clauselearningand randomrestartscan be consideredto be two
of the most importantideasthat have lifted the scopeof modernSAT solversfrom
experimentaltoy problemsto large instancestaken from realworld challenges.De-
spiteoverwhelmingempiricalevidence,for many yearsnot muchwasknown of the
ultimatestrengthsandweaknessesof thetwo.

Beame,Kautz,andSabharwal [22, 199] answeredseveralof thesequestionsin a
formal proof complexity framework. They gave the �rst precisecharacterizationof
clauselearningasa proof systemcalledCL andbegan the taskof understandingits
power by relatingit to resolution.In particular, they showedthatwith a new learning
schemecalledFirstNewCut,clauselearningcanprovideexponentiallyshorterproofs
thanany properre�nement of generalresolutionsatisfyinga naturalself-reduction
property. Theseincluderegularandorderedresolution,which arealreadyknown to
bemuchstrongerthantheordinaryDPLL procedurewhich capturesmostof theSAT
solversthatdonot incorporateclauselearning.They alsoshowedthataslightvariant
of clauselearningwith unlimitedrestartsis aspowerful asgeneralresolutionitself.

Fromthebasicproof complexity point of view, only familiesof unsatis�ablefor-
mulasareof interestbecauseonly proofsof unsatis�ability canbe large; minimum
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proofsof satis�ability arelinear in thenumberof variablesof the formula. In prac-
tice, however, many interestingformulasaresatis�able. To justify the approachof
usinga proof systemCL, we referto thework of Achlioptas,Beame,andMolloy [2]
whohaveshown how negativeproofcomplexity resultsfor unsatis�ableformulascan
beusedto derive run time lower boundsfor speci�c inferencealgorithms,especially
DPLL, running on satis�able formulasas well. The key observation in their work
is that beforehitting a satisfyingassignment,an algorithmis very likely to explore
a large unsatis�ablepart of the searchspacethat resultsfrom the �rst badvariable
assignment.

Proof complexity doesnot captureeverythingwe intuitively meanby the power
of a reasoningsystembecauseit saysnothingabouthow dif�cult it is to �nd short-
estproofs. However, it is a goodnotion with which to begin our analysisbecause
thesizeof proofsprovidesa lower boundon therunningtime of any implementation
of the system.In the systemswe consider, a branchingfunction,which determines
which variableto split uponor which pair of clausesto resolve,guidesthesearch.A
negative proof complexity resultfor a system(“proofs mustbelargein this system”)
tells us that a family of formulasis intractableeven with a perfectbranchingfunc-
tion; likewise,a positive result(“small proofsexist”) givesushopeof �nding a good
branchingfunction,i.e.,abranchingfunctionthathelpsusuncover asmallproof.

Webegin with aneasyto prove relationshipbetweenDPLL (withoutclauselearn-
ing) andtree-like resolution(for a formalproof,seee.g.[199]).

Proposition1. For a CNFformulaF, thesizeof thesmallestDPLL refutationof F is
equalto thesizeof thesmallesttree-like resolutionrefutationof F.

Theinterestingpartis to understandwhathappenswhenclauselearningis brought
into thepicture. It hasbeenpreviously observedby LynceandMarques-Silva [157]
thatclauselearningcanbeviewedasaddingresolventsto atree-likeresolutionproof.
The following resultsshow further that clauselearning,viewed as a propositional
proof systemCL, is exponentiallystrongerthantree-like resolution. This explains,
formally, theperformancegainsobservedempiricallywhenclauselearningis added
to DPLL basedsolvers.

ClauseLearning Proofs

The notion of clauselearningproofs connectsclauselearningwith resolutionand
providesthebasisfor thecomplexity boundsto follow. If agivenformulaF is unsat-
is�able, theclauselearningbasedDPLL processterminateswith acon�ict atdecision
level zero. Sinceall clausesusedin this �nal con�ict themselvesfollow directly or
indirectly from F, this failure of clauselearningin �nding a satisfyingassignment
constitutesa logicalproofof unsatis�ability of F. In aninformalsense,wedenoteby
CL theproof systemconsistingof all suchproofs;this canbemadepreciseusingthe
notionof abranchingsequence[22]. Theresultsbelow comparethesizesof proofsin
CL with thesizesof (possiblyrestricted)resolutionproofs.Notethatclauselearning
algorithmscanuseoneof many learningschemes,resultingin differentproofs.

Wenext de�ne whatit meansfor a re�nementof aproofsystemto benaturaland
proper. Let CS(F) denotethe lengthof a shortestrefutationof a formulaF undera
proofsystemS.
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De�nition 3 ([22, 199]). For proof systemsSandT, anda function f : N ! [1;¥ ),

� S is natural if for any formulaF andrestrictionr on its variables,CS(Fjr ) �
CS(F).

� Sis a re�nementof T if proofsin Sarealso(restricted)proofsin T.

� S is f (n)-proper asa re�nementof T if thereexistsa witnessingfamily f Fng
of formulassuchthatCS(Fn) � f (n) � CT (Fn). There�nementis exponentially-
proper if f (n) = 2nW(1)

andsuper-polynomially-proper if f (n) = nw(1) .

Under this de�nition, tree-like, regular, linear, positive, negative, semantic,and
orderedresolutionarenaturalre�nementsof RES, andfurther, tree-like, regular, and
orderedresolutionareexponentially-proper[7, 34].

Now we are readyto statethe somewhat technicaltheoremrelating the clause
learningprocessto resolution,whosecorollariesarenonethelesseasyto understand.
Theproofof thistheoremis basedonanexplicit constructionof so-called“proof-trace
extension”formulas,which interestinglyallow oneto translateanyknown separation
resultbetweenRES anda naturalproperre�nementS of RES into a separationbe-
tweenCL andS.

Theorem1 ([22, 199]). For any f (n)-propernatural re�nementSof RES andfor CL
usingthe FirstNewCut schemeand no restarts,there exist formulasf Fng such that
CS(Fn) � f (n) � CCL(Fn).

Corollary 1. CL canprovideexponentiallyshorterproofsthantree-like, regular, and
orderedresolution.

Corollary 2. Either CL is nota natural proofsystemor it is equivalentin strengthto
RES.

Weremarkthatthis leavesopenthepossibilitythatCL maynotbeableto simulate
all regular resolutionproofs. In this context, MacKenzie[158] hasusedarguments
similar to thoseof Beameet al. [20] to prove thata naturalvariantof clauselearning
canindeedsimulateall of regularresolution.

Finally, let CL-- denotethevariantof CL whereoneis allowedtobranchonaliteral
whosevalueis alreadysetexplicitly or becauseof unit propagation. Of course,such
arelaxationis uselessin ordinaryDPLL; thereis nobene�t in branchingonavariable
thatdoesn't evenappearin theresidualformula.However, with clauselearning,such
abranchcanleadto animmediatecon�ict andallow oneto learnakey con�ict clause
thatwould otherwisehave not beenlearned.This propertycanbeusedto prove that
RES canbeef�ciently simulatedby CL-- with enoughrestarts.In thiscontext, aclause
learningschemewill becallednon-redundantif onacon�ict, it alwayslearnsaclause
notalreadyknown. Mostof thepracticalclauselearningschemesarenon-redundant.

Theorem 2 ([22, 199]). CL-- with anynon-redundantschemeandunlimitedrestarts
is polynomiallyequivalentto RES.

We note that by choosingthe restartpoints in a smartway, CL togetherwith
restartscanbe convertedinto a completealgorithmfor satis�ability testing,i.e., for



104 2. Satis�ability Solvers

all unsatis�ableformulasgiven asinput, it will halt andprovide a proof of unsatis-
�ability [16, 102]. The theoremabove makesa muchstrongerclaim abouta slight
variantof CL, namely, with enoughrestarts,this variant canalways �nd proofsof
unsatis�ability thatareasshortasthoseof RES.

2.2.5 Symmetry Breaking

Oneaspectof many theoreticalaswell asreal-world problemsthatmeritsattentionis
thepresenceof symmetryor equivalenceamongsttheunderlyingobjects.Symmetry
canbe de�ned informally asa mappingof a constraintsatisfactionproblem(CSP)
onto itself that preservesits structureaswell as its solutions. The conceptof sym-
metry in the context of SAT solversandin termsof higherlevel problemobjectsis
bestexplainedthroughsomeexamplesof the many applicationareaswhereit nat-
urally occurs. For instance,in FPGA (�eld programmablegatearray)routing used
in electronicsdesign,all availablewiresor channelsusedfor connectingtwo switch
boxesareequivalent; in our design,it doesnot matterwhetherwe usewire #1 be-
tweenconnectorX andconnectorY, or wire #2, or wire #3, or any otheravailable
wire. Similarly, in circuit modeling,all gatesof thesame“type” areinterchangeable,
andsoaretheinputsto a multiple fan-inAND or OR gate(i.e.,a gatewith several in-
puts);in planning,all identicalboxesthatneedto bemovedfrom city A to city B are
equivalent; in multi-processorscheduling,all availableprocessorsareequivalent; in
cachecoherency protocolsin distributedcomputing,all availableidenticalcachesare
equivalent. A key propertyof suchobjectsis thatwhenselectingk of them,we can
choose,withoutlossof generality, any k. Thiswithout-loss-of-generalityreasoningis
whatwewould like to incorporatein anautomaticfashion.

Thequestionof symmetryexploitationthatwe areinterestedin addressingarises
wheninstancesfrom domainssuchasthe onesmentionedabove aretranslatedinto
CNF formulasto befed to a SAT solver. A CNF formulaconsistsof constraintsover
differentkindsof variablesthat typically representtuplesof thesehigh level objects
(e.g.wires, boxes,etc.) andtheir interactionwith eachother. For example,during
theproblemmodelingphase,we couldhave a Booleanvariablezw;c that is TRUE if f
the �rst endof wire w is attachedto connectorc. Whenthis formula is converted
into DIMACS format for a SAT solver, thesemanticmeaningof thevariables,that,
say, variable1324is associatedwith wire #23andconnector#5, is discarded.Con-
sequently, in this translation,the global notion of the obvious interchangeabilityof
the setof wire objectsis lost, andinsteadmanifestsitself indirectly asa symmetry
betweenthe (numbered)variablesof the formula andthereforealsoasa symmetry
within the set of satisfying(or un-satisfying)variableassignments.Thesesetsof
symmetricsatisfyingandun-satisfyingassignmentsarti�cially explodeboth thesat-
is�able andthe unsatis�ablepartsof the searchspace,the latter of which canbe a
challengingobstaclefor aSAT solversearchingfor asatisfyingassignment.

Oneof the mostsuccessfultechniquesfor handlingsymmetryin both SAT and
generalCSPsoriginatesfrom the work of Puget[187], who showed that symme-
tries canbe broken by addingone lexicographicorderingconstraintper symmetry.
Crawford et al. [55] showed how this canbe doneby addinga setof simple “lex-
constraints”or symmetrybreakingpredicates(SBPs)to the input speci�cation to
weedout all but the lexically-�rst solutions. The idea is to identify the group of
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permutationsof variablesthatkeeptheCNF formulaunchanged.For eachsuchper-
mutationp, clausesareaddedsothatfor everysatisfyingassignments for theoriginal
problem,whosepermutationp(s ) is alsoa satisfyingassignment,only thelexically-
�rst of s andp(s ) satis�estheaddedclauses.In thecontext of CSPs,therehasbeen
a lot of work in theareaof SBPs.PetrieandSmith [182] extendedthe ideato value
symmetries,Puget[189] appliedit to productsof variableandvaluesymmetries,and
Walsh [231] generalizedthe conceptto symmetriesacting simultaneouslyon vari-
ablesandvalues,on setvariables,etc.Puget[188] hasrecentlyproposeda technique
for creatingdynamiclex-constraints,with thegoalof minimizing adverseinteraction
with thevariableorderingusedin thesearchtree.

In thecontext of SAT, valuesymmetriesfor thehigh-level variablesnaturallyman-
ifest themselves as low-level variablesymmetries,and work on SBPshastaken a
differentpath. Tools suchasShatter by Aloul et al. [8] improve upon the basic
SBPtechniqueby using lex-constraintswhosesize is only linear in the numberof
variablesratherthanquadratic.Further, they usegraphisomorphismdetectorslike
Saucy by Darga et al. [56] to generatesymmetrybreakingpredicatesonly for the
generatorsof the algebraicgroupsof symmetry. This latter problemof computing
graphisomorphism,however, is not known to have any polynomialtime algorithms,
andis conjecturedto bestrictly betweenthecomplexity classesP andNP [cf. 136].
Hence,onemustresortto heuristicor approximatesolutions.Further, while thereare
formulasfor which few SBPssuf�ce, thenumberof SBPsoneneedsto addin order
to breakall symmetriescanbeexponential.This is typically handledin practiceby
discarding“large” symmetries,i.e.,thoseinvolving toomany variableswith respectto
a �x edthreshold.Thismay, however, sometimesresultin muchslowerSAT solutions
in domainssuchascliquecoloringandlogisticsplanning.

A very differentandindirect approachfor addressingsymmetryis embodiedin
SAT solvers suchas PBS by Aloul et al. [9], pbChaff by Dixon et al. [68], and
Galena by Chai andKuehlmann[44], which utilize non-CNFformulationsknown
aspseudo-Booleaninequalities.Their logic reasoningis basedon what is calledthe
CuttingPlanesproof systemwhich,asshown by Cooket al. [53], is strictly stronger
thanresolutiononwhichDPLL typeCNFsolversarebased.Sincethismorepowerful
proof systemis dif�cult to implementin its full generality, pseudo-Booleansolvers
oftenimplementonly a subsetof it, typically learningonly CNF clausesor restricted
pseudo-Booleanconstraintsupon a con�ict. Pseudo-Booleansolvers may lead to
purelysyntacticrepresentationalef�ciency in caseswherea singleconstraintsuchas
y1 + y2 + : : : + yk � 1 is equivalentto

� k
2

�
binaryclauses.More importantly, they are

relevantto symmetrybecausethey sometimesallow implicit encoding.For instance,
thesingleconstraintx1+ x2+ : : :+ xn � movern variablescapturestheessenceof the
pigeonholeformulaPHPn

m over nmvariableswhich is provablyexponentiallyhardto
solve usingresolution-basedmethodswithout symmetryconsiderations[108]. This
implicit representation,however, is not suitablein certainapplicationssuchasclique
coloring andplanningthat we discuss.In fact, for unsatis�ableclique coloring in-
stances,evenpseudo-Booleansolversprovably requireexponentialtime.

Onecould conceivably keepthe CNF input unchangedbut modify the solver to
detectandhandlesymmetriesduring the searchphaseasthey occur. Although this
approachis quitenatural,we areunawareof its implementationin a generalpurpose
SAT solverbesidessEqSatz by Li etal. [151], whichhasbeenshown to beeffective
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on matrix multiplication and polynomial multiplication problems. Symmetryhan-
dling during searchhasbeenexploredwith mixed resultsin the CSPdomainusing
frameworks like SBDD andSBDS[e.g. 72, 73, 84, 87]. Relatedwork in SAT has
beendonein thespeci�c areasof automatictestpatterngenerationby Marques-Silva
and Sakallah[162] and SAT-basedmodel checkingby Shtrichman[214]. In both
cases,the solver utilizes global informationobtainedat a stageto make subsequent
stagesfaster. In otherdomain-speci�cwork on symmetriesin problemsrelevant to
SAT, Fox andLong [74] proposea framework for handlingsymmetryin planning
problemssolved usingthe planninggraphframework. They detectequivalencebe-
tweenvariousobjectsin theplanninginstanceandusethis informationto reducethe
searchspaceexploredby their planner. Unlike typical SAT-basedplanners,this ap-
proachdoesnot guaranteeplansof optimal lengthwhenmultiple (non-con�icting)
actionsareallowed to be performedat eachtime stepin parallel. Fortunately, this
issuedoesnotarisein theSymChaff approachfor SAT to bementionedshortly.

Dixon etal. [67] giveagenericmethodof representinganddynamicallymaintain-
ing symmetryin SAT solversusingalgebraictechniquesthat guaranteepolynomial
sizeunsatis�ability proofsof many dif�cult formulas.Thestrengthof their work lies
in astronggrouptheoreticfoundationandcomprehensivenessin handlingall possible
symmetries.Thecomputationsinvolving groupoperationsthatunderlietheir current
implementationare,however, oftenquiteexpensive.

Whenviewing completeSAT solversas implementationsof proof systems,the
challengewith respectto symmetryexploitation is to pushtheunderlyingproof sys-
temupin theweak-to-strongproofcomplexity hierarchy withoutincurringthesigni�-
cantcostthattypically comesfrom largesearchspacesassociatedwith complex proof
systems.While mostof thecurrentSAT solversimplementsubsetsof theresolution
proofsystem,adifferentkind of solvercalledSymChaff [199, 200] bringsit upcloser
to symmetricresolution, a proof systemknown to beexponentiallystrongerthanres-
olution [139, 226]. More critically, it achieves this in a time- and space-ef�cient
manner. Interestingly, while SymChaff involvesaddingstructureto theproblemde-
scription,it still stayswithin therealmof SAT solvers(asopposedtousingaconstraint
programming(CP)approach),therebyexploiting themany bene�tsof theCNF form
andtheadvancesin state-of-the-artSAT solvers.

As a structure-awaresolver, SymChaff incorporatesseveralnew ideas,including
simplebut effective symmetryrepresentation,multiway branchingbasedon variable
classesandsymmetrysets,andsymmetriclearningasanextensionof clauselearning
to multiway branches.Two key placeswhereit differs from earlierapproachesare
in usinghigh level problemdescriptionto obtainsymmetryinformation(insteadof
trying to recover it from the CNF formula) andin maintainingthis informationdy-
namicallybut without usinga complex grouptheoreticmachinery. This allows it to
overcomemany drawbacksof previously proposedsolutions.It is shown, in particu-
lar, thatstraightforwardannotationin theusualPDDL speci�cationof planningprob-
lemsis enoughto automaticallyandquickly generaterelevantsymmetryinformation,
which in turnmakesthesearchfor anoptimalplanseveralordersof magnitudefaster.
Similarperformancegainsareseenin otherdomainsaswell.
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2.3 SAT Solver Technology—IncompleteMethods

An incompletemethodfor solving the SAT problemis one that doesnot provide
the guaranteethat it will eventually either report a satisfyingassignmentor prove
thegiven formulaunsatis�able.Sucha methodis typically run with a pre-setlimit,
after which it may or may not producea solution. Unlike the systematicsolvers
basedon anexhaustive branchingandbacktrackingsearch,incompletemethodsare
generallybasedon stochasticlocal search. On problemsfrom a varietyof domains,
suchincompletemethodsfor SAT cansigni�cantly outperformDPLL-basedmethods.
Sincetheearly1990's, therehasbeenatremendousamountof researchondesigning,
understanding,and improving local searchmethodsfor SAT [e.g. 43, 77, 88, 89,
104, 105, 109, 113, 114, 116, 132, 137, 152, 164, 180, 183, 191, 206, 219] aswell
as on hybrid approachesthat attemptto combineDPLL and local searchmethods
[e.g. 10, 106, 163, 185, 195].5 We begin this sectionby discussingtwo methods
thatplayeda key role in thesuccessof local searchin SAT, namelyGSAT[213] and
Walksat [211]. We will thenexplore the phasetransitionphenomenonin random
SAT anda relatively new incompletetechniquecalledSurvey Propagation. We note
that therearealsootherexciting relatedsolutiontechniquessuchasthosebasedon
Lagrangianmethods[207, 229, 235] and translationto integer programming[112,
124].

The original impetusfor trying a local searchmethodon satis�ability problems
wasthesuccessfulapplicationof suchmethodsfor �nding solutionsto largeN-queens
problems,�rst usinga connectionistsystemby Adorf andJohnston[6], andthenus-
ing greedylocal searchby Minton et al. [167]. It wasoriginally assumedthat this
successsimply indicatedthatN-queenswasaneasyproblem,andresearchersfelt that
suchtechniqueswould fail in practicefor SAT. In particular, it wasbelievedthatlocal
searchmethodswouldeasilygetstuckin localminima,with a few clausesremaining
unsatis�ed.TheGSATexperimentsshowed,however, thatcertainlocal searchstrate-
giesoftendo reachglobalminima,in many casesmuchfasterthansystematicsearch
strategies.

GSATis basedonarandomizedlocalsearchtechnique[153, 177]. ThebasicGSAT
procedure,introducedby Selmanet al. [213] anddescribedhereasAlgorithm 2.3,
startswith a randomlygeneratedtruth assignment.It thengreedilychanges(`�ips')
theassignmentof thevariablethat leadsto thegreatestdecreasein the total number
of unsatis�edclauses.Such�ips arerepeateduntil eithera satisfyingassignmentis
foundor apre-setmaximumnumberof �ips (MAX-FLIPS) is reached.Thisprocessis
repeatedasneeded,up to amaximumof MAX-TRIES times.

Selmanet al. showed that GSATsubstantiallyoutperformedeven the bestback-
trackingsearchproceduresof thetime on variousclassesof formulas,includingran-
domlygeneratedformulasandSAT encodingsof graphcoloringproblems[123]. The
searchof GSATtypically beginswith a rapidgreedydescenttowardsa betterassign-
ment,followed by long sequencesof “sideways” moves,i.e., movesthat do not in-
creaseor decreasethe total numberof unsatis�edclauses.In thesearchspace,each
collectionof truth assignmentsthatareconnectedtogetherby a sequenceof possible

5 As in ourdiscussionof thecompleteSAT solvers,wecannotdo justiceto all recentresearchin local
searchsolvers for SAT. We will again try to provide a brief overview and touchuponsomeinteresting
details.
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Algorithm 2.3: GSAT(F)
Input : A CNF formulaF
Parameters : IntegersMAX-FLIPS, MAX-TRIES

Output : A satisfyingassignmentfor F, or FAIL
begin

for i  1 to MAX-TRIES do
s  a randomlygeneratedtruthassignmentfor F
for j  1 to MAX-FLIPS do

if s satis�esF then return s // success
v  avariable�ipping which resultsin thegreatestdecrease

(possiblynegative) in thenumberof unsatis�edclauses
Flip v in s

return FAIL // no satisfying assignment found
end

sidewaysmovesis referredto asa plateau. Experimentsindicatethat on many for-
mulas,GSATspendsmostof its time moving from plateauto plateau.Interestingly,
Franketal. [77] observedthatin practice,almostall plateausdohaveso-called“exits”
that leadto anotherplateauwith a lower numberof unsatis�edclauses.Intuitively,
in a very high dimensionalsearchspacesuchasthe spaceof a 10,000variablefor-
mula,it is very rareto encounterlocal minima,which areplateausfrom wherethere
is no local move that decreasesthe numberof unsatis�edclauses.In practice,this
meansthatGSATmostoftendoesnot getstuckin local minima,althoughit maytake
a substantialamountof time on eachplateaubeforemoving on to thenext one.This
motivatesstudyingvariousmodi�cationsin orderto speedupthisprocess[209, 210].
Oneof themostsuccessfulstrategiesis to introducenoiseinto thesearchin theform
of uphill moves,which forms thebasisof thenow well-known local searchmethod
for SAT calledWalksat [211].

Walksat interleaves the greedymovesof GSATwith randomwalk movesof a
standardMetropolissearch.It furtherfocusesthesearchby alwaysselectingthevari-
ableto �ip from anunsatis�edclauseC (chosenat random).If thereis avariablein C
�ipping which doesnot turn any currentlysatis�edclausesto unsatis�ed,it �ips this
variable(a “freebie” move). Otherwise,with a certainprobability, it �ips a random
literal of C (a “randomwalk” move), andwith the remainingprobability, it �ips a
variablein C that minimizesthe break-count, i.e., the numberof currentlysatis�ed
clausesthat becomeunsatis�ed(a “greedy” move). Walksat is presentedin detail
asAlgorithm 2.4. Oneof its parameters,in additionto themaximumnumberof tries
and�ips, is thenoisep 2 [0;1], whichcontrolshow oftenarenon-greedymovescon-
sideredduring the stochasticsearch.It hasbeenfound empirically that for various
problemsfrom asingledomain,asinglevalueof p is optimal.

The focusingstrategy of Walksat basedon selectingvariablessolely from un-
satis�ed clauseswasinspiredby the O(n2) randomizedalgorithmfor 2-SAT by Pa-
padimitriou[178]. It canbeshown that for any satis�ableformulaandstartingfrom
any truthassignment,thereexistsasequenceof �ips usingonly variablesfrom unsat-
is�ed clausessuchthatoneobtainsasatisfyingassignment.
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Algorithm 2.4: Walksat (F)
Input : A CNF formulaF
Parameters : IntegersMAX-FLIPS, MAX-TRIES; noiseparameterp 2 [0;1]
Output : A satisfyingassignmentfor F, or FAIL
begin

for i  1 to MAX-TRIES do
s  a randomlygeneratedtruthassignmentfor F
for j  1 to MAX-FLIPS do

if s satis�esF then return s // success
C  anunsatis�edclauseof F chosenat random
if 9 variablex 2 C with break-count= 0 then

v  x // freebie move

else
With probability p: // random walk move

v  avariablein C chosenat random
With probability1� p: // greedy move

v  avariablein C with thesmallestbreak-count
Flip v in s

return FAIL // no satisfying assignment found
end

Whenonecomparesthebiasedrandomwalk strategy of Walksat onhardrandom
3-CNFformulasagainstbasicGSAT, thesimulatedannealingprocessof Kirkpatrick
et al. [131], anda purerandomwalk strategy, thebiasedrandomwalk processsignif-
icantly outperformstheothermethods[210]. In theyearsfollowing thedevelopment
of Walksat , many similar methodshave beenshown to be highly effective on not
only randomformulasbut onmany classesof structuredinstances,suchasencodings
of circuit designproblems,Steinertreeproblems,problemsin �nite algebra,andAI
planning[cf. 116]. Variousextensionsof thebasicprocesshave alsobeenexplored,
suchas dynamicsearchpolicies like adapt-novelty [114], incorporatingunit
clauseeliminationas in the solver UnitWalk [109], andexploiting problemstruc-
ture for increasedef�ciency [183]. Recently, it wasshown that the performanceof
stochasticsolversonmany structuredproblemscanbefurtherenhancedby usingnew
SAT encodingsthataredesignedto beeffective for local search[186].

2.3.1 The PhaseTransition Phenomenonin Randomk-SAT

One of the key motivations in the early 1990's for studying incomplete,stochas-
tic methodsfor solving SAT problemswasthe �nding that DPLL-basedsystematic
solversperformquitepoorlyoncertainrandomlygeneratedformulas.Consideraran-
domk-CNF formulaF on n variablesgeneratedby independentlycreatingm clauses
asfollows: for eachclause,selectk distinctvariablesuniformly at randomout of the
n variablesandnegateeachvariablewith probability0.5.WhenF is chosenfrom this
distribution, Mitchell, Selman,andLevesque[168] observed that the medianhard-
nessof theproblemsis very nicely characterizedby a key parameter:theclause-to-
variable ratio, m=n, typically denotedby a . They observed that problemhardness
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peaksin a critically constrainedregion determinedby a alone.Theleft paneof Fig-
ure2.3depictsthenow well-known “easy-hard-easy”patternof SAT andothercombi-
natorialproblems,asthekey parameter(in this casea ) is varied.For random3-SAT,
this region hasbeenexperimentallyshown to bearounda � 4:26 (see[54, 132] for
earlyresults),andhasprovidedchallengingbenchmarksasatest-bedfor SAT solvers.
Cheesemanetal. [45] observedasimilareasy-hard-easypatternin randomgraphcol-
oring problems. For randomformulas,interestingly, a slight naturalvariantof the
above “�x ed-clause-length”model,calledthevariable-clause-lengthmodel,doesnot
have a clearsetof parametersthat leadsto a hardsetof instances[76, 92, 190]. This
apparentdif�culty in generatingcomputationallyhardinstancesfor SAT solverspro-
vided the impetusfor muchof theearlywork on local searchmethodsfor SAT. We
referthereaderto [50] for anicesurvey.
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Figure2.3: Thephasetransitionphenomenonin random3-SAT. Left: Computational
hardnesspeaksata � 4:26. Right: Problemschangefrom beingmostlysatis�ableto
mostlyunsatis�able.Thetransitionssharpenasthenumberof variablesgrows.

This critically constrainedregion marksa starktransitionnot only in thecompu-
tationalhardnessof randomSAT instancesbut alsoin their satis�ability itself. The
right paneof Figure2.3shows thefractionof randomformulasthatareunsatis�able,
asa functionof a . We seethatnearlyall problemswith a below thecritical region
(theunder-constrainedproblems)aresatis�able.As a approachesandpassesthecrit-
ical region, thereis a suddenchangeandnearlyall problemsin this over-constrained
region areunsatis�able. Further, asn grows, this phasetransitionphenomenonbe-
comessharperandsharper, andcoincideswith theregion in which thecomputational
hardnesspeaks.The relative hardnessof the instancesin the unsatis�ableregion to
the right of the phasetransitionis consistentwith the formal resultof Chvátal and
Szemeŕedi [48] who, building uponthe work of Haken [108], proved that large un-
satis�ablerandomk-CNF formulasalmostsurelyrequireexponentialsizeresolution
refutations,andthusexponentiallengthrunsof any DPLL-basedalgorithmproving
unsatis�ability. This formal resultwassubsequentlyre�ned andstrengthenedby oth-
ers[cf. 21, 24, 49].

Relatingthephasetransitionphenomenonfor 3-SAT to statisticalphysics,Kirk-
patrick and Selman[132] showed that the thresholdhascharacteristicstypical of
phasetransitionsin thestatisticalmechanicsof disorderedmaterials(seealso[169]).
Physicistshave studiedphasetransitionphenomenain greatdetail becauseof the
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many interestingchangesin a system's macroscopicbehavior that occur at phase
boundaries.Oneusefultool for theanalysisof phasetransitionphenomenais called
�nite-size scalinganalysis. This approachis basedon rescalingthe horizontalaxis
by a factor that is a function of n. The function is suchthat the horizontalaxis is
stretchedout for largern. In effect, rescaling“slows down” thephase-transitionfor
highervaluesof n, andthusgivesusa betterlook insidethetransition.Fromthere-
sultinguniversalcurve,applyingthescalingfunctionbackwards,theactualtransition
curve for eachvalueof n canbeobtained.In principle, this approachalsolocalizes
the50%-satis�able-pointfor any valueof n, whichallowsoneto generatethehardest
possiblerandom3-SAT instances.

Interestingly, it is still not formally known whetherthereevenexistsacritical con-
stantac suchthatasn grows, almostall 3-SAT formulaswith a < ac aresatis�able
andalmostall 3-SAT formulaswith a > ac areunsatis�able.In this respect,Friedgut
[78] provided the �rst positive result,showing that thereexists a functionac(n) de-
pendingon n suchthat theabove thresholdpropertyholds. (It is quite likely that the
thresholdin factdoesnot dependon n, andis a �x edconstant.)In a seriesof papers,
researchershave narroweddown thegapbetweenupperboundson thethresholdfor
3-SAT [e.g.40, 69, 76, 120, 133], thebestsofar being4.596,andlower bounds[e.g.
1, 5, 40, 75, 79, 107, 125], thebestsofar being3.52.On theotherhand,for random
2-SAT, wedohaveafull rigorousunderstandingof thephasetransition,whichoccurs
at clause-to-variableratio of 1 [33, 47]. Also, for generalk, thethresholdfor random
k-SAT is known to bein therange2k ln2� O(k) [3, 101].

2.3.2 A NewTechniquefor Randomk-SAT: SurveyPropagation

We endthis sectionwith a brief discussionof Survey Propagation (SP),an exciting
new algorithmfor solvinghardcombinatorialproblems.It wasdiscoveredin 2002by
Mézard,Parisi,andZecchina[165], andis sofartheonly known methodsuccessfulat
solvingrandom3-SAT instanceswith onemillion variablesandbeyondin near-linear
time in themostcritically constrainedregion.6

The SPmethodis quite radical in that it tries to approximate,usingan iterative
processof local “message”updates,certainmarginal probabilitiesrelatedto the set
of satisfyingassignments.It thenassignsvaluesto variableswith themostextreme
probabilities,simpli�es theformula,andrepeatstheprocess.Thisstrategy is referred
to asSP-inspireddecimation.In effect, the algorithmbehaveslike the usualDPLL-
basedmethods,whichalsoassignvariablevaluesincrementallyin anattemptto �nd a
satisfyingassignment.However, quitesurprisingly, SPalmostneverhasto backtrack.
In otherwords,the“heuristicguidance”from SPis almostalwayscorrect.Notethat,
interestingly, computingmarginalson satisfyingassignmentsis stronglybelieved to
be much harderthan �nding a single satisfyingassignment(#P-completevs. NP-
complete). Nonetheless,SPis able to ef�ciently approximatecertainmarginalson
randomSAT instancesandusesthis informationto successfully�nd a satisfyingas-
signment.

SPwasderivedfrom rathercomplex statisticalphysicsmethods,speci�cally, the
so-calledcavitymethoddevelopedfor thestudyof spinglasses.Themethodis still far

6 It hasbeenrecentlyshown thatby �nely tuningthenoiseparameter, Walksat canalsobemadeto
scalewell onhardrandom3-SAT instances,well above theclause-to-variableratioof 4.2[208].
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from well-understood,but in recentyears,we arestartingto seeresultsthatprovide
importantinsightsinto its workings[e.g.4, 12, 39, 140, 159, 166]. Closeconnections
to belief propagation (BP) methods[181] morefamiliar to computerscientistshave
beensubsequentlydiscovered.In particular, it wasshown by BraunsteinandZecchina
[39] (laterextendedby Maneva,Mossel,andWainwright[159]) thatSPequationsare
equivalentto BPequationsfor obtainingmarginalsoveraspecialclassof combinato-
rial objects,calledcovers.In this respect,SPis the�rst successfulexampleof theuse
of aprobabilisticreasoningtechniqueto solveapurelycombinatorialsearchproblem.
Therecentwork of Kroc et al. [140] empiricallyestablishedthatSP, despitethevery
loopy natureof randomformulaswhich violate the standardtree-structureassump-
tionsunderlyingtheBP algorithm,is remarkablygoodat computingmarginalsover
thesecoversobjectson largerandom3-SAT instances.

Unfortunately, thesuccessof SPis currentlylimited to randomSAT instances.It
is anexciting researchchallengeto furtherunderstandSPandapplyit successfullyto
morestructured,real-world probleminstances.

2.4 Runtime Varianceand ProblemStructur e

Theperformanceof backtrack-stylesearchmethodscanvarydramaticallydepending
on theway oneselectsthenext variableto branchon (the“variableselectionheuris-
tic”) and in what order the possiblevaluesareassignedto the variable(the “value
selectionheuristic”). The inherentexponentialnatureof the searchprocessappears
to magnify theunpredictabilityof searchprocedures.In fact, it is not uncommonto
observeabacktracksearchprocedure“hang” onagiveninstance,whereasadifferent
heuristic,or evenjust anotherrandomizedrun,solvestheinstancequickly. A related
phenomenonis observedin randomproblemdistributionsthatexhibit an“easy-hard-
easy”patternin computationalcomplexity, concerningso-called“exceptionallyhard”
instances:suchinstancesseemto defy the “easy-hard-easy”pattern.They occurin
theunder-constrainedarea,but they seemto beconsiderablyharderthanothersimilar
instancesandeven harderthan instancesfrom the critically constrainedarea. This
phenomenonwas�rst identi�ed by HoggandWillimans in graphcoloring[111] and
by GentandWalshin satis�ability problems[83]. An instanceis consideredto beex-
ceptionallyhard,for aparticularsearchalgorithm,whenit occursin theregionwhere
almostall probleminstancesaresatis�able (i.e., the underconstrainedarea),but is
considerablyharderto solve thanothersimilar instances,andevenharderthanmost
of the instancesin the critically constrainedarea[83, 111, 217]. However, subse-
quentresearchshowed that suchinstancesarenot inherentlydif�cult; for example,
by simply renamingthevariablesor by consideringa differentsearchheuristicsuch
instancescanbeeasilysolved[212, 218]. Therefore,the“hardness”of exceptionally
hard instancesdoesnot residein the instancesper se, but rather in the combina-
tion of the instancewith the detailsof the searchmethod. This is the reasonwhy
researchersstudyingthehardnessof computationalproblemsusethemedianto char-
acterizesearchdif�culty , insteadof themean,sincethebehavior of themeantendsto
bequiteerratic [95].
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2.4.1 Fat and Heavy Tailed behavior

Thestudyof thefull runtimedistributionsof searchmethods—insteadof just themo-
mentsand median—hasbeenshown to provide a bettercharacterizationof search
methodsand much useful information in the designof algorithms. In particular,
researchershave shown that the runtimedistributionsof completebacktracksearch
methodsreveal intriguing characteristicsof suchsearchmethods:quite often com-
pletebacktracksearchmethodsexhibit fat andheavy-tailedbehavior [80, 95, 111].
Suchruntimedistributionscanbeobservedwhenrunninga deterministicbacktrack-
ing procedureon a distribution of randominstances,andperhapsmoreimportantly
by repeatedrunsof a randomizedbacktrackingprocedureonasingleinstance.

The notion of fat-tailednessis basedon the conceptof kurtosis. The kurtosis
is de�ned asm4=m2

2 (m4 is the fourth centralmomentaboutthe meanandm2 is the
secondcentralmomentaboutthemean,i.e., thevariance).If adistributionhasahigh
centralpeakandlong tails, thanthekurtosisis in generallarge. Thekurtosisof the
standardnormaldistribution is 3. A distribution with a kurtosislarger than3 is fat-
tailed or leptokurtic. Examplesof distributionsthatarecharacterizedby fat-tails are
theexponentialdistribution, thelognormaldistribution,andtheWeibull distribution.

Heavy-taileddistributionshave “heavier” tails thanfat-taileddistributions;in fact
they have somein�nite moments,e.g., they canhave in�nite mean,in�nite variance,
etc.More rigorously, a randomvariableX with probabilitydistribution functionF(�)
is heavy-tailedif it hastheso-calledParetolikedecayof thetails, i.e.:

1� F(x) = Pr[X > x] � Cx� a ; x > 0;

wherea > 0 andC > 0 are constants.When1 < a < 2, X hasin�nite variance,
andin�nite meanandvariancewhen0 < a < = 1. Thelog-log plot of 1� F(x) of a
Pareto-like distribution (i.e., thesurvival function)shows linearbehavior with slope
determinedby a . Like heavy-tailed distributions, fat-tailed distributionshave long
tails, with a considerablemassof probabilityconcentratedin thetails. Nevertheless,
thetailsof fat-taileddistributionsarelighter thanheavy-taileddistributions.

DPLL stylecompletebacktracksearchmethodshavebeenshown toexhibit heavy-
tailedbehavior, bothin randominstancesandreal-world instances.Exampledomains
areQCP[95], scheduling[97], planning[102], modelchecking,andgraphcoloring
[122, 230]. Several formal modelsgeneratingheavy-tailed behavior in searchhave
beenproposed[46, 94, 122, 233, 234]. If the runtime distribution of a backtrack
searchmethodis heavy-tailed, it will producerunsspanningover several ordersof
magnitude,someextremely long but alsosomeextremelyshort. Methodslike ran-
domizationandrestartstry to exploit thisphenomenon[102].

2.4.2 Backdoors

Insightinto heavy-tailedbehavior comesfrom consideringbackdoorvariables.These
arevariableswhich, whenset,give usa polynomialsubproblem.Intuitively, a small
backdoorsetexplainshow abacktracksearchmethodcanget“lucky” oncertainruns,
wherebackdoorvariablesareidenti�ed earlyon in thesearchandsetthe right way.
Formally, thede�nition of a backdoordependson a particularalgorithm,referredto
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assub-solver, that solvesa tractablesub-caseof the generalconstraintsatisfaction
problem[233].

De�nition 4. A sub-solverA givenasinputaCSP, C, satis�esthefollowing:

i. Trichotomy:A eitherrejectstheinputC, or “determines”C correctly(asunsatis-
�able or satis�able,returningasolutionif satis�able),

ii. Ef�ciency: A runsin polynomialtime,

iii. Trivial solvability: A candetermineif C is trivially true (hasno constraints)or
trivially false(hasacontradictoryconstraint),

iv. Self-reducibility: if A determinesC, thenfor any variablex andvaluev, A deter-
minesC[v=x].7

For instance,A could be an algorithmthat enforcesarc consistency. Using the
de�nition of sub-solver we cannow formally de�ne theconceptof backdoorset.Let
A bea sub-solver andC bea CSP. A nonemptysubsetSof thevariableswith domain
D is a (weak) backdoor in C for A if for someaS : S ! D, A returnsa satisfying
assignmentof C[aS]. Intuitively, thebackdoorcorrespondsto a setof variables,such
thatwhensetcorrectly, thesub-solver cansolve the remainingproblem. A stronger
notionof backdoorsconsidersbothsatis�ableandunsatis�able(inconsistent)problem
instances.A nonemptysubsetSof thevariablesis a strongbackdoor in C for A if for
all aS : S! D, A returnsasatisfyingassignmentor concludesunsatis�abilityof C[aS].

Szeider[223] consideredthe parameterizedcomplexity of the problemof deter-
miningwhetheraSAT instancehasaweakor strongbackdoorsetof sizek or lessfor
DPLL stylesub-solvers,i.e.,subsolversbasedon unit propagationand/orpureliteral
elimination.Heshowedthatdetectionof weakandstrongbackdoorsetsis unlikely to
be�x ed-parametertractable.Nishimuraetal. [172] providedmorepositiveresultsfor
detectingbackdoorsetswherethe sub-solver solvesHorn or 2-CNF formulas,both
of which arelinear time problems.They proved that the detectionof sucha strong
backdoorsetis �x ed-parametertractable,while thedetectionof a weakbackdoorset
is not. Theexplanationthat they offeredfor sucha discrepancy is quite interesting:
for strongbackdoorsetsoneonly hasto guaranteethat the chosensetof variables
givesa subproblemwithin the chosensyntacticclass;for weakbackdoorsets,one
alsohasto guaranteesatis�ability of thesimpli�ed formula,apropertythatcannotbe
describedsyntactically.

Dilkina et al. [66] studiedthe tradeoff betweenthe complexity of backdoorde-
tectionandthebackdoorsize.They provedthataddingcertainobviousinconsistency
checksto theunderlyingclasscanmake thecomplexity of backdoordetectionjump
from beingwithin NP to beingboth NP-hardandcoNP-hard.On the positive side,
they showed that this changecandramaticallyreducethesizeof the resultingback-
doors.They alsoexploredthedifferencesbetweenso-calleddeletionbackdoorsand
strongbackdoors,in particularwith respectto theclassof renamableHorn formulas.

Concerningthesizeof backdoors,randomformulasdo not appearto have small
backdoorsets. For example,for random3-SAT problemsnearthe phasetransition,
thebackdoorsizeappearsto beaconstantfraction(roughly30%)of thetotalnumber

7WeuseC[v=x] to denotethesimpli�ed CSPobtainedby settingthevalueof variablex to v in C.
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of variables[119]. This may explain why the currentDPLL basedsolvershave not
madesigni�cant progresson hardrandomlygeneratedinstances.Empirical results
basedon real-world instancessuggesta morepositive picture. Structuredproblem
instancescanhave surprisinglysmallsetsof backdoorvariables,which mayexplain
why currentstate-of-the-artsolversareableto solve very largereal-world instances.
For examplethe logistics-dplanningprobleminstance(log.d) hasa backdoorsetof
just 12 variables,comparedto a total of nearly7,000variablesin theformula,using
thepolynomialtime propagationtechniquesof theSAT solver Satz[148]. Hoffmann
et al. [110] proved the existenceof strong backdoorsetsof size just O(logn) for
certainfamiliesof logisticsplanningproblemsandblocksworld problems.

Figure2.4: Constraintgraphof a real-world instancefrom thelogisticsplanningdo-
main. Theinstancein theplot has843varsand7,301clauses.Onebackdoorsetfor
this instancew.r.t. unit propagation hassize16 (not necessarilythe minimum back-
door set). Left: Constraintgraphof the original instance.Center:Constraintgraph
after setting5 variablesandperformingunit propagation. Right: Constraintgraph
aftersetting14variablesandperformingunit propagation.

Eventhoughcomputingminimumbackdoorsetsis worst-caseintractable[223], if
we boundthesizeof thebackdoor, heuristicsandtechniqueslike randomizationand
restartscanoften uncover a small backdoorin practice[130]. In fact, state-of-the-
art SAT solversaresurprisinglyeffective in �nding small backdoorsin many struc-
turedprobleminstances.Figure2.4 shows a visualizationof theconstraintgraphof
a logisticsplanningproblemandhow this graphis drasticallysimpli�ed after only
a few variablesoccurringin a small backdoor(found by SAT solvers) are set. In
relatedwork, Slaney andWalsh [216] studiedthe structuralnotion of “backbones”
andDequenandDuboisintroduceda heuristicfor DPLL basedsolversthatexploits
thenotionof backboneandoutperformsotherheuristicson random3-SAT problems
[65, 70].

2.4.3 Restarts

Oneway to exploit heavy-tailedbehavior is to addrestartsto a backtrackingproce-
dure.A sequenceof shortrunsinsteadof asinglelongrunmaybeamoreeffectiveuse
of computationalresources(seeFigure2.5). Gomesetal. proposedrandomizedrapid
restarts(RRR)to take advantageof heavy-tailedbehavior andboosttheef�ciency of
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completebacktracksearchprocedures[102]. In practice,onegraduallyincreasesthe
cutoff to maintaincompleteness[16, 102]. Gomesetal. showedthata restartstrategy
with a �x edcutoff eliminatesheavy-tail behavior andhas�nite moments[96].

Prior to the discovery of heavy-tailed behavior and backdoorsets,randomized
restartpolicies have beenstudiedin the context of generalrandomizedLas Vegas
procedures.Luby et al. [155] showed thatwhentheunderlyingruntimedistribution
of therandomizedprocedureis fully known, theoptimalrestartpolicy is a �x edcut-
off. Whenthereis no a priori knowledgeaboutthe distribution, they alsoprovided
a universal strategy which minimizestheexpectedcost.This consistsof runswhose
lengthsarepowersof two, andeachtime a pair of runsof a given lengthhasbeen
completed,a runof twice thatlengthis immediatelyexecuted.Theuniversalstrategy
is of theform: 1;1;2;1;1;2;4;1;1;2;4;8; � � �. Althoughtheuniversalstrategy of Luby
et al. is provably within a log factorof the optimal �x ed cutoff, the scheduleoften
convergestoo slowly in practice.Walsh[230] introduceda restartstrategy, inspired
by Luby et al.'s analysis,in which thecutoff valueincreasesgeometrically. Thead-
vantageof sucha strategy is that it is lesssensitive to the detailsof the underlying
distribution. Following the�ndings of Gomeset al. [102] andstartingwith zChaff ,
state-of-the-artSAT solversnow routinelyuserestarts.In practice,thesolversusea
defaultcutoff value,whichis increased,linearly, everygivennumberof restarts,guar-
anteeingthecompletenessof thesolver in thelimit [170]. Anotherimportantfeature
is thatthey retainlearnedclausesacrossrestarts.
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for a QCPinstance,log-log scale;the lower curve is for a cutoff valueof 4 andthe
uppercurve is without restarts.(b) The effect of differentcutoff valueson solution
costfor thelogistics.dplanningproblem.Graphadaptedfrom [95, 96].

In reality, we will be somewherebetweenfull andno knowledgeof the runtime
distribution. Horvitz et al. [117] introduceda Bayesianframework for learningpre-
dictive modelsof randomizedbacktracksolversbasedon this situation. Extending
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thatwork, Kautzet al. [126] consideredrestartpoliciesthatcanfactorin information
basedon real-timeobservationsabouta solver's behavior. In particular, they intro-
ducedanoptimalpolicy for dynamicrestartsthatconsidersobservationsaboutsolver
behavior. They alsoconsideredthedependency betweenruns. They gave a dynamic
programmingapproachto generatetheoptimalrestartstrategy, andcombinedthere-
sulting policy with real-timeobservationsto boostperformanceof backtracksearch
methods.

Variantsof restartstrategiesincluderandomizedbacktracking[156], andtheran-
domjumpstrategy [237] whichhasbeenusedto solveadozenpreviouslyopenprob-
lemsin �nite algebra.Finally, onecanalsotake advantageof the high varianceof
combinatorialsearchmethodsby combiningseveralalgorithmsinto a“portfolio,” and
runningthemin parallelor interleaving themonasingleprocessor[100, 173].

2.5 Beyond SAT: Quanti�ed BooleanFormulas and Model
Counting

We end this chapterwith a brief overview of two importantproblemsthat extend
beyondpropositionalsatis�ability testingandwill lie at theheartof thenext genera-
tion automatedreasoningsystems:Quanti�edBooleanFormula(QBF)reasoningand
countingthenumberof models(solutions)of aproblem.Theseproblemspresentfas-
cinatingchallengesandposenew researchquestions.Ef�cient algorithmsfor these
will have a signi�cant impacton many applicationareasthat areinherentlybeyond
SAT, suchasadversarialandcontingency planning,unboundedmodelchecking,and
probabilisticreasoning.

Theseproblemscanbesolved,in principleandto someextentin practice,by ex-
tendingthetwo mostsuccessfulframeworksfor SAT algorithms,namely, DPLL and
local search.However, therearesomeinterestingissuesandchoicesthatarisewhen
extendingSAT-basedtechniquesto theseharderproblems.In general,theseproblems
requirethe solver to, in a sense,be cognizantof all solutionsin the searchspace,
therebyreducingthe effectivenessandrelevanceof commonlyusedSAT heuristics
designedfor quickly zoomingin on a singlesolution. Theresultingscalabilitychal-
lengehasdrawn many satis�ability researchersto theseproblems.

2.5.1 QBF Reasoning

A Quanti�ed BooleanFormula(QBF) is a Booleanformula in which variablesare
quanti�ed asexistential(9) or universal(8) [cf. 135]. We will usethetermQBF for
totally quanti�ed (alsoknownasclosed)Booleanformulasin prenex form beginning
(for simplicity) with 9:

F = 9x1
1 : : :9xt(1)

1 8x1
2 : : :8xt(2)

2 : : : Qx1
k : : :Qxt(k)

k M

whereM is aBooleanformulareferredto asthematrixof F, x j
i abovearedistinctand

includeall variablesappearingin M, andQ is 9 if k is oddand8 if k is even.De�ning

Vi =
n

x1
i ; : : :xt(i)

i

o
andusingassociativity within eachlevel of quanti�cation,we can

simplify the notationto F = 9V18V29V3 : : : QVk M. A QBF solver is an algorithm
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thatdeterminesthetruth valueof suchformulasF, i.e.,whetherthereexist valuesof
variablesin V1 suchthat for every assignmentof valuesto variablesin V2 thereexist
valuesof variablesin V3, andsoon,suchthatM is satis�ed(i.e.,evaluatesto TRUE).

QBF reasoningextendsthescopeof SAT to domainsrequiringadversarialanal-
ysis, like conditionalplanning[192], unboundedmodelchecking[26, 194], anddis-
cretegames[86]. As a simpleappliedexample,considera two-playergamewhere
eachplayerhasa discretesetof actions. Herea winning strategy for a player is a
partialgametreethat,for everypossiblegameplayof theopponent,indicateshow to
proceedso asto guaranteea win. This kind of reasoningis morecomplex thanthe
single-agentreasoningthat SAT solversoffer, andrequiresmodelingandanalyzing
adversarialactionsof anotheragentwith competinginterests.Fortunately, suchprob-
lemsareeasilyandnaturallymodeledusingQBF. TheQBFapproachthussupportsa
muchrichersettingthanSAT. However, it alsoposesnew andsometimesunforeseen
challenges.

In termsof the worst-casecomplexity, decidingthe truth of a QBF is PSPACE-
complete[222] whereasSAT is “only” NP-complete.8 Evenwith veryfew quanti�ca-
tion levels,theexplosionin thesearchspaceis tremendousin practice.Further, asthe
winningstrategy exampleindicates,evenasolutionto aQBFmayrequireexponential
spaceto describe,causingpracticaldif�culties [25].

Nonetheless,several tools for deciding the truth of a given QBF (QBF
solvers)have beendeveloped. TheseincludeDPLL-style searchbasedsolvers like
Quaffle [241], QuBE [90], Semprop [144], Evaluate [42], Decide [193], and
QRSat [175]; local searchmethodslike WalkQSAT [85]; skolemizationbasedsolvers
likesKizzo [26]; q-resolution[134] basedsolverslikeQuantor [28]; andsymbolic,
BDD basedtools like QMRESandQBDD[176]. Most of thesesolversextendthecon-
ceptsunderlyingSAT solvers. In particular, they inherit conjunctive normal form
(CNF) asthe input representation,which hasbeenthe standardfor SAT solversfor
over a decade.Internally, somesolversalsoemploy disjunctive normalform (DNF)
to cachepartialsolutionsfor ef�ciency [242].

We focushereon DPLL-basedQBF solvers. Theworking of thesesolversis not
very differentfrom thatof DPLL-basedSAT solvers. Theessentialdifferenceis that
whentheDPLL processbrancheson anuniversalvariablex by settingit to TRUE and
�nds that branchto be satis�able, it mustalsoverify that the branchx = FALSE is
alsosatis�able.Theneedto beableto do this “universalreasoning”andexploreboth
branchesof universalvariableshas,asexpected,asubstantialimpactontheef�ciency
of thesolver.

In a seriesof papers,ZhangandMalik [241], Letz [144], andGiunchigliaet al.
[91] describedhow theclauselearningtechniquesfrom SAT canbeextendedto so-
lution learningfor QBF. The ideais to not only cachesmallcerti�catesof unsatis�-
ability of sub-formulas(aslearnedCNF clauses),but alsoto cachesmallcerti�cates
of satis�ability of sub-formulas(aslearnedDNF “terms”, alsoreferredto ascubes).
This can, in principle, be very usefulbecausenot only doesa QBF solver needto
detectunsatis�ability ef�ciently , it needsto alsodetectsatis�ability ef�ciently and
repeatedly.

8 PSPACE-completeproblemsaregenerallybelievedtobesigni�cantly harderthanNP-completeprob-
lems;cf. [179].
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Another interestingchange,which is now part of mostQBF solvers, is related
to unit propagation. This stemsfrom the observation that if the variableswith the
deepestquanti�cation level in a clauseare universal, they cannothelp satisfy that
clause.Theclausecaneffectively ignoretheseuniversalvariables.This alsoplaysa
role in determiningwhichclausesarelearneduponreachingacon�ict, andalsohasa
dualcounterpartaboutexistentialvariablesin aDNF term.

While the performanceof QBF solvers hasbeenpromising,translatinga QBF
into a (muchlarger)SAT speci�cationandusinga goodSAT solver is oftenfasterin
practice—afactwell-recognizedandoccasionallyexploited[26, 28, 202]. This mo-
tivatestheneedfor further investigation into thedesignof QBF solversandpossible
fundamentalweaknessesin themodelingmethodsused.

It hasbeenrecentlydemonstratedby Samulowitz etal. thattheef�ciency of QBF
solverscanbeimprovedsigni�cantly—muchmoresothanSAT solvers—byemploy-
ing certainpre-processingtechniqueson the formula at the very beginning [204] or
usinginferencetechniques,suchasthosebasedon binary clauses,on the �y [203].
Thesemethodstypically involve addinga certaintypeof easy-to-computeresolvents
asredundantconstraintsto theproblem,with thehopeof achieving fasterpropagation.
Resultsshow thatthisworksverywell in practice.

Any QBFreasoningtaskhasanaturalgameplayinginterpretationatahigh level.
Using this fact, Ansotegui et al. [11] describeda generalframework for modeling
adversarialtasksasQBF instances.They view a problemP asa two-playergameG
with a boundednumberof turns. This is different from the standardinterpretation
of a QBF asa game[179]; in their approach,onemust formulatethe higher level
problemP asa gameG before modelingit asa QBF. The setsof “rules” to which
the existentialanduniversalplayersof G areboundmay differ from oneplayer to
theother. Ansotegui et al. [11] observedthat typical CNF-basedencodingsfor QBF
suffer from the “ille gal searchspaceissue”wherethesolver �nds it arti�cially hard
to detectcertainillegal movesmadeby theuniversalplayer. An exampleof anillegal
move in, say, chessis to moveapiececompletelyoff theboardor to move two pieces
at a time. Recognizingsuchillegal moves of the universalplayer correspondsto
deducingthat the resultingformula canbe easilysatis�ed by the existentialplayer
no matterwhattheuniversalplayerdoesnext. Unlike a “local” violation of a clause,
suchdetectioninvolvesall clausesof the formulaandis non-trivial. In thestandard
QBF encodings,the solver is often be forced to explore an exponentialnumberof
suchmoveson multiple levels in the searchtree. Ansotegui et al. proposedthe use
of specialindicatorvariablesthat �ag theoccurrenceof suchillegal moves,which is
thenexploitedby their solver to prunethesearchspace.

Anotherrecentproposalby Sabharwal etal. [201], implementedin theQBFsolver
Duaffle which extendsQuaffle , is a new genericQBF modelingtechniquethat
usesa dual CNF-DNF representation.The dual representationconsidersthe above
game-theoreticview of theproblem.Thekey ideais to exploit a dichotomybetween
theplayers:rulesfor theexistentialplayeraremodeledasCNFclauses,(thenegations
of) rulesfor theuniversalplayermodeledasDNF terms,andgamestateinformation
is split equallyinto clausesandterms.This symmetricdual formatplaces“equalre-
sponsibility” on the two players,in starkcontrastwith otherQBF encodingswhich
tendto leave mostwork for theexistentialplayer. This representationhasseveralad-
vantagesover pure-CNFencodingsfor QBF. In particular, it allows unit propagation
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acrossquanti�ers andavoidstheillegal searchspaceissuealtogether.
An independentdual CNF-DNF approachof Zhang[239] converts a full CNF

encodinginto a logically equivalent full DNF encodingand provides both to the
solver. In contrast,Duaffle exploits the representationalpower of DNF to sim-
plify themodelandmake it morecompact,while addressingsomeissuesassociated
with pureCNF representations.Both of thesedual CNF-DNF approachesaredif-
ferentfrom fully non-clausalencodings,which alsohave promisebut areunableto
directly exploit rapidadvancesin CNF-basedSAT solvers.Recently, Benedettiet al.
[27] have proposed“restrictedquanti�cation” for pure-CNFencodingsfor QCSPs.
This generaltechniqueaddressestheillegal searchspaceissueandis applicablealso
to QBFsolversotherthanthosethataresearchbased.

2.5.2 Model Counting

Propositionalmodelcountingor #SAT is the problemof computingthe numberof
modelsfor a givenpropositionalformula,i.e., thenumberof distinctvariableassign-
mentsfor which theformulaevaluatesto TRUE. ThisproblemgeneralizesSAT andis
known to bea #P-completeproblem,which meansthat it is no easierthansolvinga
QBF with a �x edbut unboundednumberof “thereexist” and“forall” quanti�cation
levels in its variables[224]. For comparison,noticethatSAT canbethoughtof asa
QBFwith exactlyonelevel of “thereexist” quanti�cation.

Effective modelcountingprocedureswould openup a rangeof new applications.
For example,variousprobabilisticinferenceproblems,suchasBayesiannet reason-
ing, canbeeffectively translatedinto modelcountingproblems[cf. 14, 58, 154, 196].
Another applicationis in the study of hard combinatorialproblems,suchas com-
binatorialdesigns,wherethe numberof solutionsprovidesfurther insightsinto the
problem.Even�nding asinglesolutioncanbeachallengefor suchproblems:count-
ing the numberof solutionsis muchharder. Not surprisingly, the largestformulas
wecansolve for themodelcountingproblemwith state-of-the-artmodelcountersare
signi�cantly smallerthantheformulaswecansolvewith thebestSAT solvers.

The earliestpracticalapproachfor countingmodelsis basedon an extensionof
systematicDPLL-basedSAT solvers. The idea is to directly explore the complete
searchtreefor ann-variableformula,associating2t solutionswith asearchtreebranch
if thatbranchleadsto asolutionatdecisionlevel n� t. By usingappropriatemultipli-
cationfactorsandcontinuingthesearchaftera singlesolutionis found,Relsat [18]
is ableto provide incrementallower boundson the modelcountasit proceeds,and
�nally computesthe exact model count. Newer tools suchas Cachet [205] often
improve uponthisby usingtechniquessuchascomponentcaching[20].

Anotherapproachfor modelcountingis to convert the formula into a form from
which thecountcanbededucedeasily. Thetool c2d [57] usesthis knowledgecom-
pilationtechniqueto convert thegivenCNFformulainto decomposablenegationnor-
mal form (DDNF) [59] andcomputethemodelcount.

Most exactcountingmethods,especiallythosebasedon DPLL search,essentially
attacka#P-completeproblem“headon”—by searchingtheraw combinatorialsearch
space.Consequently, thesealgorithmsoftenhave dif�culty scalingup to largerprob-
lem sizes. We shouldpoint out that problemswith a highersolutioncountarenot
necessarilyharderto determinethemodelcountof. In fact,Relsat cancomputethe
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truemodelcountof highly under-constrainedproblemswith many “don't care”vari-
ablesanda lot of modelsby exploiting big clustersin thesolutionspace.Themodel
countingproblemis insteadmuchharderfor moreintricatecombinatorialproblems
wherethesolutionsarespreadmuchmore�nely throughoutthecombinatorialspace.

WeiandSelman[232] useMarkov ChainMonteCarlo(MCMC) samplingtocom-
puteanapproximationof thetruemodelcount.Theirmodelcounter, ApproxCount ,
is ableto solveseveralinstancesquiteaccurately, while scalingmuchbetterthanboth
Relsat andCachet asproblemsizeincreases.Thedrawbackof ApproxCount is
thatoneis notableto provideany hardguaranteesonthemodelcountit computes.To
outputa numbercloseto thetruecount,this countingstrategy requiresnear-uniform
samplingfrom the set of solutions,which is generallydif�cult to achieve. Near-
uniformsamplingfrom thesolutionspaceis muchharderthanjustgeneratingasingle
solution. MCMC methodscanprovide theoreticalconvergenceguaranteesbut only
in the limit, which in theworst casemay requireanexponentialnumberof Markov
chainsteps.

Interestingly, theinherentstrengthof moststate-of-the-artSAT solverscomesac-
tually from theability to quickly narrow down to acertainportionof thesearchspace
the solver is designedto handlebest. Suchsolvers thereforesamplesolutionsin a
highly non-uniformmanner, makingthemseeminglyill-suited for modelcounting,
unlessoneforcesthe solver to explore the full combinatorialspace.An intriguing
questionis whetherthereis a way aroundthis apparentlimitation of theuseof state-
of-the-artSAT solversfor modelcounting.

MBound [98] is a new methodfor modelcounting,which interestinglyusesany
completeSAT solver “as is.” It follows immediatelythat themoreef�cient theSAT
solver used,themorepowerful its countingstrategy becomes.MBound is inspiredby
recentwork on so-called“streamliningconstraints”[99], in which additional,non-
redundantconstraintsareaddedto theoriginal problemto increaseconstraintpropa-
gationandto focusthesearchonasmallpartof thesubspace,(hopefully)still contain-
ing solutions.This strategy wasearliershown to besuccessfulin solvingvery hard
combinatorialdesignproblems,with carefullycreated,domain-speci�cstreamlining
constraints.In contrast,MBound usesadomain-independentstreamliningtechnique.

Thecentralideaof theapproachis to usea specialtypeof randomlychosencon-
strainsasstreamliners,namelyXOR or parity constraintson the problemvariables.
Suchconstraintsrequirethatanoddnumberof theinvolvedvariablesbesetto TRUE.
(This requirementcanbetranslatedinto theusualCNFform by usingadditionalvari-
ables[225].) MBound worksby repeatedlyaddinga numbers of suchconstraintsto
theformulaandfeedingtheresultto astate-of-the-artcompleteSAT solver. At avery
high level, eachrandomXOR constraintwill cut the searchspaceapproximatelyin
half. So,intuitively, if aftertheadditionof s XOR's theformulais still satis�able,the
original formulamusthave at leastof theorderof 2s models.More rigorously, it can
beshown that if we performt experimentsof addings randomXOR constraintsand
our formula remainssatis�ablein eachcase,thenwith probabilityat least1� 2� a t ,
our original formula will have at least2s� a satisfyingassignmentsfor any a > 0.
As a result,by repeatedexperimentsor by weakening the claimedbound,onecan
arbitrarily boostthecon�dencein thelower boundcount.Similar resultscanalsobe
derivedfor theupperbound.A surprisingfeatureof this approachis that it doesnot
dependatall onhow thesolutionsaredistributedthroughoutthesearchspace.It relies
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on thevery specialpropertiesof randomparity constraints,which in effect provide a
goodhashfunction, randomlydividing the solutionsinto two near-equalsets.Such
constraintswere�rst usedby Valiant andVazirani[227] in a randomizedreduction
from SAT to therelatedproblemUniqueSAT.
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