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Chapter 2

Satis ability Solvers

Carla P. Gomes,Henry Kautz,
Ashish Sabharwal, and Bart Selman

The pastfew yearshave seenan enormougrogressn the performanceof Boolean
satis ability (SAT) solvers. Despitetheworst-casexponentialruntime of all known
algorithms, satis ability solvers are increasinglyleaving their mark as a general-
purposetool in areasasdiverseassoftwareandhardwareveri cation [29-31, 228,
automatictestpatterngeneratior[138 221], planning[129, 197], scheduling 103,
andeven challengingproblemsfrom algebra[238. Annual SAT competitionshave
led to the developmentof dozensof cleverimplementation®f suchsolvers[e.g. 13,
19,71,93,109 118 150, 152,161,165 170 171,173 174,184,198 211, 213 234,
an exploration of mary new techniquede.g. 15, 102, 149, 170, 174, andthe cre-
ationof anextensve suiteof real-world instancesswell aschallenginghand-crafted
benchmarlproblemdcf. 115. ModernSAT solversprovide a“black-box” procedure
thatcanoftensolve hardstructuredoroblemswith overamillion variablesandseveral
million constraints.

In essenceSAT solvers provide a genericcombinatorialreasoningand search
platform. Theunderlyingrepresentationdbrmalismis propositionalogic. However,
thefull potentialof SAT solversonly becomespparentvhenoneconsidergheiruse
in applicationsthat are not normally viewed as propositionalreasoningtasks. For
example,considerAl planning,whichis a PSRACE-completeproblem. By restrict-
ing oneselfto polynomialssize plans,one obtainsan NP-completereasoningprob-
lem, easilyencodecdhsa Booleansatis ability problem,which canbegivento a SAT
solver[128 129. In hardwareandsoftwareveri cation, a similar strat@y leadsone
to consideboundedmodelchecking whereoneplacesa boundon thelengthof pos-
sible errortracesoneis willing to conside30]. Anotherexampleof a recentappli-
cationof SAT solversis in computingstablemodelsusedin the answersetprogram-
ming paradigmapowerful knovledgerepresentatioandreasoningpproachi81]. In
theseapplications—planningyeri cation, andanswersetprogramming—therans-
lationinto a propositionarepresentatiofthe “SAT encoding”)is doneautomatically



90 2. Satis ability Solves

andis hiddenfrom the user: the useronly dealswith the appropriatehigherlevel
representatiotanguageof the applicationdomain. Note thatthe translationto SAT
generallyleadsto a substantiaincreasein problemrepresentationHowever, large
SAT encodingsareno longeran obstaclefor modernSAT solvers. In fact,for mary
combinatoriaksearchandreasoningasks,thetranslationto SAT followedby the use
of amodernSAT solver is often moreeffective thana customsearchenginerunning
on the original problemformulation. The explanationfor this phenomenoris that
SAT solvershave beenengineeredo suchanextentthattheir performancés dif cult
to duplicate,evenwhenonetacklesthe reasoningproblemin its original representa-
tion.!

Although SAT solversnowadayshave foundmary applicationsoutsideof knowl-
edgerepresentatiomndreasoningthe original impetusfor the developmentof such
solverscanbe tracedbackto researchin knowledgerepresentationin the early to
mid eighties the tradeof betweerthe computationatompleity andthe expressie-
nessf knowledgerepresentatiolanguagesecamea centraltopic of researchMuch
of thiswork originatedwith aseminalseriesof papersy BrachmarandLevesqueon
compleity tradeofs in knowledgerepresentationn generalanddescriptionlogics,
in particular[36-38, 145 146. For areview of the stateof the artin this area,see
Chapter3 of thisHandbook A key underlingassumptiorin theresearclon comple-
ity tradeofs for knowvledgerepresentatiotanguagess thatthe bestway to proceed
isto nd themostelegantandexpressie representatiotanguagehatstill allows for
worst-casgolynomialtimeinference.ln theearlynineties thisassumptiomwaschal-
lengedin two early paperson SAT [168 213. In the rst [16§], thetradeof between
typical-casecompleity versusworst-casecompleity was explored. It was shavn
that mostrandomlygenerateSAT instancesare actually surprisinglyeasyto solve
(oftenin lineartime), with the hardestnstance®nly occurringin arathersmallrange
of parametesettingsof the randomformulamodel. The secondpaper[ 213 shaved
thatmary satis ableinstancesn the hardestegion couldstill be solved quite effec-
tively with anew styleof SAT solversbasednlocal searchtechniquesTheseresults
challengedherelevanceof the"worst-case’tompleity view of theworld.?

The succes®f the currentSAT solverson mary real-world SAT instanceswith
millions of variablesfurthercon rms thattypical-case&compleity andthecompleity
of real-world instance®f NP-completgroblemss muchmoreamenabléo effective
generalpurposesolution techniqueghan worst-casecompleity resultsmight sug-
gest.(For someinitial insightsinto why real-world SAT instanceganoftenbesolved
efciently, see[233.) Giventhesedevelopmentsit maybeworthwhileto reconsider
thestudyof compleity tradeofs in knowledgerepresentatiofanguagesy notinsist-

1 Eachyearthe InternationalConferenceon TheoryandApplicationsof Satis ability Testinghostsa
SAT competitionor racethathighlightsanew groupof “world'sfastest"SAT solvers,andpresentsletailed
performanceesultson a wide rangeof solvers[141-143 215. In the 2006 competition,over 30 solvers
competedn instanceselectedrom thousand®f benchmarkproblems. Most of theseSAT solverscan
be downloadedfreely from theweh For a goodsourceof solvers,benchmarksandothertopicsrelevant
to SAT researchwe refer the readerto the websitesSAT Live! (http://www.satlive.org ) and
SATLIB (http://www.satlib.org ).

2 The contrastbetweentypical- and worst-casecomplecity may appearratherobvious. However,
note that the standardalgorithmic approachin computerscienceis still largely basedon avoiding ary
non-polynomialcomplexity, therebyimplicitly accedingto a worst-casecomplexity view of the world.
Approachedasedn SAT solversprovide the rst seriousalternatve.
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ing onworst-casgolynomialtime reasoningut allowing for NP-completgeasoning
sub-taskshatcanbehandledoy a SAT solver. Suchanapproachwould greatlyextend
the expressienesf representatiofanguagesThework on the useof SAT solvers
to reasoraboutstablemodelsis a rst promisingexamplein this regard.

In thischapterwe rst discusghe mainsolutiontechniquesisedin modernSAT
solvers,classifyingthemascompleteandincompletemethods We thendiscussecent
insightsexplainingthe effectivenesof thesetechnique®n practicalSAT encodings.
Finally, we discussseveral extensionsof the SAT approachcurrently underdevel-
opment. Theseextensionswill further expandthe rangeof applicationsto include
multi-agentand probabilisticreasoning.For a review of the key researctthallenges
for satis ability solvers,we referthereaderto [127].

2.1 De nitions and Notation

A propositionalor Booleanformula is alogic expressiongle ned over variables(or
atoms)thattake valuein the setf FAL SE, TRUEQ, whichwe will identify with f 0; 1g.
A truth assignmen(or assignmentor short)to asetV of Booleanvariablesis amap
s:V! f0;1g. A satisfyingassignmenfor F is a truth assignmens suchthatF
evaluatesto 1 unders. We will beinterestedn propositionaformulasin a certain
speciaform: F isin conjunctivenormalform (CNF)if it is aconjunction(AND, *) of
clauseswhereeachclausds adisjunction(OR, ) of literals, andeacHiteral is either
avariableor its nggation(NQOT, : ). ForexampleF = (a_: b)* (: a_c_d)" (b_d)
is a CNF formulawith four variablesandthreeclauses.

The BooleanSatis ability Problem(SAT) is the following: Givena CNF for-
mulaF, doesF havea satisfyingassignment?This is the canonicalNP-complete
problem[51, 147]. In practice,oneis not only interestedn this decision(“yes/no”)
problem,but alsoin nding anactualsatisfyingassignmentf thereexists one. All
practicalsatis ability algorithms known asSAT solvers,do producesuchanassign-
mentif it exists.

It is naturalto think of a CNF formula as a setof clausesand eachclauseas
a setof literals. We usethe symbolL to denotethe emptyclause i.e., the clause
thatcontainsno literals andis thereforeunsatis able. A clausewith only oneliteral
is referredto asa unit clause. A clausewith two literalsis referredto asa binary
clause. Whenevery clauseof F hask literals, we referto F asa k-CNF formula.
The SAT problemrestrictedto 2-CNFformulasis solvablein polynomialtime, while
for 3-CNFformulas,it is alreadyNP-complete.A partial assignmenfor a formula
F is atruth assignmento a subsebf the variablesof F. For a partialassignment
for aCNF formulaF, Fj, denoteghe simpli ed formulaobtainedby replacingthe
variablesappearingn r with their speci edvaluesremaoving all clauseswith atleast
oneTRUE literal, anddeletingall occurrence®f FALSE literals from the remaining
clauses.

CNFis thegenerallyacceptedhormfor SAT solversbecaus®f its simplicity and
usefulnessindeed,mary problemsarenaturallyexpressedisa conjunctionof rela-
tively simple constraints.CNF alsolendsitself to the DPLL procesgo be described
next. The constructionof Tseitin[225 canbe usedto efciently convertary given
propositionaformulato onein CNF form by addingnew variablescorrespondingo
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its subformulas For instancegivenan arbitrarypropositionaformula G, onewould

rst locally re-write eachof its logic operatorsn termsof ~; _; and: to obtain,say
G=(((a*b)_(: a~: b))~ : c)_d. Toconvertthisto CNF, onepossibilityis to add
four auxiliary variablesw; x; y; andz, constructclauseghatencodethe four relations
w$ (a*b),x$ (:a”:hb);y$ (w_x);andz$ (y": c), andaddtothattheclause
(z_d).

2.2 SAT Solver Technology—CompleteMethods

A completesolutionmethodfor the SAT problemis onethat,giventheinput formula
F, either producesa satisfyingassignmentfor F or provesthat F is unsatis able.
Oneof the mostsurprisingaspectof the relatively recentpracticalprogressof SAT

solers is that the bestcompletemethodsremainvariantsof a processintroduced
severaldecadesgo: the DPLL procedurewhich performsa backtracksearchin the
spaceof partial truth assignmentsA key featureof DPLL is ef cient pruningof the
searchspacebasedonfalsi ed clausesSinceits introductionin theearly 19605, the

mainimprovementso DPLL have beensmartbranchselectionheuristics extensions
like clausdearningandrandomizedestartsandwell-crafteddatastructuresuchas
lazy implementationsandwatchedliterals for fastunit propagtion. This sectionis

devotedto understandindghesecompleteSAT solwers, also knowvn as “systematic”
solers?

2.2.1 The DPLL Procedure

The Davis-Putnam-Logemann-Melandor DPLL procedures a complete,system-
aticsearchprocesdor nding asatisfyingassignmentor agivenBooleanformulaor
proving thatit is unsatis able. Davis andPutnam[61] cameup with the basicidea
behindthis procedure.However, it wasonly a coupleof yearslater that Davis, Lo-
gemannandLoveland[60] presentedt in the ef cient top-davn form in whichit is
widely usedtoday It is essentiallya branchingprocedurehatpruneghesearctspace
basednfalsi ed clauses.

Algorithm 1, DPLL-recursive(  F;r), sketchesthe basicDPLL procedureon
CNF formulas. Theideais to repeatedlyselectan unassignediteral * in the input
formula F andrecursvely searchfor a satisfyingassignmentor Fj- andF.-. The
stepwheresuchan’ is choseris commonlyreferredto asthe branching step.Setting
" to TRUE or FALSE whenmakinga recursve call is calleda decision andis asso-
ciatedwith a decisionlevel which equalsthe recursiondepthat that stage. The end
of eachrecursve call, which takesF backto fewer assignedrariables,is calledthe
badtradking step.

A partialassignment is maintainedduring the searchandoutputif the formula
turnsoutto besatis able. If Fj, containshe emptyclausethecorrespondinglause
of F fromwhichit cameis saidto beviolatedby r . Toincreaseef ciency, unitclauses
areimmediatelysetto TRUE asoutlinedin Algorithm 1; this procesds termedunit

3 Due to spacelimitation, we cannotdo justiceto a large amountof recentwork on completeSAT
solvers,which consistof hundredof publications Theaim of this sectionis to give thereadeanoverviev
of severaltechniquegommonlyemplo/ed by thesesolvers.
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Algorithm 2.1: DPLL-recursive  (F;r)

Input  : A CNFformulaF andaninitially emptypartialassignment
Output : UNSAT, or anassignmensatisfyingF
begin
(F;r) UnitPropagate( F;r)
if F containstheemptyclausethen return UNSAT
if F hasno clausedeft then

Outputr

return SAT

aliteral notassignedy r /I the branching step
if DPLL-recursive(  Fj-;r [ f'g) = SAT then return SAT
return DPLL-recursive(  Fj.~;r [ f: "Q)

end

subUnitPropagate( F;r)
begin
while F containsno emptyclausebut hasa unit clausex do

F Fix
L r r[fxg
return (F;r)
end

propagation Pure literals (thosewhosenegation doesnot appear)are also setto
TRUE asapreprocessingtepand,in someimplementationsguringthesimpli cation
processfterevery branch.

Variantsof this algorithm form the mostwidely usedfamily of completealgo-
rithms for formula satis ability. They are frequentlyimplementedin an iteratve
ratherthanrecursve manney resultingin signi cantly reducedmemoryusage.The
key differencein theiterative versionis the extra stepof unassigningrariableswhen
onebacktracksThenaive way of unassigningariablesin a CNF formulais compu-
tationally expensve, requiringoneto examineevery clausein which the unassigned
variableappears.However, the watded literals schemeprovides an excellentway
aroundthis andwill bedescribedshortly.

2.2.2 KeyFeaturesof Modern DPLL-Based SAT Solwers

The efciency of state-of-the-arSAT solversreliesheavily on variousfeaturesthat
have beendeveloped,analyzed.andtestedover the last decade. Theseinclude fast
unit propagation usingwatchediterals, learningmechanismsjeterministicandran-
domizedrestartstratgies,effective constraintdatabasenanagemenfclausedeletion
mechanisms)andsmartstaticanddynamicbranchingheuristics.We give a a vor of
someof thesenext.

Variable (and value) selectionheuristic is oneof thefeatureghatvary the most
from one SAT solver to another Also referredto asthe decisionstrategy, it canhave
a signi cant impacton the ef ciency of the solver (seee.g.[16( for asuney). The
commonlyemployed stratgjies vary from randomly xing literals to maximizinga
moderatelycomplex function of the currentvariable-and clause-statesuchasthe
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MOMS (Maximum Occurrencén clausesof Minimum Size) heuristic[121] or the
BOHM heuristic[cf. 32]. One could selectand x the literal occurringmostfre-
quentlyin the yet unsatis edclausegthe DLIS (Dynamic Largestindividual Sum)
heuristic[161]), or choosea literal basedon its weightwhich periodicallydecaysout
is boostedif a clausein which it appeards usedin deriving a coniict, like in the
VSIDS (Variable StatelndependenDecayingSum) heuristic[170. Newer solvers
like BerkMin [93], Jerusat [171], MiniSat [71], andRSat [184] emplg further
variationson thistheme.

Clause learning hasplayeda critical role in the successf moderncomplete
SAT solvers. Theideahereis to cache“causesof con ict” in a succinctmanner(as
learnedclausespandutilize this informationto prunethe searchin a differentpart of
the searchspaceencounteredater We leave the detailsto Section2.2.3 which will
be devotedentirelyto clausdearning.We will alsoseehow clausdearningprovably
exponentiallyimprovesuponthe basicDPLL procedure.

The watchedliterals schemeof Moskewicz etal.[17(, introducedn theirsolver
zChaff , is now a standardnethodusedby mostSAT solversfor ef cient constraint
propagtion. This techniquefalls in the cateyory of lazy datastructuresntroduced
earlierby Zhang[23€ in the solver Sato . The key ideabehindthe watchedlterals
scheme asthe namesuggestsjs to maintainand “watch” two specialliterals for
eachactie (i.e., notyet satis ed) clausethatarenot FAL SE underthe currentpartial
assignmenttheséiterals could eitherbe setto TRUE or be asyet unassignedRecall
thatemptyclauseshalt the DPLL processandunit clausesareimmediatelysatis ed.
Hence,onecanalways nd suchwatchedliteralsin all active clauses.Further as
long asaclausehastwo suchliterals,it cannotbeinvolvedin unit propagtion. These
literals are maintainedasfollows. Supposea literal * is setto FALSE. We perform
two maintenanceperationsFirst, for every clauseC thathad™ asawatchediteral,
we examineC and nd, if possible,anotherliteral to watch (onewhich is TRUE or
still unassigned)Secondfor every previously active clauseC®thathasnow become
satis ed becausef this assignmenof * to FALSE, we make : = awatchediteral for
CP By performingthis secondstep positive literalsaregivenpriority over unassigned
literalsfor beingthewatchediterals.

With this setup,onecantesta clausefor satis ability by simply checkingwhether
atleastoneof its two watchediteralsis TRUE. Moreover, therelatively smallamount
of extra book-keepinginvolvedin maintainingwatchediteralsis well paid off when
oneunassignsiliteral * by backtracking—irfact,oneneeddo do absolutelynothing!
Theinvariantaboutwatchediteralsis maintainedassuch,saving asubstantiahmount
of computationthat would have beendone otherwise. This techniquehasplayeda
critical role in the succes®f SAT solvers,in particularthoseinvolving clauselearn-
ing. Evenwhenlarge numbersof very long learnedclausesare constantlyaddedto
the clausedatabasethis techniqueallows propagtionto be very ef cient—the long
addedclausesarenot evenlooked at unlessoneassignsa valueto oneof theliterals
beingwatchedandpotentiallycausesinit propagtion.

Con ict-dir ectedbackjumping, introducedby StallmanandSussmatji22(, al-
lowsasolverto backtracldirectlyto adecisionlevel d if variablesatlevelsd or lower
arethe only onesinvolvedin the con icts in both branchesat a point otherthanthe
branchvariableitself. In this caseijt is safeto assumehatthereis no solutionextend-
ing thecurrentbranchatdecisionlevel d, andonemay ip thecorrespondingariable



C.P Gomes=tal. 95

atlevel d or backtrackurtherasappropriate This processnaintainghecompleteness
of theproceduravhile signi cantly enhancingheef ciency in practice.

Fast backjumping is a slightly differenttechnique relevant mostly to the now-
popularFirstUIPlearningschemeausedn SAT solversGrasp [161] andzChaff [170.
It letsa solver jump directly to a lower decisionlevel d whenevenonebranchleads
to acon ict involving variablesat levelsd or lower only (in additionto the variable
at the currentbranch). Of course for completenesghe currentbranchat level d is
not marked as unsatis able; one simply selectsa new variableand value for level
d andcontinueswith a new con ict clauseaddedto the databasend potentiallya
new implied variable.This is experimentallyobsenedto increaseef ciency in mary
benchmarkproblems.Note, however, thatwhile con ict-directedbackjumpingis al-
waysbene cial, fastbackjumpingmay not be so. It discardsntermediatedecisions
which may actuallyberelevantandin theworstcasewill be madeagain unchanged
afterfastbackjumping.

Assignmentstack shrinking basedon con ict clauseds a relatively new tech-
nique introducedby Nadel[177]] in the solver Jerusat , andis now usedin other
solversaswell. Whena con ict occursbecause clauseClis violatedandthe re-
sulting con ict clauseC to be learnedexceedsa certainthresholdlength,the solver
backtrackgo almostthe highestdecisionlevel of the literalsin C. It thenstartsas-
signingto FAL SE the unassignediterals of the violatedclauseC®until anew con ict
is encounteredwhich is expectedto resultin a smallerand more pertinentcon ict
clauseto belearned.

Conict clauseminimization wasintroducedoy EeEnandSorenssotj71] in their
solver MiniSat . Theideais to try to reducethe size of a learnedcon ict clause
C by repeatedlyidentifying and removing ary literals of C that are implied to be
FALSE whenthe restof the literals in C aresetto FALSE. This is achiesed using
the subsumptiorresolutionrule, which lets one derive a clauseA from (x_ A) and
(: x_B) whereB A (the derived clauseA subsumeshe antecedenfx__ A)). This
rule canbe generalizedat the expenseof extra computationatostthatusuallypays
off, to a sequencef subsumptiorresolutionderivationssuchthatthe nal derived
clausesubsumeshe rst antecedentlause.

Randomizedrestarts, introducedby Gomeset al. [107, allow clauselearning
algorithmsto arbitrarily stopthe searchandrestarttheir branchingprocessrom de-
cisionlevel zero.All clausedearnedsofarareretainedandnow treatedasadditional
initial clausesMost of the currentSAT solvers,startingwith zChaff [170, employ
aggressie restartstratgyies,sometimesestartingafterasfew as20to 50 backtracks.
This hasbeenshowvn to helpimmenselyin reducingthe solutiontime. Theoretically
unlimited restarts performedat the correctstep,can provably make clauselearning
very powverful. We will discusgandomizedestartdn moredetaillaterin thechapter

2.2.3 ClauseLearning and Iterati ve DPLL

Algorithm 2.2 givesthe top-level structureof a DPLL-basedSAT solver employing
clauselearning. Note that this algorithmis presentecherein the iterative format
(ratherthanrecursve) in whichit is mostwidely usedin today's SAT solwers.

The procedureDecideNextBranch ~ chooseghe next variableto branchon (and
thetruth valueto setit to) usingeithera staticor adynamicvariableselectiorheuris-
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Algorithm 2.2 DPLL-ClauseLearning-Iterative

Input : A CNFformula

Output : UNSAT, or SAT alongwith a satisfyingassignment
begin

while TRUE do

DecideNextBranch

while TRUE do

status Deduce

if status= CONFLICTthen

L blevel  AnalyzeConflict

if blevel= 0then return UNSAT
Backtrack( blevel)

elseif status= SAT then
Outputcurrentassignmenstack
return SAT

L else break

end

tic. Theprocedurededuce appliesunit propagtion,keepingtrackof ary clauseghat
may becomeempty causingwhatis known asacon ict. If all clausehave beensat-
is ed, it declareghe formulato be satis able? The procedureAnalyzeConflict
looksatthestructureof implicationsandcomputedromit a“con ict clause™o learn.
It alsocomputesandreturnsthe decisionlevel thatoneneedgo backtrack .Notethat
thereis no explicit variable ip in the entirealgorithm; onesimply learnsa con ict
clausebeforebacktrackingandthis con ict clauseoftenimplicitly “ips” thevalue
of adecisionor implied variableby unit propagtion. This will becomeclearerwhen
we discusghedetailsof con ict clausdearninganduniqueimplication point.

In termsof notation,variablesassignedraluesthroughthe actualvariableselec-
tion procesqDecideNextBranch ) arecalleddecisionvariablesandthoseassigned
valuesasaresultof unit propagtion (Deduce ) arecalledimpliedvariables.Decision
andimplied literals are analogouslyde ned. Upon backtracking,the last decision
variableno longerremainsa decisionvariableandmight insteadoecomeanimplied
variabledependingon the clausedearnedso far. The decisionlevel of a decision
variable x is one morethanthe numberof currentdecisionvariablesat the time of
branchingon x. The decisionlevel of an implied variabley is the maximumof the
decisionlevels of decisionvariablesusedto imply y; if y is implied a valuewithout
usingary decisionvariableatall, y hasdecisionlevel zero. The decisionlevel at ary
stepof the underlyingDPLL procedures the maximumof the decisionlevels of all
currentdecisionvariablesandzeroif thereis no decisionvariableyet. Thus,for in-
stanceijf the clausdearningalgorithmstartsoff by branchingonx, the decisionlevel
of xis 1 andthealgorithmatthis stageis atdecisionlevel 1.

A clauselearningalgorithmstopsanddeclareghe givenformulato be unsatis -
ablewheneer unit propagtion leadsto a con ict at decisionlevel zero,i.e., when

4 In someimplementationsnvolving lazy data structures solvers do not keeptrack of the actual
numberof satis ed clausesInsteadtheformulais declaredo be satis ablewhenall variableshave been
assignedruth valuesandno con ict is createdoy this assignment.
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no variableis currentlybranchecupon. This conditionis sometimeseferredto asa
con ict at decisionlevel zeio.

Clauselearninggrew out of work in arti cial intelligenceseekingto improve the
performanceof backtracksearchalgorithmsby generatingexplanationsfor failure
(backtrack)points,andthenaddingthe explanationsasnew constraint®ontheoriginal
problem.Theresultsof Davis [62], de KleerandWilliams [63], Dechter[64], Gene-
sereth82], StallmanandSussma220], andothersprovedthis approacho be quite
promising. For generalconstraintsatishction problemsthe explanationsare called
“con icts” or “no-goods”; in the caseof BooleanCNF satis ability, the technique
becomeglauselearning—thereasorfor failureis learnedin the form of a “con ict
clause’whichis addedo thesetof givenclausesDespitetheinitial successheearly
work in this areawaslimited by thelarge numbersof no-goodsyeneratedluringthe
search,which generallyinvolved mary variablesandtendedto slow the constraint
solversdown. Clauselearningowesa lot of its practicalsuccesgo subsequente-
searchexploiting ef cient lazy datastructuresand constraintdatabasenanagement
stratgies. Througha seriesof papersand often accompanping solvers, Bayardo
Jr. and Miranker [17], BayardoJr. and Schrag[19], Marques-Sila and Sakallah
[161], Moskewicz et al. [170], Zhang[236], Zhanget al. [24(, and othersshaved
that clauselearningcanbe ef ciently implementedandusedto solve hardproblems
thatcannotbe approachedy ary othertechnique.

In generalthelearningprocesshiddenin AnalyzeConflict is expectedo save
usfrom redoingthe samecomputationrwhenwe laterhave anassignmenthatcauses
conict duein partto the samereason. Variationsof suchcon ict-driven learning
include differentways of choosingthe clauseto learn (differentlearning scheme}
andpossiblyallowing multiple clausedo be learnedfrom a singlecon ict. We next
formalizethegraph-baseframenork usedto de ne andcomputecon ict clauses.

Implication Graph and Con icts

Unit propagation canbe naturallyassociateavith animplicationgraphthatcaptures
all possiblewaysof deriving all implied literals from decisionliterals. In what fol-
lows, we usethe term knownclausesto referto the clausef the input formula as
well asto all clausegshathave beenlearnedby the clauseearningprocessofar.

De nition 1. Theimplicationgraph G atagivenstageof DPLL is a directedacyclic
graphwith edgedabeledwith setsof clauseslt is constructedisfollows:

Stepl: Createa nodefor eachdecisionliteral, labeledwith thatliteral. These
will betheindegree-zersourcenodesof G.

labelnodesn G,

i. Add anodelabeled if notalreadypresenin G.
i. Addedgeql;;1);1 i k;if notalreadypresent.

iii. Add C to thelabelsetof theseedges.Theseedgesarethoughtof as
groupedogetherandassociateavith clauseC.
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Step3: Addto G aspecial‘con ict” nodeL . For ary variablex thatoccursboth
positively andnegatively in G, adddirectededgesrom x and: xto L.

Sinceall nodelabelsin G aredistinct, we identify nodeswith theliteralslabeling
them. Any variablex occurringboth positively andnegatively in G is acon ict vari-
able, andx aswell as: x arecon ict literals. G containsa con ict if it hasatleast
onecon ict variable.DPLL ata givenstagehasa con ict if theimplicationgraphat
thatstagecontainsa conict. A con ict canequwalently be thoughtof asoccurring
whenthe residualformula containsthe emptyclausel. . Notethatwe areusingL to
denotethe nodeof theimplication graphrepresenting con ict, andL to denotethe
emptyclause.

By de nition, the implication graphmay not containa con ict at all, or it may
containmary con ict variablesand several ways of deriving ary singleliteral. To
betterunderstané@ndanalyzea con ict whenit occurs,we work with a subgraphof
theimplicationgraph,calledthecon ict graph(seeFigure2.1), thatcapturesnly one
amongpossiblymary waysof reachinga con ict from the decisionvariablesusing
unit propagtion.

acut corresponding

toclause(@a U@ b) Congti)ld
variable

reason side conflict side

Figure2.1: A conict graph

De nition 2. A conict graphH is ary subgraphof the implication graphwith the
following properties:

(a) H containd_ andexactly onecon ict variable.
(b) All nodesin H have apathto L.

(c) Everynodel in H otherthanL eithercorrespondso a decisionliteral or has
preciselythenodes I1;: I2;:::;: Ixaspredecessomshere(ls _I>_ i I 1)
is aknown clause.

While an implication graphmay or may not containcon icts, a con ict graph
alwayscontainsexactly one. The choiceof the con ict graphis partof the stratey
of thesolver. A typical stratgy will maintainonesubgraptof animplicationgraph
that hasproperties(b) and(c) from De nition 2, but not property(a). This canbe
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thoughtof asa uniqueinferencesubgraplof theimplicationgraph. Whena con ict
is reachedthis uniqueinferencesubgraphs extendedto satisfyproperty(a) aswell,
resultingin acon ict graph,whichis thenusedto analyzethe con ict.

Conict clauses

For asubsel of the verticesof a graph,the edge-cut(henceforthcalleda cut) cor-
respondingo U is the setof all edgesgoing from verticesin U to verticesnot in
u.

Considetheimplicationgraphatastagewherethereisacon ict and x acon ict
graphcontainedn thatimplicationgraph. Chooseary cutin the con ict graphthat
hasall decisionvariableson oneside,calledthereasonside andL aswell asatleast
onecon ict literal ontheotherside,calledthecon ict side All nodesonthereason
sidethathave atleastoneedgegoingto thecon ict sideform acauseof thecon ict.
The negationsof the correspondingiterals formsthe con ict clauseassociatedvith
this cut.

Learning Schemes

Theessencef clausdearningis capturedy thelearningschemeusedto analyzeand
learnthe “cause”of afailure. More concretelydifferentcutsin a con ict graphsep-
aratingdecisionvariablesfrom a setof nodescontainingL andacon ict literal cor-
respondo differentlearningschemegseeFigure2.2). Onemayalsode ne learning
scheme$asedn cutsnotinvolving con ict literalsatall suchasaschemesuggested
by Zhanget al. [24(Q, but the effectivenesof suchschemess not clear Thesewill
notbeconsideredere.

Decision clause 1UIP clause
(pPUqUBb) t

COx
rel -sat clause FirstNewCut clause
(@al@b) (%, Ux, Uxg)

Figure2.2: Learningschemesgorrespondingo differentcutsin thecon ict graph

It is insightful to think of the nondeterministischemeasthe mostgeneralearn-
ing scheme.Here we selectthe cut nondeterministicallychoosing,wheneer pos-
sible, one whoseassociatedlauseis not alreadyknown. Sincewe canrepeatedly
branchon the samelast variable,nondeterministidearningsubsumesearningmul-
tiple clausedrom a singlecon ict aslong asthe setsof nodeson the reasonside of
thecorrespondingutsform a (set-wise)decreasingequencekor simplicity, we will
assumehatonly oneclauseis learnedfrom ary con ict.
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In practice,however, we emplgy deterministicschemes.The decisionscheme
[24Q, for example,usesthe cut whosereasorside comprisesll decisionvariables.
Relsat [19] usesthe cutwhosecon ict sideconsistsof all implied variablesat the
currentdecisionlevel. This schemeallows the con ict clauseto have exactly one
variablefrom the currentdecisionlevel, causingan automaticip in its assignment
uponbacktracking.In the exampledepictedin Figure 2.2, the decisionclause(p _
g_: b) hasb astheonly variablefrom the currentdecisionlevel. After learningthis
con ict clauseandbacktrackingoy unassignind, the truth valuesof p andq (both
FALSE) immediatelyimply : b, ipping thevalueof b from TRUE to FAL SE.

This nice ipping property holdsin generalfor all unique implication points
(UIPs)[161]. A UIP of animplication graphis a nodeat the currentdecisionlevel
d suchthatevery pathfrom the decisionvariableat level d to thecon ict variableor
its negation mustgo throughit. Intuitively, it is a singlereasoratlevel d thatcauses
theconict. Whereagselsat usesthe decisionvariableasthe obvious UIP, Grasp
[16]] andzChaff [17(] useFirstUIP, theonethatis “closest’to thecon ict variable.
Grasp alsolearnsmultiple clausesvhenfacedwith acon ict. Thismakesit typically
requirefewer branchingstepsbut possiblyslower becaus®f thetimelostin learning
andunit propagtion.

The conceptof UIP canbe generalizedo decisionlevels otherthanthe current
one. The 1UIP schemecorrespondso learningthe FirstUIP clauseof the currentde-
cisionlevel, the 2UIP schemeo learningthe FirstUIP clause®f boththecurrentievel
andthe onebefore,andso on. Zhanget al. [24( presenta comparisorof all these
andotherlearningschemesnd concludethat LUIP is quite robust and outperforms
all otherschemeshey consideron mostof thebenchmarks.

Anotherlearningschemewhich underliesthe proof of a theoremto be presented
in the next section,is the Fir stNevCut schemd22]. This schemestartswith the cut
thatis closesto thecon ict literalsanditeratively movesit backtowardthedecision
variablesuntil a con ict clausethatis not alreadyknown is found; hencethe name
FirstNevCut.

2.2.4 A Proof Complexity Perspectve

Propositionalproof compleity is the study of the structureof proofsof validity of

mathematicaktatement®xpressedn a propositionalor Booleanform. Cook and
Reckhav [52] introducedtheformal notion of a proof systemin orderto studymath-
ematicalproofsfrom acomputationaperspectie. They de ned apropositionaproof
systemto be anef cient algorithmA thattakesasinput a propositionalstatemens
anda purportedproof p of its validity in a certainpre-speci edformat. The crucial
propertyof A is thatfor all invalid statements5, it rejectsthe pair (S; p) for all p,

andfor all valid statements, it acceptgshe pair (S, p) for someproof p. This notion
of proof systemscanbe alternatvely formulatedin termsof unsatis ableformulas—
thosethatareFaL se for all assignmentto thevariables.

They further obsered thatif thereis no propositionalproof systemthat admits
short(polynomialin size)proofsof validity of all tautologiesj.e., if thereexist com-
putationallyhardtautologiedor every propositionalproof systemthenthecomple-
ity classed\NP andco-NP aredifferent,andhenceP 6 NP. This obsenation makes

nding tautologicalformulas(equivalently, unsatis ableformulas)thatarecomputa-
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tionally dif cult for variousproofsystem®neof thecentraltasksof proofcompleity
researchwith farreachingconsequenceds compleity theoryandComputerScience
in general.Thesehardformulasnaturallyyield a hierarcly of proof systems$asecbn
the sizesof proofsthey admit. Tremendousmountof researcthasgoneinto under
standingthis hierarchicalstructure.BeameandPitassi[23] summarizemary of the
resultsobtainedn this area.

To understan@urrentcompleteSAT solvers,we focuson the proof systemcalled
resolution denotechencefortrasRES. It is avery simplesystemwith only onerule
which appliesto disjunctionsof propositionalvariablesandtheir negations:(a oR B)
and ((NOT a) or C) togetherimply (B orR C). Repeatedapplicationof this rule
sufces to deriveanemptydisjunctionif andonly if theinitial formulais unsatis able;
suchaderiationsenesasa proof of unsatis ability of theformula.

Despiteits simplicity, unrestrictedresolutionasde ned abore (also called gen-
eral resolution is hardto implementef ciently dueto thedif culty of nding good
choicesof clausesto resole; naturalchoicestypically yield huge storagerequire-
ments.Variousrestrictionson the structureof resolutionproofsleadto lesspowerful
but easierto implementre nementsthathave beenstudiedextensiely in proof com-
plexity. Thoseof specialinterestto us aretree-like resolution whereevery derived
clauseis usedat mostoncein the refutation,and regular resolution whereevery
variableis resohed upon at mostonein ary “path” from the initial clausesto the
empty clause. While theseand otherre nementsare soundand completeas proof
systemsthey differ vastly in efciency. For instance,in a seriesof results,Bonet
etal.[34], BonetandGalesi[35], andBuresh-OppenheimndPitassi41] have shavn
thatregular, ordered Jinear, positive, negative, andsemantiaesolutionareall expo-
nentially strongerthantree-like resolution. On the otherhand,Bonetet al. [34] and
Alekhnovich et al. [7] have provedthattree-like, regular, andorderedresolutionare
exponentiallywealerthanRES.

Most of today's completeSAT solversimplementa subsebf theresolutionproof
system.However, till recently it wasnt clearwhereexactly dothey t in the proof
systemhierarcly andhow do they compareo re nementsof resolutionsuchasreg-
ular resolution. Clauselearningand randomrestartscan be consideredo be two
of the mostimportantideasthat have lifted the scopeof modernSAT solversfrom
experimentalttoy problemsto large instancegaken from realworld challenges De-
spite overwhelmingempiricalevidence for mary yearsnot muchwasknown of the
ultimatestrengthaandweaknessesf the two.

Beame Kautz,andSabhanal [22, 199 answeredseveral of thesequestiondn a
formal proof compleity framevork. They gave the rst precisecharacterizatiorof
clauselearningasa proof systemcalledCL andbeganthetaskof understandingts
power by relatingit to resolution.In particular they shavedthatwith anew learning
schemecalledFirstNenvCut, clausdearningcanprovide exponentiallyshorterproofs
thanary properre nementof generalresolutionsatisfyinga naturalself-reduction
property Theseincluderegularandorderedresolution,which arealreadyknown to
be muchstrongerthanthe ordinaryDPLL procedurevhich capturesnostof the SAT
solversthatdo notincorporateclauselearning. They alsoshovedthata slight variant
of clausdearningwith unlimitedrestartds aspowerful asgenerakesolutionitself.

Fromthebasicproof compleity point of view, only familiesof unsatis ablefor-
mulasare of interestbecausenly proofsof unsatis ability canbe large; minimum
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proofsof satis ability arelinearin the numberof variablesof the formula. In prac-
tice, however, mary interestingformulasare satis able. To justify the approachof

usinga proof systemCL, we referto thework of Achlioptas,Beame andMolloy [2]

who have shavn how negative proof compleity resultsfor unsatis ableformulascan
be usedto derive run time lower boundsfor speci ¢ inferencealgorithms,especially
DPLL, runningon satis able formulasaswell. The key obserationin their work

is that beforehitting a satisfyingassignmentan algorithmis very likely to explore
a large unsatis ablepart of the searchspacethat resultsfrom the rst badvariable
assignment.

Proof complity doesnot captureeverythingwe intuitively meanby the power
of areasoningsystembecauset saysnothingabouthow dif cult it isto nd short-
estproofs. However, it is a good notion with which to begin our analysisbecause
thesizeof proofsprovidesalower boundon the runningtime of ary implementation
of the system. In the systemsawe consider a branchingfunction, which determines
which variableto split uponor which pair of clausego resole, guidesthesearch A
negative proof compleity resultfor a system(“proofs mustbelargein this system”)
tells us thata family of formulasis intractableeven with a perfectbranchingfunc-
tion; likewise, a positive result(“small proofsexist”) givesushopeof nding agood
branchingfunction,i.e., abranchingfunctionthathelpsusuncorer a smallproof.

We begin with aneasyto prove relationshipbetweerDPLL (without clauseearn-
ing) andtree-like resolution(for aformal proof, seee.qg.[199).

Proposition1. For a CNFformulaF, thesizeof thesmallesDPLL refutationof F is
equalto the sizeof the smallestree-like resolutionrefutationof F.

Theinterestingpartis to understan@vhathappensvhenclausdearningis brought
into the picture. It hasbeenpreviously obsered by LynceandMarques-Sila [157)]
thatclausdearningcanbeviewedasaddingresolhentsto atree-like resolutionproof.
The following resultsshav further that clauselearning, viewed as a propositional
proof systemcCL, is exponentiallystrongerthantree-like resolution. This explains,
formally, the performancegainsobsered empirically whenclauselearningis added
to DPLL basedsolvers.

ClauseLearning Proofs

The notion of clauselearning proofs connectsclauselearningwith resolutionand
providesthe basisfor the compleity boundsto follow. If agivenformulaF is unsat-
is able, theclausdearningbase®PLL procesgerminateswith acon ict atdecision
level zero. Sinceall clausesusedin this nal conict themselesfollow directly or
indirectly from F, this failure of clauselearningin nding a satisfyingassignment
constitutesalogical proof of unsatis ability of F. In aninformal sensewe denoteby
CL the proof systemconsistingof all suchproofs;this canbe madepreciseusingthe
notionof abranchingsequencg2?]. Theresultsbelov comparehesizesof proofsin
CL with the sizesof (possiblyrestricted)esolutionproofs. Note thatclauselearning
algorithmscanuseoneof mary learningschemesiesultingin differentproofs.

We next de ne whatit meandor are nementof a proof systento be naturaland
proper Let Cg(F) denotethe lengthof a shortestrefutationof a formulaF undera
proof systemS.
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De nition 3([22,199). For proofsystemsSandT, andafunctionf :N! [1;¥),

Sis natural if for ary formulaF andrestrictionr onits variables Cs(Fj,)
Cs(F).

Sisare nementof T if proofsin Sarealso(restricted)proofsin T.

Sis f(n)-properasare nementof T if thereexists a withessingfamily f F,g
of formulassuchthatCg(F,) f(n) Ct(F,). There nementis exponentially-

properif f(n) = o andsuperpolynomially-poperif f(n) = nW(D),

Underthis de nition, tree-like, regular, linear, positve, negative, semantic,and
orderedresolutionarenaturalre nementsof RES, andfurther, tree-like, regular, and
orderedresolutionareexponentially-propef7, 34].

Now we arereadyto statethe somavhat technicaltheoremrelating the clause
learningprocesdo resolution,whosecorollariesarenonethelesgasyto understand.
Theproofof thistheorems basednanexplicit constructiorof so-called'proof-trace
extension"formulas,whichinterestinglyallow oneto translateany known separation
resultbetweenRES anda naturalproperre nementS of RES into a separatiorbe-
tweenCL andS

Theorem 1 ([22, 199). For any f(n)-propernatural re nementSof RES andfor CL
usingthe FirstNevCut schemeand no restarts,there exist formulasf F,g sud that
Cs(Fn)  f(n) Cer(Fn).

Corollary 1. CL canprovide exponentiallyshorterproofsthantree-like, regular, and
orderedresolution.

Corollary 2. EitherCL is nota natural proof systenor it is equivalentin strengthto
RES.

We remarkthatthis leavesopenthe possibilitythatCL maynotbeableto simulate
all regularresolutionproofs. In this context, MacKenzie[158 hasusedamuments
similar to thoseof Beameet al. [20] to prove thata naturalvariantof clauselearning
canindeedsimulateall of regularresolution.

Finally, let CL-- denotethevariantof CL whereoneis allowedto branchonaliteral
whosevalueis alreadysetexplicitly or becausef unit propagtion. Of course such
arelaxationis uselessn ordinaryDPLL; thereis nobene tin branchingonavariable
thatdoesnt evenappeain theresidualformula. However, with clauselearning,such
abranchcanleadto animmediatecon ict andallow oneto learnakey con ict clause
thatwould otherwisehave not beenlearned.This propertycanbe usedto prove that
RES canbeef ciently simulatedby CL-- with enougtrestartsin thiscontet, aclause
learningschemewill becallednon-redundanif onacon ict, it alwayslearnsaclause
not alreadyknown. Most of the practicalclauselearningschemesrenon-redundant.

Theorem 2 ([22, 199)). CL-- with anynon-redundanschemeand unlimitedrestarts
is polynomiallyequivalento RES.

We note that by choosingthe restartpointsin a smartway, CL togetherwith
restartscanbe convertedinto a completealgorithmfor satis ability testing,i.e., for
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all unsatis ableformulasgivenasinput, it will halt andprovide a proof of unsatis-

ability [16, 102. Thetheoremabore makesa muchstrongerclaim abouta slight
variantof CL, namely with enoughrestarts,this variantcan always nd proofs of
unsatis ability thatareasshortasthoseof RES.

2.2.5 Symmetry Breaking

Oneaspecbf mary theoreticalswell asreal-world problemsthatmeritsattentionis
the presencef symmetnor equivalenceamongsthe underlyingobjects.Symmetry
canbe de ned informally asa mappingof a constraintsatishction problem(CSP)
ontoitself that preseresits structureaswell asits solutions. The conceptof sym-
metry in the context of SAT solversandin termsof higherlevel problemobjectsis
bestexplainedthroughsomeexamplesof the mary applicationareaswhereit nat-
urally occurs. For instancejn FPGA (eld programmableate array)routing used
in electronicgdesign,all availablewires or channelausedfor connectingwo switch
boxesare equivalent;in our design,it doesnot matterwhetherwe usewire #1 be-
tweenconnectorX andconnectorY, or wire #2, or wire #3, or ary otheravailable
wire. Similarly, in circuit modeling,all gatesof the same'type” areinterchangeable,
andsoaretheinputsto a multiple fan-in AND or OR gate(i.e., a gatewith severalin-
puts);in planning,all identicalboxesthatneedto be movedfrom city A to city B are
equialent;in multi-processoschedulingall available processorsreequialent;in
cachecoherenyg protocolsin distributedcomputing.all availableidenticalcachesre
equialent. A key propertyof suchobjectsis thatwhenselectingk of them,we can
choosewithoutlossof geneality, any k. Thiswithout-loss-of-generalityeasonings
whatwe would like to incorporaten anautomaticfashion.

The questionof symmetryexploitationthatwe areinterestedn addressin@rises
wheninstancedrom domainssuchasthe onesmentionedabore aretranslatednto
CNF formulasto befedto a SAT solver. A CNF formulaconsistof constraintover
differentkinds of variablesthattypically representuplesof thesehigh level objects
(e.g.wires, boxes, etc.) andtheir interactionwith eachother For example,during
the problemmodelingphasewe could have a Booleanvariablez,, thatis TRUE iff
the rst endof wire w is attachedo connectorc. Whenthis formulais corverted
into DIMA CS formatfor a SAT solver, the semantioneaningof the variables that,
say variable1324is associateavith wire #23 andconnector5, is discarded.Con-
sequentlyin this translation,the global notion of the obvious interchangeabilityof
the setof wire objectsis lost, andinsteadmanifestsitself indirectly asa symmetry
betweenthe (numbered)variablesof the formula andthereforealsoasa symmetry
within the set of satisfying (or un-satisfying)variable assignments.Thesesetsof
symmetricsatisfyingandun-satisfyingassignmentarti cially explodeboththe sat-
is able andthe unsatis ablepartsof the searchspace the latter of which canbe a
challengingobstaclefor a SAT solver searchindor a satisfyingassignment.

Oneof the mostsuccessfutechniquedor handlingsymmetryin both SAT and
generalCSPsoriginatesfrom the work of Puget[187, who shaved that symme-
tries canbe broken by addingone lexicographicorderingconstraintper symmetry
Crawford et al. [55] shaved how this canbe doneby addinga setof simple “lex-
constraints”or symmetrybreaking predicates(SBPs)to the input speci cation to
weedout all but the lexically- rst solutions. The ideais to identify the group of
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permutation®of variablesthatkeepthe CNF formulaunchangedFor eachsuchper
mutationp, clauses@readdedsothatfor every satisfyingassignmens for theoriginal
problem,whosepermutationp(s) is alsoa satisfyingassignmentpnly thelexically-
rst of s andp(s) satis estheaddedclausesin the contet of CSPstherehasbeen
alot of work in the areaof SBPs.Petrieand Smith[1827 extendedtheideato value
symmetriesPuget{ 189 appliedit to productsof variableandvaluesymmetriesand
Walsh[23]] generalizedhe conceptto symmetriesacting simultaneouslyon vari-
ablesandvalues,on setvariablesgetc. Puget 188 hasrecentlyproposedatechnique
for creatingdynamiclex-constraintswith the goal of minimizing adwerseinteraction
with thevariableorderingusedin the searchtree.

In thecontext of SAT, valuesymmetriegor thehigh-level variablesnaturallyman-
ifest themseles as low-level variable symmetries,and work on SBPshastaken a
different path. Tools suchas Shatter by Aloul et al. [8] improve uponthe basic
SBPtechniqueby usinglex-constraintsvhosesizeis only linearin the numberof
variablesratherthan quadratic. Further they usegraphisomorphismdetectordike
Saucy by Darga et al. [56] to generatesymmetrybreakingpredicatesonly for the
generatorof the algebraicgroupsof symmetry This latter problemof computing
graphisomorphismhowever, is not known to have ary polynomialtime algorithms,
andis conjecturedo be strictly betweerthe compleity classed® andNP [cf. 136].
Hence onemustresortto heuristicor approximatesolutions.Further while thereare
formulasfor which few SBPssufce, the numberof SBPsoneneedso addin order
to breakall symmetriescanbe exponential. This is typically handledin practiceby
discardind'large” symmetriesi.e., thoseinvolving too mary variableswith respecto
a x edthreshold.This may, however, sometimesesultin muchslower SAT solutions
in domainssuchasclique coloringandlogisticsplanning.

A very differentandindirect approachfor addressinggymmetryis embodiedn
SAT solverssuchasPBS by Aloul et al. [9], pbChaff by Dixon et al. [68], and
Galena by ChaiandKuehlmann[44], which utilize hon-CNFformulationsknown
aspseudo-Booleamequalities. Their logic reasonings basedon whatis calledthe
Cutting Planegproof systemwhich, asshovn by Cooketal. [53], is strictly stronger
thanresolutiononwhichDPLL type CNF solversarebased Sincethis morepowerful
proof systemis dif cult to implementin its full generality pseudo-Booleasolvers
oftenimplementonly a subsebf it, typically learningonly CNF clauser restricted
pseudo-Boolearonstraintsupon a con ict. Pseudo-Booleasolvers may lead to
purelysyntacticrepresentationadf ciency in casesvhereasingleconstraintsuchas
yit+ Yo+ i+ y  1lisequialentto '; binary clauses More importantly they are
relevantto symmetrybecausehey sometimesllow implicit encoding.For instance,
thesingleconstraint; + xo+ :::+ X, movern variablesapturegsheessencef the
pigeonholgormulaPHP;, over nmvariableswhichis provably exponentiallyhardto
solve usingresolution-basedhethodswithout symmetryconsideration$10g. This
implicit representatiorowever, is not suitablein certainapplicationssuchasclique
coloring and planningthat we discuss. In fact, for unsatis ableclique coloringin-
stancesevenpseudo-Booleanolverspraovably requireexponentialtime.

Onecould concevably keepthe CNF input unchangedut modify the solver to
detectand handlesymmetriesduring the searchphaseasthey occur Although this
approachs quite natural,we areunavareof its implementatiorin a generalpurpose
SAT solverbesidesEqSatz by Li etal.[151], which hasbeenshavn to be effective
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on matrix multiplication and polynomial multiplication problems. Symmetryhan-
dling during searchhasbeenexploredwith mixed resultsin the CSPdomainusing
framavorks like SBDD and SBDS|[e.g. 72, 73, 84, 87]. Relatedwork in SAT has
beendonein the speci ¢ areaf automatidestpatterngeneratiorby Marques-Sila
and Sakallah[162 and SAT-basedmodel checkingby Shtrichman[214]. In both
casesthe solver utilizes global information obtainedat a stageto make subsequent
stagedaster In otherdomain-speci cwork on symmetriesn problemsrelevantto
SAT, Fox andLong [74] proposea framework for handlingsymmetryin planning
problemssolved usingthe planninggraphframewvork. They detectequivalencebe-
tweenvariousobjectsin the planninginstanceandusethis informationto reducethe
searchspaceexploredby their planner Unlike typical SAT-basedplannersthis ap-
proachdoesnot guaranteglansof optimal lengthwhen multiple (non-con icting)
actionsare allowed to be performedat eachtime stepin parallel. Fortunately this
issuedoesnot arisein the SymChaff approackor SAT to bementionedshortly.

Dixon etal. [67] give agenericmethodof representingnddynamicallymaintain-
ing symmetryin SAT solversusingalgebraictechniqueghat guarantegoolynomial
sizeunsatis ability proofsof mary dif cult formulas.The strengthof theirwork lies
in astronggrouptheoreticfoundationandcomprehensienessn handlingall possible
symmetries The computationsnvolving groupoperationghatunderlietheir current
implementatiorare,however, oftenquite expensve.

Whenviewing completeSAT solvers asimplementationof proof systemsthe
challengewith respecto symmetryexploitationis to pushthe underlyingproof sys-
temupin theweak-to-strongproofcompleity hierarcly withoutincurringthesigni -
cantcostthattypically comedrom large searchspacesssociatedvith complex proof
systems While mostof the currentSAT solversimplementsubset®of the resolution
proofsystemadifferentkind of solver calledSymcChaff [199 20Q bringsit upcloser
to symmetriaesolution a proof systemknown to be exponentiallystrongerthanres-
olution [139, 226. More critically, it achievesthis in a time- and space-etient
manner Interestingly while SymChaff involvesaddingstructureto the problemde-
scription, it still stayswithin therealmof SAT solvers(asopposedo usingaconstraint
programmingCP)approach)therebyexploiting the mary bene ts of the CNF form
andtheadwancesdn state-of-the-arSAT solvers.

As a structure-aaresolver, SymChaff incorporateseveralnew ideas,including
simplebut effective symmetryrepresentationnultiway branchingbasedon variable
classeandsymmetrysets andsymmetriclearningasanextensionof clausdearning
to multiway branches.Two key placeswhereit differs from earlierapproachesre
in usinghigh level problemdescriptionto obtain symmetryinformation (insteadof
trying to recover it from the CNF formula) andin maintainingthis informationdy-
namicallybut without usinga complex grouptheoreticmachinery This allows it to
overcomemary dravbacksof previously proposedsolutions.lt is shawvn, in particu-
lar, thatstraightforvardannotatiorin the usualPDDL speci cationof planningprob-
lemsis enoughto automaticallyandquickly generateelevantsymmetryinformation,
whichin turnmakesthesearcHor anoptimalplanseveralordersof magnitudeaster
Similar performanceainsareseenn otherdomainsaswell.



C.P Gomes=tal. 107

2.3 SAT Solver Technology—IncompleteMethods

An incompletemethodfor solving the SAT problemis one that doesnot provide
the guarantedhat it will eventually eitherreporta satisfyingassignmenbr prove
the givenformula unsatis able. Sucha methodis typically run with a pre-setlimit,

after which it may or may not producea solution. Unlike the systematicsolvers
basedon an exhaustve branchingandbacktrackingsearchjncompletemethodsare
generallybasedon stothasticlocal seach. On problemsfrom a variety of domains,
suchincompletemethoddor SAT cansigni cantly outperformDPLL-basedmethods.
Sincetheearly1990%, therehasbeenatremendousimountof researcton designing,
understandingand improving local searchmethodsfor SAT [e.g. 43, 77, 88, 89,

104, 105 109 113 114, 116 132 137, 152 164, 180, 183 191, 206, 219 aswell

ason hybrid approacheshat attemptto combineDPLL and local searchmethods
[e.g. 10, 106, 163 185 195.° We begin this sectionby discussingtwo methods
thatplayeda key role in the succes®f local searchin SAT, namelyGSAT[213 and
Walksat [211]. We will thenexplore the phasetransitionphenomenorin random
SAT andarelatively new incompletetechniquecalled Suney Propagtion. We note
thatthereare alsootherexciting relatedsolutiontechniquesuchasthosebasedon

Lagrangianmethods[207, 229, 235 and translationto integer programming[112,

124).

The original impetusfor trying a local searchmethodon satis ability problems
wasthesuccessfuhpplicationof suchmethoddor nding solutionsto largeN-queens
problems, rst usinga connectionissystemby Adorf andJohnstori6], andthenus-
ing greedylocal searchby Minton et al. [167]. It wasoriginally assumedhat this
successimplyindicatedthatN-queensvasaneasyproblem,andresearchertelt that
suchtechniquesvouldfail in practicefor SAT. In particular it wasbelievedthatlocal
searchmethodswvould easilygetstuckin local minima, with afew clausegemaining
unsatis ed. The GSATexperimentsshaved, however, thatcertainlocal searchstrate-
giesoftendoreachglobalminima,in mary casesnuchfasterthansystematicsearch
stratgies.

GSATis basenarandomizedocal searchtechniqueg 153 177]. ThebasicGSAT
procedurejntroducedby Selmanet al. [213 and describedhereas Algorithm 2.3,
startswith arandomlygeneratedruth assignmentlt thengreedilychangeg” ips")
the assignmenof the variablethatleadsto the greatestlecreasén the total number
of unsatis edclauses.Such ips arerepeatedintil eithera satisfyingassignments
foundor a pre-setmaximumnumberof ips (MAX-FLIPS) is reachedThis processs
repeatecisneededup to amaximumof MAX-TRIES times.

Selmanet al. shaved that GSATsubstantiallyoutperformedeven the bestback-
trackingsearchprocedure®f thetime on variousclasse®f formulas,including ran-
domly generatedormulasandSAT encoding®f graphcoloringproblemq123. The
searchof GSATtypically beginswith a rapid greedydescentowardsa betterassign-
ment, followed by long sequencesf “sideways” moves,i.e., movesthatdo not in-
creaseor decreasé¢he total numberof unsatis edclauses.In the searchspace gach
collectionof truth assignmentthatareconnectedogetherby a sequencef possible

5 Asin ourdiscussiorof thecompleteSAT solvers,we cannotdo justiceto all recentresearctin local
searchsolversfor SAT. We will again try to provide a brief overview andtouchuponsomeinteresting
details.
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Algorithm 2.3 GSAT(F)

Input : A CNFformulaF

Parameters : IntegersMAX-FLIPS, MAX-TRIES
Output : A satisfyingassignmentor F, or FAIL
begin

fori  1toMAX-TRIES dO
s arandomlygeneratedruth assignmentor F

for j 1toMAX-FLIPSdO
if s satis esF then return s /I success
v avariable ipping whichresultsin thegreatestlecrease
(possiblynegative) in the numberof unsatis edclauses
Flipvins

return FAIL /I no satisfying assignment  found

end

sidevaysmavesis referredto asa plateau Experimentsndicatethaton mary for-

mulas,GSATspendamostof its time maoving from plateauto plateau. Interestingly
Franketal.[77] obseredthatin practice almostall plateauslo have so-called'exits”

thatleadto anotherplateauwith a lower numberof unsatis edclauses.Intuitively,

in a very high dimensionakearchspacesuchasthe spaceof a 10,000variablefor-

mula, it is very rareto encountetocal minima, which areplateausrom wherethere
is no local move that decreasethe numberof unsatis edclauses.In practice,this
meanghatGSATmostoftendoesnot getstuckin local minima,althoughit maytake
a substantiahmountof time on eachplateaubeforemoving on to the next one. This
motivatesstudyingvariousmodi cationsin orderto speedup this procesg209, 210.

Oneof the mostsuccessfustratgiesis to introducenoiseinto the searchin theform

of uphill moves,which formsthe basisof the now well-knowvn local searchmethod
for SAT calledwalksat [217].

Walksat interleavesthe greedymoves of GSATwith randomwalk moves of a
standardVetropolissearchlt furtherfocuseghe searchbhy alwaysselectinghevari-
ableto ip fromanunsatis edclauseC (choseratrandom).If thereis avariablein C

ipping which doesnotturnary currentlysatis ed clausego unsatis ed,it ips this

variable(a “freebie” move). Otherwise with a certainprobability it ips arandom
literal of C (a “randomwalk” move), andwith the remainingprobability, it ips a
variablein C that minimizesthe break-counti.e., the numberof currently satis ed
clauseghat becomeunsatis ed(a “greedy” move). Walksat is presentedn detalil
asAlgorithm 2.4. Oneof its parametersn additionto the maximumnumberof tries
and ips, isthenoisep 2 [0; 1], which controlshow oftenarenon-greedymovescon-
sideredduring the stochasticsearch. It hasbeenfound empirically that for various
problemsfrom a singledomain,a singlevalueof pis optimal.

The focusingstratgy of Walksat basedon selectingvariablessolely from un-
satis ed clausesvasinspiredby the O(n?) randomizedalgorithmfor 2-SAT by Pa-
padimitriou[17§. It canbe shavn thatfor ary satis ableformulaandstartingfrom
ary truthassignmenthereexistsasequencef ips usingonly variablesfrom unsat-
is ed clausesuchthatoneobtainsa satisfyingassignment.
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Algorithm 2.4: Walksat (F)

Input : A CNFformulaF

Parameters : IntegersMAX-FLIPS, MAX-TRIES; noiseparametep 2 [0; 1]
Output : A satisfyingassignmentor F, or FAIL

begin

fori  1toMAX-TRIESdO

s arandomlygeneratedruth assignmentor F
for j 1toMAX-FLIPSdO
if s satis esF then return s /I success
C anunsatis edclauseof F choseratrandom
if 9 variablex 2 C with break-count 0 then
| v x /I freebie  move
else
With probability p: /I random walk move
v avariablein C choseratrandom
With probabilityl p: /I greedy move
v avariablein C with thesmallestoreak-count
| Flipvins
return FAIL /I no satisfying assignment  found

end

Whenonecompareshebiasedandonwalk strateyy of Walksat onhardrandom
3-CNFformulasagainstbasicGSAT the simulatedannealingprocesoof Kirkpatrick
etal. [13]], andapurerandomwalk strateyy, the biasedrandomwalk processsignif-
icantly outperformghe othermethodq210. In theyearsfollowing the development
of Wwalksat , mary similar methodshave beenshavn to be highly effective on not
only randomformulasbut on mary classe®f structurednstancessuchasencodings
of circuit designproblems Steinertreeproblems problemsin nite algebraandAl
planning]cf. 116. Variousextensionsof the basicprocesshave alsobeenexplored,
suchas dynamicsearchpolicies like adapt-novelty [114], incorporatingunit
clauseeliminationasin the solver Unitwalk [109], andexploiting problemstruc-
ture for increasecef ciency [183. Recently it wasshavn thatthe performanceof
stochastisolverson mary structuredoroblemscanbefurtherenhancedby usingnew
SAT encodingghataredesignedo beeffective for local searct{ 184.

2.3.1 The PhaseTransition Phenomenonn Random k-SAT

One of the key motivationsin the early 1990% for studyingincomplete,stochas-
tic methodsfor solving SAT problemswasthe nding that DPLL-basedsystematic
solversperformquite poorly on certainrandomlygeneratedormulas.Consideraran-
domk-CNF formulaF on n variablesgeneratedby independenthcreatingm clauses
asfollows: for eachclause selectk distinctvariablesuniformly at randomout of the
n variablesandnegateeachvariablewith probability0.5. WhenF is choserfrom this
distribution, Mitchell, Selman,and Levesque[16§ obsenred that the medianhard-
nessof the problemsis very nicely characterizedby a key parameterthe clause-to-
variable ratio, m=n, typically denotedby a. They obsered that problemhardness
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peaksin acritically constrainedegion determineddy a alone. Theleft paneof Fig-
ure2.3depictsthenow well-known “easy-hard-easygatternof SAT andothercombi-
natorialproblemsasthekey parametefin this casea) is varied. For random3-SAT,
this region hasbeenexperimentallyshavn to bearounda  4:26 (see[54, 137 for
earlyresults) andhasprovidedchallengingoenchmarksisatest-bedor SAT solvers.
Cheesemaatal. [45] obsenedasimilareasy-hard-eagyatternin randomgraphcol-
oring problems. For randomformulas, interestingly a slight naturalvariant of the
above“ x ed-clause-lengthinodel,calledthe variable-clause-lengtimodel,doesnot
have a clearsetof parametershatleadsto a hardsetof instance$76, 92, 19(. This
apparentlif culty in generatinggomputationallyhardinstancegor SAT solverspro-
vided the impetusfor muchof the early work on local searchmethodsfor SAT. We
referthereadetto [50] for anicesuney.
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Figure2.3: The phasdransitionphenomenoin random3-SAT. Left: Computational
hardnespeaksata 4:26. Right: Problemschangdrom beingmostlysatis ableto
mostly unsatis able.Thetransitionssharperasthe numberof variablesgrows.

This critically constrainedegion marksa starktransitionnot only in the compu-
tationalhardnes®of randomSAT instancesut alsoin their satis ability itself. The
right paneof Figure 2.3 shavs thefraction of randomformulasthatareunsatis able,
asafunctionof a. We seethatnearlyall problemswith a below the critical region
(theunderconstrainegbroblems)aresatis able. As a approacheandpasseshecrit-
ical region, thereis a sudderchangeandnearlyall problemsin this over-constrained
region are unsatis able. Further asn grows, this phasetransitionphenomenorbe-
comessharperndsharperandcoincideswith theregionin whichthe computational
hardnesgeaks. Therelative hardnes®f the instancesn the unsatis ableregion to
the right of the phasetransitionis consistenwith the formal resultof Chvatal and
Szemeedi [48] who, building uponthe work of Haken[108, proved thatlarge un-
satis ablerandomk-CNF formulasalmostsurelyrequireexponentialsizeresolution
refutations,and thus exponentiallengthruns of arny DPLL-basedalgorithm proving
unsatis ability. Thisformalresultwassubsequentlye ned andstrengthenedly oth-
ers[cf. 21, 24, 49.

Relatingthe phasetransitionphenomenoffior 3-SAT to statisticalphysics, Kirk-
patrick and Selman[132 shaved that the thresholdhas characteristicgypical of
phaseransitionsin the statisticalmechanic®f disorderednaterials(seealso[169).
Physicists have studiedphasetransition phenomenan greatdetail becauseof the
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mary interestingchangesn a system$ macroscopidehaior that occur at phase
boundaries Oneusefultool for the analysisof phaseransitionphenomenés called

nite-size scalinganalysis. This approachis basedon rescalingthe horizontalaxis

by a factorthatis a function of n. The function is suchthat the horizontalaxis is

stretchedbut for largern. In effect, rescaling‘slows down” the phase-transitioffor

highervaluesof n, andthusgivesusa betterlook insidethetransition. Fromthere-

sultinguniversalcurve, applyingthe scalingfunctionbackwards the actualtransition
curwe for eachvalueof n canbe obtained.In principle, this approachalsolocalizes
the 50%-satis able-poinfor ary valueof n, which allows oneto generatehe hardest
possiblerandom3-SAT instances.

Interestinglyit is still notformally known whetherthereevenexistsacritical con-
stanta. suchthatasn grows, almostall 3-SAT formulaswith a < a. aresatis able
andalmostall 3-SAT formulaswith a > a. areunsatis able.In thisrespectFriedgut
[78] providedthe rst positive result,shaving thatthereexists a functionac(n) de-
pendingon n suchthatthe above thresholdpropertyholds. (It is quitelikely thatthe
thresholdn factdoesnotdependonn, andis a x ed constant.)in a seriesof papers,
researcherhave narraved down the gap betweernupperboundson the thresholdfor
3-SAT [e.g.40, 69, 76, 120, 133, thebestsofar being4.596,andlower boundge.g.
1,5, 40, 75, 79, 107, 125, thebestsofarbeing3.52. Onthe otherhand,for random
2-SAT, we do have afull rigorousunderstandingf the phaseransition,which occurs
at clause-to-ariableratio of 1[33, 47]. Also, for generak, thethresholdfor random
k-SAT is known to bein therange2€in2  O(K) [3, 101].

2.3.2 A New Techniquefor Randomk-SAT: Survey Propagation

We endthis sectionwith a brief discussiorof Suney Propagtion (SP),an exciting
new algorithmfor solvinghardcombinatoriaproblems It wasdiscoveredin 2002by
Mézard Parisi,andZecching 165, andis sofartheonly known methodsuccessfuht
solvingrandom3-SAT instancesvith onemillion variablesandbeyondin nearlinear
time in themostcritically constrainedegion 8

The SPmethodis quite radicalin thatit triesto approximateusingan iterative
procesof local “message’updatescertainmaiginal probabilitiesrelatedto the set
of satisfyingassignmentslt thenassignsvaluesto variableswith the mostextreme
probabilities simpli es theformula,andrepeatgheprocessThis strateyy is referred
to asSP-inspireddecimation. In effect, the algorithmbehaeslik e the usualDPLL-
basednethodswhichalsoassignvariablevaluesincrementallyin anattemptto nd a
satisfyingassignmentHowever, quite surprisingly SPalmostnever hasto backtrack.
In otherwords,the “heuristicguidancefrom SPis almostalwayscorrect.Notethat,
interestingly computingmaiginals on satisfyingassignmentss stronglybelieved to
be much harderthan nding a single satisfying assignmen{#P-completevs. NP-
complete). NonethelessSPis ableto ef ciently approximatecertainmaiginalson
randomSAT instancesandusesthis informationto successfullynd a satisfyingas-
signment.

SPwasderived from rathercomplex statisticalphysicsmethodsspeci cally, the
so-calleccavitymethoddevelopedfor thestudyof spinglassesThe methods still far

6 It hasbeenrecentlyshavn thatby nely tuningthenoiseparametefWalksat canalsobe madeto
scalewell on hardrandom3-SAT instanceswell above the clause-to-ariableratio of 4.2[20§.



112 2. Satis ability Solves

from well-understoodbut in recentyears,we are startingto seeresultsthat provide
importantinsightsinto its workings[e.g.4, 12, 39, 140, 159 166. Closeconnections
to belief propagtion (BP) methodq181] morefamiliar to computerscientistshave
beensubsequentldiscovered.In particular it wasshavn by BraunsteirandZecchina
[39] (laterextendedby Maneva, Mossel,andWainwright[159)) thatSPequationsare
equialentto BP equationdor obtainingmaiginalsover a specialclassof combinato-
rial objectscalledcovers.In thisrespectSPis the rst successfubxampleof theuse
of aprobabilisticreasoningechniqueo solve apurelycombinatoriakearchproblem.
Therecentwork of Kroc etal. [14( empirically establishedhat SE despitethe very
loopy natureof randomformulaswhich violate the standardree-structureassump-
tions underlyingthe BP algorithm,is remarkablygoodat computingmaiginalsover
thesecoversobjectson largerandom3-SAT instances.

Unfortunately the succes®f SPis currentlylimited to randomSAT instanceslit
is anexciting researclthallengeo furtherunderstandPandapplyit successfullyo
morestructuredreal-world probleminstances.

2.4 Runtime Variance and Problem Structur e

The performancef backtrack-stylesearchmethodscanvary dramaticallydepending
ontheway oneselectghe next variableto branchon (the “variableselectionheuris-
tic”) andin what orderthe possiblevaluesare assignedo the variable (the “value
selectionheuristic”). The inherentexponentialnatureof the searchprocessappears
to magnify the unpredictabilityof searchproceduresin fact, it is not uncommornto
obsene abacktracksearchproceduréhang” onagiveninstancewhereas different
heuristic,or evenjustanotherandomizedun, solvestheinstancequickly. A related
phenomenoiis obsenedin randomproblemdistributionsthatexhibit an“easy-hard-
easy"patternin computationatompleity, concerningso-called'exceptionallyhard”
instances:suchinstanceseemto defy the “easy-hard-easypattern. They occurin
theunderconstrainedreabut they seemo be considerabhharderthanothersimilar
instancesand even harderthaninstancedrom the critically constrainedarea. This
phenomenomvas rst identi ed by HoggandWillimansin graphcoloring[111] and
by GentandWalshin satis ability problemq83]. An instanceds consideredo beex-
ceptionallyhard,for aparticularsearchalgorithm,whenit occursin theregionwhere
almostall probleminstancesare satis able (i.e., the underconstrainecarea),but is
considerabljharderto solve thanothersimilar instancesandeven harderthanmost
of the instancesn the critically constrainedarea[83, 111, 217. However, subse-
guentresearchshaved that suchinstancesare not inherentlydif cult; for example,
by simply renamingthe variablesor by consideringa differentsearchheuristicsuch
instancesanbeeasilysolved[212 21§. Therefore the “hardness’of exceptionally
hard instancesdoesnot residein the instancesper se but ratherin the combina-
tion of the instancewith the detailsof the searchmethod. This is the reasonwhy
researcherstudyingthe hardnes®f computationaproblemsusethe medianto char
acterizesearchdif culty , insteadof themean sincethe behaior of themeantendsto
bequiteerratic [95].



C.P Gomes=tal. 113

2.4.1 Fatand Heavy Tailed behavior

Thestudyof thefull runtimedistributionsof searchmethods—insteadf justthe mo-
mentsand median—haseenshavn to provide a bettercharacterizatiorof search
methodsand much useful informationin the designof algorithms. In particular
researcherbave shavn that the runtime distributions of completebacktracksearch
methodsreveal intriguing characteristic®f suchsearchmethods:quite often com-
plete backtracksearchmethodsexhibit fat and heavy-tailedbehaior [80, 95, 111].
Suchruntimedistributionscanbe obsered whenrunninga deterministichacktrack-
ing procedureon a distribution of randominstancesand perhapsmoreimportantly
by repeatedunsof arandomizedacktrackingprocedureon a singleinstance.

The notion of fat-tailednesds basedon the conceptof kurtosis The kurtosis
is de ned as m:nf (m, is the fourth centralmomentaboutthe meanand np is the
seconccentralmomentaboutthe meanii.e., thevariance).If adistribution hasahigh
centralpeakandlong tails, thanthe kurtosisis in generallarge. The kurtosisof the
standarchormaldistribution is 3. A distribution with a kurtosislargerthan3 is fat-
tailed or leptokurtic Examplesof distributionsthatarecharacterizedy fat-tails are
the exponentialdistribution, thelognormaldistribution, andthe Weibull distribution.

Heavy-taileddistributionshave “heavier” tails thanfat-taileddistributions;in fact
they have somein nite momentse.g., they canhave in nite mean,in nite variance,
etc. More rigorously arandomvariableX with probability distribution functionF (')
is heavy-tailedif it hasthe so-calledParetolik e decayof thetails, i.e.:

1 F(X=PiX>x Cx & x>0

wherea > 0 andC > 0 areconstants.Whenl< a < 2, X hasin nite variance,
andin nite meanandvariancewhen0O< a <= 1. Thelog-logplotof 1 F(x) of a

Pareto-like distribution (i.e., the survival function) shaws linear behaior with slope
determinedby a. Like heavytailed distributions, fat-tailed distributions have long

tails, with a considerablenassof probability concentratedh thetails. Nevertheless,
thetails of fat-taileddistributionsarelighter thanheavytailed distributions.

DPLL stylecompletebacktracksearchmethodhave beenshovn to exhibit heavy-
tailedbehaior, bothin randominstancesndreal-world instancesExampledomains
are QCP[95], scheduling97], planningfL0Z, modelchecking,andgraphcoloring
[122 230. Severalformal modelsgeneratingheavy-tailed behaior in searchhave
beenproposed46, 94, 122 233 234. If the runtime distribution of a backtrack
searchmethodis heay-tailed, it will produceruns spanningover several ordersof
magnitude someextremelylong but also someextremely short. Methodslike ran-
domizationandrestartdry to exploit this phenomenon102].

2.4.2 Backdoors

Insightinto heary-tailedbehaior comesfrom consideringoackdoowariables.These
arevariableswhich, whenset,give us a polynomialsubproblem.ntuitively, a small
backdoorsetexplainshow abacktracksearchmethodcanget“lucky” oncertainruns,
wherebackdoorvariablesareidenti ed early onin the searchandsetthe right way.
Formally, the de nition of a backdoordependn a particularalgorithm,referredto
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as sub-solver that solves a tractablesub-caseof the generalconstraintsatisaction
problem[233.

De nition 4. A sub-solverA givenasinputa CSR C, satis esthefollowing:

i. Trichotomy:A eitherrejectstheinputC, or “determines’C correctly(asunsatis-
able or satis able,returninga solutionif satis able),

ii. Efciency: Arunsin polynomialtime,

ii. Trivial sohability: A candetermineif C is trivially true (hasno constraints)r
trivially false(hasa contradictoryconstraint),

iv. Self-reducibility:if A determine<, thenfor ary variablex andvaluev, A deter
minesC[v=x].’

For instance A could be an algorithmthat enforcesarc consisteng. Using the
de nition of sub-solerwe cannow formally de ne the conceptof backdoorset. Let
A beasub-solerandC bea CSP A nonemptysubsetS of the variableswith domain
D is a (weak) backdoorin C for A if for someas: S! D, A returnsa satisfying
assignmenof Clag]. Intuitively, the backdoorcorrespondso a setof variablessuch
thatwhensetcorrectly the sub-soler cansolve the remainingproblem. A stronger
notionof backdoorgonsiderdothsatis ableandunsatis able(inconsistentproblem
instancesA nonemptysubsesS of thevariabless a strongbadkdoorin C for A if for
allas: S! D, Areturnsasatisfyingassignmenor concludesinsatis ability of Clag].

Szeiderf223 consideredhe parameterizedompleity of the problemof deter
mining whethera SAT instancehasaweakor strongbackdoorsetof sizek or lessfor
DPLL stylesub-solers,i.e., subsolersbasedon unit propagtionand/orpureliteral
elimination.He shavedthatdetectiorof weakandstrongbackdoorsetsis unlikely to
be x ed-parametdractable Nishimuraetal.[172 providedmorepositive resultsfor
detectingbackdoorsetswherethe sub-soler solvesHorn or 2-CNF formulas,both
of which arelineartime problems. They proved that the detectionof sucha strong
backdoorsetis x ed-parametetractable while the detectionof a weakbackdoorset
is not. The explanationthatthey offeredfor sucha discrepang is quite interesting:
for strongbackdoorsetsone only hasto guarantedhat the chosensetof variables
givesa subproblemwithin the chosensyntacticclass;for weakbackdoorsets,one
alsohasto guaranteaatis ability of thesimpli ed formula,a propertythatcannotbe
describedsyntactically

Dilkina et al. [66] studiedthe tradeof betweenthe compleity of backdoorde-
tectionandthe backdoorsize. They provedthataddingcertainobviousinconsisteng
checksto the underlyingclasscanmake the compleity of backdoordetectionjump
from beingwithin NP to beingboth NP-hardand coNP-hard.On the positive side,
they shaved that this changecandramaticallyreducethe size of the resultingback-
doors. They alsoexploredthe differencesetweenso-calleddeletionbackdoorsand
strongbackdoorsin particularwith respecto the classof renamabléHorn formulas.

Concerninghe size of backdoorsrandomformulasdo not appearto have small
backdoorsets. For example,for random3-SAT problemsnearthe phasetransition,
thebackdoorsizeappearso bea constanfraction(roughly 30%) of thetotal number

“We useC[v=x] to denotethe simpli ed CSPobtainedby settingthe valueof variablex to v in C.
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of variables[119. This may explain why the currentDPLL basedsolvershave not
madesigni cant progresson hard randomlygeneratednstances.Empirical results
basedon real-world instancessuggesta more positive picture. Structuredproblem
instancesanhave surprisinglysmall setsof backdoorvariableswhich may explain
why currentstate-of-the-arsolversareableto solve very large real-world instances.
For examplethe logistics-dplanningprobleminstance(log.d) hasa backdoorsetof
just 12 variables comparedo a total of nearly7,000variablesin the formula, using
the polynomialtime propagtiontechnique®f the SAT solver Satz[14§. Hoffmann
et al. [110 proved the existenceof strong backdoorsetsof size just O(logn) for
certainfamiliesof logisticsplanningproblemsandblocksworld problems.

Figure2.4: Constraintgraphof areal-world instancefrom the logisticsplanningdo-
main. Theinstancen the plot has843varsand7,301clauses Onebackdoorsetfor
this instancew.r.t. unit propagtion hassize 16 (not necessariljthe minimum back-
door set). Left: Constraintgraphof the original instance.Center: Constraintgraph
after setting5 variablesand performingunit propagtion. Right: Constraintgraph
aftersetting14 variablesandperformingunit propagtion.

Eventhoughcomputingminimumbackdoorsetsis worst-caséntractablg 223, if
we boundthe sizeof the backdoor heuristicsandtechniquedik e randomizatiorand
restartscan often uncover a small backdoorin practice[130. In fact, state-of-the-
art SAT solversaresurprisinglyeffective in nding small backdoorsn mary struc-
turedprobleminstances Figure 2.4 shavs a visualizationof the constraintgraphof
a logistics planningproblemand how this graphis drasticallysimpli ed after only
a few variablesoccurringin a small backdoor(found by SAT solvers) are set. In
relatedwork, Slang andWalsh[21€ studiedthe structuralnotion of “backbones”
andDequenandDuboisintroduceda heuristicfor DPLL basedsolversthat exploits
the notion of backboneandoutperformsotherheuristicson random3-SAT problems
[65, 70].

2.4.3 Restarts

Oneway to exploit heavy-tailed behaior is to addrestartsto a backtrackingproce-
dure.A sequencef shortrunsinsteaf asinglelongrunmaybeamoreeffective use
of computationatesourcegseeFigure2.5). Gomesetal. proposedandomizedapid
restartdRRR) to take advantageof heavy-tailed behaior andboostthe ef ciency of
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completebacktracksearchprocedure$102. In practice,onegraduallyincreaseshe
cutoff to maintaincompletenesgl6, 102. Gomesetal. shavedthatarestartstratey
with a x edcutoff eliminatesheavy-tail behaior andhas nite momentq96).

Prior to the discovery of heary-tailed behaior and backdoorsets,randomized
restartpolicies have beenstudiedin the contt of generalrandomizedLas Vegas
proceduresLuby etal. [155 shaved thatwhenthe underlyingruntime distribution
of therandomizecprocedurds fully known, the optimalrestartpolicy is a x edcut-
off. Whenthereis no a priori knowledgeaboutthe distribution, they alsoprovided
a univesal strategy which minimizesthe expectedcost. This consistof runswhose
lengthsare powers of two, andeachtime a pair of runsof a given lengthhasbeen
completedarun of twice thatlengthis immediatelyexecuted.The universalstratey
isof theform: 1;1;2;1;1;2;4;1;1;2;4;8; . Althoughtheuniversalstratey of Luby
et al. is provably within a log factorof the optimal x ed cutoff, the scheduleoften
convergestoo slowly in practice. Walsh[23( introduceda restartstratey, inspired
by Luby et al.s analysis,n which the cutoff valueincreasegeometrically The ad-
vantageof sucha strat@y is thatit is lesssensitve to the detailsof the underlying
distribution. Following the ndings of Gomesetal. [10Z andstartingwith zChaff ,
state-of-the-arBAT solversnow routinely userestarts.In practice,the solversusea
defaultcutoff value,whichis increasedlinearly, every givennumberof restartsguar
anteeinghe completenesef the solverin thelimit [170. Anotherimportantfeature
is thatthey retainlearnedclausesacrossestarts.
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Figure2.5: Restarts(a) Tail (1 F(x)) asafunctionof thetotalnumberof backtracks
for a QCPinstancejog-log scale;the lower curve is for a cutoff valueof 4 andthe
uppercurve is without restarts. (b) The effect of differentcutoff valueson solution
costfor thelogistics.dplanningproblem.Graphadaptedrom [95, 96].

In reality, we will be somevherebetweerfull andno knowledgeof the runtime
distribution. Horvitz et al. [117] introduceda Bayesianframework for learningpre-
dictive modelsof randomizedbacktracksolvers basedon this situation. Extending
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thatwork, Kautzetal. [126 consideredestartpoliciesthatcanfactorin information
basedon real-timeobsenationsabouta solver's behaior. In particular they intro-

ducedanoptimalpolicy for dynamicrestartghatconsidersobsenationsaboutsolver

behaior. They alsoconsideredhe dependencbetweerruns. They gave a dynamic
programmingapproacto generatehe optimalrestartstratgy, andcombinedthere-

sulting policy with real-timeobsenationsto boostperformanceof backtracksearch
methods.

Variantsof restartstratgjiesincluderandomizedacktrackind 156], andtheran-
domjump strateyy [237] which hasbeenusedto solve adozenpreviously openprob-
lemsin nite algebra.Finally, one canalsotake adwantageof the high varianceof
combinatoriakearchmethodsy combiningseveralalgorithmsinto a“portfolio,” and
runningthemin parallelor interlearing themon a singleprocessof100, 173.

2.5 Beyond SAT: Quanti ed BooleanFormulas and Model
Counting

We end this chapterwith a brief overview of two importantproblemsthat extend
beyond propositionalsatis ability testingandwill lie atthe heartof the next genera-
tion automatedeasoningystemsQuanti ed BooleanFormula(QBF) reasoningand
countingthe numberof models(solutions)of a problem.Theseproblemspresentas-
cinatingchallengesand posenew researchguestions.Ef cient algorithmsfor these
will have a signi cant impacton mary applicationareasthat areinherentlybeyond
SAT, suchasadwersarialandcontingeng planning,unboundednodelchecking,and
probabilisticreasoning.

Theseproblemscanbe solved, in principleandto someextentin practice by ex-
tendingthe two mostsuccessfuframeavorksfor SAT algorithms,namely DPLL and
local search.However, therearesomeinterestingissuesandchoicesthatarisewhen
extendingSAT-basedechniqueso thesehardemproblems.In generaltheseproblems
requirethe solver to, in a sensebe cognizantof all solutionsin the searchspace,
therebyreducingthe effectivenessandrelevanceof commonlyusedSAT heuristics
designedor quickly zoomingin on a singlesolution. Theresultingscalabilitychal-
lengehasdravn mary satis ability researcher® theseproblems.

2.5.1 QBF Reasoning

A Quanti ed BooleanFormula (QBF) is a Booleanformulain which variablesare
quanti ed asexistential(9) or universal(8) [cf. 135. We will usetheterm QBF for
totally quanti ed (alsoknownas closed)Booleanformulasin prene form beginning
(for simplicity) with 9:

F = od:od®exd:ax? i oud::Qd® ™
whereM is aBooleanformulareferredto asthematrix of F, xij above aredistinctand
inclugeall variaglesappearingn M, andQ s 9 if kis oddand8 if kis even. De ning
Vi= xho Al andusingassociatiity within eachlevel of quanti cation, we can

simplify the notationto F = 9V; 8V,9V;3 ::: QW M. A QBF solwer is an algorithm
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thatdetermineghe truth valueof suchformulasF, i.e., whetherthereexist valuesof
variablesin V; suchthatfor every assignmenbf valuesto variablesin V, thereexist
valuesof variablesin V3, andsoon, suchthatM is satis ed(i.e., evaluatedo TRUE).

QBF reasoningextendsthe scopeof SAT to domainsrequiringadwersarialanal-
ysis, like conditionalplanning[192], unboundednodelchecking[26, 194, anddis-
cretegames[86]. As a simpleappliedexample,considera two-playergamewhere
eachplayerhasa discreteset of actions. Herea winning strateyy for a playeris a
partialgametreethat, for every possiblegameplay of the opponentjndicateshow to
proceedso asto guarantee win. This kind of reasonings morecomple thanthe
single-agenteasoninghat SAT solversoffer, andrequiresmodelingandanalyzing
adwersarialactionsof anothermgentwith competingnterestsFortunately suchprob-
lemsareeasilyandnaturallymodeledusingQBF. The QBF approachthussupportsa
muchrichersettingthanSAT. However, it alsoposesen andsometimesinforeseen
challenges.

In termsof the worst-casecompleity, decidingthe truth of a QBF is PSRACE-
completeg 222 whereasSAT is “only” NP-completé® Evenwith very few quanti ca-
tion levels,theexplosionin thesearchspacds tremendouén practice.Further asthe
winning stratgly exampleindicatesgvenasolutionto aQBF mayrequireexponential
spaceto describegcausingpracticaldif culties [25].

Nonetheless,several tools for deciding the truth of a given QBF (QBF
solvers) have beendeveloped. Theseinclude DPLL-style searchbasedsolverslike
Quaffle  [241], QuBE[90], Semprop [144], Evaluate [42], Decide [193, and
QRSat [175; local searchmethoddik e WalkQSAT[85]; skolemizationbasedsolvers
likesKizzo [26]; g-resolution134] basedsolverslike Quantor [28]; andsymbolic,
BDD basedoolslike QMRE&NdQBDD[176. Most of thesesolversextendthe con-
ceptsunderlying SAT solvers. In particular they inherit conjunctve normal form
(CNF) asthe input representationwhich hasbeenthe standardor SAT solversfor
over a decade.Internally, somesolversalsoemploy disjunctve normalform (DNF)
to cachepartial solutionsfor ef ciency [247).

We focushereon DPLL-basedQBF solvers. The working of thesesolwversis not
very differentfrom that of DPLL-basedSAT solwvers. The essentiablifferenceis that
whentheDPLL procesdbranche®n anuniversalvariablex by settingit to TRUE and

nds that branchto be satis able, it mustalsoverify thatthe branchx = FALSE is
alsosatis able. Theneedto beableto do this “universalreasoning’andexplore both
branche®f universalvariableshas,asexpected asubstantiaimpactontheef ciency
of thesolwer.

In a seriesof papersZhangandMalik [241], Letz [144], and Giunchigliaet al.
[91] describechow the clauselearningtechniquedrom SAT canbe extendedto so-
lution learning for QBF. Theideais to not only cachesmall certi catesof unsatis -
ability of sub-formulaqaslearnedCNF clauses)put alsoto cachesmall certi cates
of satis ability of sub-formulagaslearnedDNF “terms”, alsoreferredto ascube$.
This can, in principle, be very usefulbecausenot only doesa QBF solver needto
detectunsatis ability ef ciently, it needsto also detectsatis ability ef ciently and
repeatedly

8 PSRACE-completgroblemsaregenerallybelievedto besigni cantly harderthanNP-completgrob-
lems;cf. [179.
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Anotherinterestingchange which is now part of most QBF solvers, is related
to unit propagtion. This stemsfrom the obsenation thatif the variableswith the
deepesguanti cation level in a clauseare universal,they cannothelp satisfy that
clause.The clausecaneffectively ignoretheseuniversalvariables.This alsoplaysa
rolein determiningwhich clausesarelearneduponreachingacon ict, andalsohasa
dualcounterparfboutexistentialvariablesn a DNF term.

While the performanceof QBF solvers hasbeenpromising,translatinga QBF
into a (muchlarger) SAT speci cationandusinga goodSAT solwer is oftenfasterin
practice—afactwell-recognizedandoccasionallyexploited [ 26, 28, 202. This mo-
tivatesthe needfor furtherinvesticationinto the designof QBF solversandpossible
fundamentalveaknesseis the modelingmethodsused.

It hasbeenrecentlydemonstratetly Samulavitz etal. thattheef ciency of QBF
solverscanbeimprovedsigni cantly—muchmoresothanSAT solvers—byemploy-
ing certainpre-processingechniqueon the formula at the very beginning [204] or
usinginferencetechniquessuchasthosebasedon binary clausespnthe y [203.
Thesemethodgypically involve addinga certaintype of easy-to-computeesohents
asredundantonstraintgo theproblem with thehopeof achieving fastempropagtion.
Resultsshav thatthis worksvery well in practice.

Any QBF reasoningaskhasa naturalgameplayinginterpretatiorata high level.
Using this fact, Ansotegui et al. [11] describeda generalframewvork for modeling
adwersarialtasksasQBF instances.They view a problemP asa two-playergameG
with a boundednumberof turns. This is differentfrom the standardnterpretation
of a QBF asa game[179; in their approachone mustformulatethe higherlevel
problemP asa gameG before modelingit asa QBF. The setsof “rules” to which
the existentialand universalplayersof G are boundmay differ from one playerto
the other Ansoteyui etal. [11] obsenedthattypical CNF-basedncodingfor QBF
suffer from the “ille gal searchspaceissue”wherethe solver nds it arti cially hard
to detectcertainillegal movesmadeby the universalplayer An exampleof anillegal
movein, say chesds to move a piececompletelyoff theboardor to move two pieces
at a time. Recognizingsuchillegal moves of the universal player correspondgo
deducingthat the resultingformula can be easily satis ed by the existential player
no matterwhatthe universalplayerdoesnext. Unlike a*“local” violation of a clause,
suchdetectioninvolvesall clausef the formulaandis non-trivial. In the standard
QBF encodingsthe solver is often be forcedto explore an exponentialnumberof
suchmaveson multiple levelsin the searchtree. Ansoteyui et al. proposedhe use
of specialindicatorvariablesthat ag the occurrencef suchillegal moves,whichis
thenexploited by their solver to prunethe searchspace.

Anotherrecentproposaby Sabhanal etal.[201], implementedn theQBF solver
Duaffle  which extendsQuaffle , is a new genericQBF modelingtechniquethat
usesa dual CNF-DNF representationThe dual representatioronsiderghe above
game-theoretiwiew of the problem.Thekey ideais to exploit a dichotomybetween
theplayers:rulesfor theexistentialplayeraremodeledasCNF clauses(thenegations
of) rulesfor the universalplayermodeledasDNF terms,andgamestateinformation
is split equallyinto clausesandterms. This symmetricdual format places‘equal re-
sponsibility” on the two players,in stark contrastwith other QBF encodingswhich
tendto leave mostwork for the existentialplayer This representatiohasseveralad-
vantagesver pure-CNFencodingdor QBF In particular it allows unit propagtion
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acrossquanti ers andavoidstheillegal searctspacdssuealtogether

An independentlual CNF-DNF approachof Zhang[239 corvertsa full CNF
encodinginto a logically equivalent full DNF encodingand provides both to the
soler. In contrast,Duaffle  exploits the representationgbower of DNF to sim-
plify the modelandmale it more compactwhile addressingomeissuesassociated
with pure CNF representationsBoth of thesedual CNF-DNF approachesre dif-
ferentfrom fully non-clausakncodingswhich alsohave promisebut are unableto
directly exploit rapidadvancesn CNF-basedAT solvers. Recently Benedettiet al.
[27] have proposedirestrictedquanti cation” for pure-CNFencodingsfor QCSPs.
This generaltechniqueaddressetheillegal searchspaceissueandis applicablealso
to QBF solversotherthanthosethataresearchbased.

2.5.2 Model Counting

Propositionalmodel countingor #SAT is the problemof computingthe numberof
modelsfor a givenpropositionaformula,i.e.,the numberof distinctvariableassign-
mentsfor whichtheformulaevaluatedo TRUE. This problemgeneralize SAT andis
known to be a #P-completgroblem,which meanghatit is no easierthansolvinga
QBF with a x edbut unboundechumberof “there exist” and“forall” quanti cation
levelsin its variables[224]. For comparisonnoticethat SAT canbe thoughtof asa
QBF with exactly onelevel of “there exist” quanti cation.

Effective modelcountingproceduresvould openup arangeof new applications.
For example,variousprobabilisticinferenceproblems suchasBayesiametreason-
ing, canbeeffectively translatednto modelcountingproblemdcf. 14, 58, 154, 196.
Another applicationis in the study of hard combinatorialproblems,suchas com-
binatorial designs wherethe numberof solutionsprovides further insightsinto the
problem.Even nding asinglesolutioncanbea challengeor suchproblems:count-
ing the numberof solutionsis muchharder Not surprisingly the largestformulas
we cansolve for themodelcountingproblemwith state-of-the-annodelcountersare
signi cantly smallerthanthe formulaswe cansolve with the bestSAT solvers.

The earliestpracticalapproachfor countingmodelsis basedon an extensionof
systematicDPLL-basedSAT solvers. Theideais to directly explore the complete
searchreefor ann-variableformula,associatin@' solutionswith asearchreebranch
if thatbranchleadsto a solutionatdecisionlevel n t. By usingappropriatamultipli-
cationfactorsandcontinuingthe searchaftera singlesolutionis found,Relsat [18]
is ableto provide incrementalower boundson the modelcountasit proceedsand

nally computesthe exact model count. Newer tools suchas Cachet [205 often
improve uponthis by usingtechniquesuchascomponentaching[ 20].

AnotherapproacHor modelcountingis to convert the formulainto a form from
which the countcanbe deducedeasily Thetool c2d [57] usesthis knowledgecom-
pilationtechniqueo corvertthegiven CNF formulainto decomposablaegationnor
malform (DDNF) [59] andcomputethe modelcount.

Most exactcountingmethodsgspeciallythosebasedon DPLL searchgessentially
attacka#P-completgroblem“headon”—by searchingheraw combinatoriakearch
space Consequentlythesealgorithmsoftenhave dif culty scalingup to largerprob-
lem sizes. We shouldpoint out that problemswith a higher solution countare not
necessarilharderto determinghe modelcountof. In fact,Relsat cancomputethe
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true modelcountof highly underconstrainegroblemswith mary “don't care”vari-

ablesanda lot of modelsby exploiting big clustersin the solutionspace.The model
countingproblemis insteadmuch harderfor moreintricate combinatorialproblems
wherethe solutionsarespreadnuchmore nely throughouthecombinatoriakpace.

WeiandSelmarn232 useMarkov ChainMonteCarlo(MCMC) samplingto com-
puteanapproximatiorof thetrue modelcount. Their modelcountey ApproxCount
is ableto solve severalinstancegjuiteaccuratelywhile scalingmuchbetterthanboth
Relsat andCachet asproblemsizeincreasesThe dravbackof ApproxCount is
thatoneis notableto provide ary hardguaranteeenthemodelcountit computesTo
outputa numbercloseto thetrue count,this countingstratgy requiresnearuniform
samplingfrom the set of solutions,which is generallydif cult to achieve. Near
uniformsamplingfrom the solutionspacds muchharderthanjustgeneratingsingle
solution. MCMC methodscanprovide theoreticalcorvergenceguaranteesut only
in the limit, which in the worst casemay requirean exponentialnumberof Markov
chainsteps.

Interestinglytheinherentstrengthof moststate-of-the-arSAT solverscomesac-
tually from theability to quickly narrav down to a certainportionof the searctspace
the solver is designedo handlebest. Suchsolversthereforesamplesolutionsin a
highly non-uniformmanner making them seeminglyill-suited for model counting,
unlessone forcesthe solver to explore the full combinatorialspace. An intriguing
questionis whetherthereis a way aroundthis apparentimitation of the useof state-
of-the-artSAT solversfor modelcounting.

MBound [98] is a new methodfor model counting,which interestinglyusesary
completeSAT solver“asis” It followsimmediatelythatthe moreef cient the SAT
solver usedthe morepowerful its countingstratgly becomesMBound is inspiredby
recentwork on so-called“streamliningconstraints”[99], in which additional,non-
redundantonstraintsaareaddedto the original problemto increaseconstrainfpropa-
gationandto focusthesearclonasmallpartof thesubspacghopefully)still contain-
ing solutions. This stratgy wasearliershavn to be successfuin solving very hard
combinatorialdesignproblemswith carefully createddomain-speci cstreamlining
constraintsin contrastMBound usesa domain-independerstreamliningtechnique.

Thecentralideaof the approachs to usea specialtype of randomlychosencon-
strainsas streamlinersnamely X OR or parity constraintson the problemvariables.
Suchconstraintgequirethatanodd numberof theinvolvedvariablesbe setto TRUE.
(Thisrequirementanbetranslatednto the usualCNF form by usingadditionalvari-
ables[225.) MBound works by repeatedlyaddinga numbers of suchconstraintdo
theformulaandfeedingtheresultto a state-of-the-artompleteSAT solver. At avery
high level, eachrandomxor constraintwill cut the searchspaceapproximatelyin
half. So,intuitively, if aftertheadditionof s XoR'stheformulais still satis able,the
original formulamusthave at leastof the orderof 2° models.More rigorously it can
be shawvn thatif we performt experimentsof addings randomxOR constraintsand
our formularemainssatis ablein eachcasethenwith probabilityatleastl 2 at,
our original formulawill have at least2® 2 satisfyingassignments$or ary a > 0.
As a result, by repeatedexperimentsor by wealening the claimedbound,one can
arbitrarily boostthe con dencein thelower boundcount. Similar resultscanalsobe
derivedfor the upperbound. A surprisingfeatureof this approackis thatit doesnot
dependatall onhow thesolutionsaredistributedthroughouthesearchspacelt relies



122

2. Satis ability Solves

onthevery specialpropertiesof randomparity constraintswhich in effect provide a
goodhashfunction, randomlydividing the solutionsinto two nearequalsets. Such
constraintavere rst usedby ValiantandVazirani[227] in a randomizedreduction
from SAT to therelatedproblemUnique SAT.
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