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Abstract— Existing random membership management algo-
rithms provide each node with a small, uniformly random
subsetof global participants. However, many applications would
bene�t more fr om non-uniform random member subsets.For
instance, non-uniform gossip algorithms can provide distance-
based propagation bounds and thus information can reach
nearby nodessooner. In another example,Kleinberg shows that
networks with random long-links following distance-basednon-
uniform distrib utions exhibit better routing performance than
those with uniformly randomized topologies.

In this paper, we propose a scalable non-uniform random
membership managementalgorithm, which provides each node
with a random membership subset with application-speci�ed
probability distrib utions—e.g., with probability inversely pro-
portional to distances.Our algorithm is the �rst non-uniform
random membershipmanagementalgorithm with proved conver-
genceand bounded convergencetime. Mor eover, our algorithm
doesnot put speci�c restrictions on the network topologiesand
thus have wide applicability.

I . INTRODUCTION

A membershipmanagementalgorithm,which provideseach
nodewith run-timepeersamplingservice,is essentialfor many
peer-to-peer(p2p) network applications,suchasgossip-based
broadcastalgorithms[1], [2], distributed hashtables[3], [4],
dynamic load balancing[5], randomsampling[6], and net-
work topologyconstruction[7]. Full membershipmanagement
maintainsthe completelist of all network membersat each
node.The storageand communicationrequirementsof such
full membershipmanagementalgorithmsgrow linearly with
the network size, which is prohibitive for large-scaleappli-
cations.Motivated by this, a numberof membershipsubset
managementalgorithms[6], [7], [8], [9] have beenproposed
recently. The key commonfeatureof thesealgorithmsis that
eachnodemaintainsa small, dynamicallychanging,random
membershipsubsetwith uniform representationof network
members.The scalability is achieved in that per-noderandom
membershipsubsetsgrow much more slowly than the full
network. For many applications,making decisionsbasedon
randommembershipsubsetshascomparableperformancewith
knowing the completemembershiplist.

Theseearlierstudiesfocusedon themaintenanceof uniform
randommembershipsubsets.However, non-uniformrandom
membershipsubsetsaremoredesirablefor someapplications.
Examplesinclude the following:
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� Gossipswith distance-basedpropagation time bounds.
Gossip-basedbroadcastalgorithms [1], [2] provide a
robust and scalablemechanismfor distributed informa-
tion dissemination.In many network environments,new
informationis more“interesting”to nodesthatarenearby.
Kempeet al. [10] show thatwith a carefullychosenprob-
ability distribution, their non-uniformgossipalgorithms
canprovide distance-basedpropagation time boundsand
thus information can reachnearbynodessooner. Their
algorithmsassumetheexistenceof a scalablemechanism
to identify random nodeswith a given distance-based
probability distribution.

� Randomizeddistributed hashtable topologies. Recently,
several randomizeddistributedhashtable topologies[3],
[4] have beenproposedto achieve good trade-offs be-
tweenthe spaceoverheadand the lookup latency. These
algorithmshavebeenmotivatedby Kleinberg's result[11]
thatby having O(1) non-uniformrandomlinks pernode,
it is possibleto route lookups with an averagelatency
of O(log2 n) hops by greedyalgorithms.Non-uniform
random membershipsubsetsare instrumentalfor easy
creationand maintenanceof non-uniform randomlinks
at eachnode.

� Dynamic load balancing. One of the key issues for
dynamic load balancing in p2p networks is to �nd
hotspots(highly overloadednodes) and reassigntheir
loadsto others.Randommembershipsubsetswith load-
basedprobability distributions (e.g., choosea nodewith
probabilityproportionalto its load)aremorelikely to �nd
hotspotsthanuniform samplingusedin currentp2p load
balancingalgorithms[5], especiallywhenthereis a small
numberof very highly loadednodesin thenetwork—e.g.,
whenthe load distribution is power-law.

� Non-uniform random data sampling and collection. In
many applicationssuch as resourcediscovery, network
failure detection,environmental data measurementand
military sensornetworks, the importanceof the collected
data is relatedto the distancebetweena data producer
anda datacollector[12]. For instance,a nearbycopy of a
requestedresourceitem maybemorefavoredin resource
discovery. As anotherexample,an applicationmay care
more about node or link failures in the neighborhood
than failures occurring far away. Non-uniform random
membershipsubsetscanserveasthebasesetfor sampling



nodeswith non-uniformdistributions.

A naive approachfor constructingnon-uniform random
membershipsubsetsis to probabilisticallyselectnodesfrom
uniform randomsubsets.However, the uniform randomsub-
setsmay not containsuf�cient candidatesfor further proba-
bilistic selection.Part of the reasonis that in orderto achieve
scalability, uniformrandomsubsets[6], [7], [8], [9] areusually
small, of a constantsize or of size O(log n), wheren is the
network size. For example, if a node's desirednon-uniform
membershipsubsetspeci�es that it shouldonly containnodes
amongits n

log n closestneighborsand it attemptsto choose
this subsetfrom its uniform randommembershipsubsetwith
size O(log n), then with probability (1 � 1

log n ) log n � 1
e for

largen's, it will have noneof the n
log n closestneighborsin its

uniform randommembershipsubset.This problem becomes
more severe for more skewed target distributions and for
smallerper-nodeuniform subsets.

Thus we view direct non-uniform random membership
managementas necessary. We list a numberof desiredprop-
erties for a non-uniform random membershipmanagement
algorithm:

1) Scalability. The per-node storageand communication
overheadof non-uniformrandommembershipmanage-
ment algorithmsshouldgrow slowly with the network
size.

2) Customization. Non-uniformrandommembershipman-
agementalgorithmsshouldbeableto generateper-node
randomsubsetswith application-speci�ednon-uniform
probability distributions.

3) Correctness. It is desirableto have proved consistency
betweentheapplication-speci�ednon-uniformprobabil-
ity distribution and the probability distribution of the
randomsubsetsgeneratedby an algorithm.

4) Bounded convergence time. After network structure
changes,the randommembershipsubsetsshould con-
verge quickly to adapt to the new network structure.
This propertyalso indicatesan algorithm's resilienceto
network failures.

5) Topology independence. Non-uniformrandommember-
ship managementalgorithms should not put speci�c
restrictionson applicablenetwork topologies.

A. Overview of Our Results

In this paper, we proposea non-uniform random mem-
bershipmanagementalgorithm with the desirableproperties
describedabove. Our algorithm provides each node with a
random membershipsubsetsatisfying application speci�ed
probability distributions (e.g., choosea nodewith probability
inverselyproportionalto its distanceto the currentnode).In
our algorithm,global knowledgeof network size or nodeID
distribution is not necessary. The sizesof per-node random
membershipsubsetsare independentlydecidedby eachnode
andcanbe adjustedat runtime.The communicationoverhead
of our algorithm is moderatecomparedwith the current
uniform randommembershipmanagementalgorithms[6], [7],

[8], [9]. Themessagecomplexity of our algorithmis �( n) for
eachtime step,wheren is the network size.

In our algorithm, random membershipsubsetsare gen-
eratedby biasedrandom walks. Guided by the Metropolis
algorithm [13], [14], our biasedrandomwalks can generate
random membershipsubsetswith arbitrary probability dis-
tributions. Our algorithm does not put speci�c restrictions
on network topologiesand it can be applied to all peer-to-
peernetworks, suchasrings, tori, randomregular graphsand
power law graphs.For thesetopologies,we provide provable
upperboundsfor the convergencetime of our algorithm for
distance-basedprobability distributions.Our proof techniques
can be appliedto other probability distributions and network
topologies.Along with asymptoticbounds,we also provide
simulationresultsto quantitatively assessthe algorithm con-
vergencetime at typical settings.

B. RelatedWork

To the bestof our knowledge,the only direct approachfor
choosingnon-uniformrandompeersin p2p networks is due
to Manku et al. [3], [4]. Their approachis speci�cally de-
signedfor supportingChord [15]-like distributedhashtables,
and thereforeit has limited applicability. In particular, this
approachonly works with ring topologiesandit relieson the
assumptionthatnodeIDs areevenly distributedin thenetwork
addressspace.

A number of previous studiesproposedscalablerandom
membershipmanagementalgorithmswith uniform represen-
tation of network members,suchas Saxons[7], lpbcast[8],
andSCAMP [9]. They have low communicationoverheadfor
largenetworksandthey work for arbitrarynetwork topologies.
Some[8], [9] alsohave analyticalresultson the membership
information propagation speed.However, it is not clear how
thesealgorithmscan be adaptedfor supportingnon-uniform
randommembershipmanagement.

Kostíc et al. proposeda randommembershipsubsetservice
for tree-shapednetwork topologies[6]. It employs an epoch-
basedgather-scatteralgorithmto distribute membershipinfor-
mationwith uniform randomness.However, this algorithmcan
not be appliedto moregeneralmesh-like network structures.

King andSaiaproposeda distributedalgorithmwhich, with
high probability, alwayschoosesa nodeuniformly at random
from thesetof nodesin distributedhashtables[16]. However,
their algorithmonly works for ring topologies.

C. Organizationof the Paper

The remainderof this paper is organized as follows. In
Section II, we introduce the theoreticalbackgroundof our
algorithm. SectionIII proposesour algorithm for generating
randommembershipsubsetswith distance-basedprobability
distributions.We prove the correctnessof our algorithm,and
analyzethe asymptoticbound for its convergencetime over
several common peer-to-peer topologies.In section IV, we
presentthe simulation results for our random membership
subsetalgorithm. We concludeand identify open problems
in SectionV.



I I . BACKGROUND: RANDOM WALKS AND THE

METROPOLIS ALGORITHM

This sectionintroducesthe theoreticalbackgroundof our
algorithm.Let G = (V; E) be an undirectedconnectedgraph.
A randomwalk on G startsat nodev0, which is either�x edor
drawn from someinitial distribution � 0. If therandomwalk is
at nodevt at time stept, thenit movesto a neighborvt +1 of
nodevt at stept + 1, chosenrandomlywith certainprobability
distribution.

Let � t denotethe distribution of node vt so that � t (i ) =
Pr ob(vt = i ), i 2 V . Let P = (Pi;j ); i; j 2 V , denotethe
transitionmatrix of the randomwalk—Pi;j is the probability
that the randomwalk moves from node i to node j in one
step.Pi;j = 0 if nodesi , j arenot adjacent.The dynamicsof
the randomwalk follows � t +1 = � t P = � 0P t +1 .

The following theorem by Doeblin [17] gives suf�cient
conditionsfor the convergenceof randomwalks.

Theorem1: If P is irreducible and aperiodic, then � t

converges to a unique stationary distribution � such that
� P = � independentof the initial distribution � 0.

HereP is irreducibleif andonly if for any i; j , thereexists
a t suchthat (P t ) i;j > 0. P is aperiodicif andonly if for any
i; j the greatestcommondivisor of the set f t : (P t ) i;j > 0g
is 1. Intuitively irreducibility meansthat any two nodesare
mutually reachableby randomwalks.Aperiodicitymeansthat
the graphG is non-bipartite.Aperiodicity canbe achieved by
introducingself-loop transitionsof somepositive probability
on eachnodeof the graph.

A. TheMetropolis Algorithm

Given the guaranteeon the convergenceof self-loop en-
abledrandomwalks on undirectedconnectedgraphs,the next
questionis this: How to de�ne the transition matrix P such
that the randomwalk will converge to the desired probability
distribution? The Metropolis algorithm was designedas a
standardapproachto assigntransitionprobabilitiesto Markov
chains so that they converge to any speci�ed probability
distributions.

Theorem2: [13], [14] Let G = (V; E) be an undirected
connectedgraph,andlet � be thedesiredprobabilitydistribu-
tion. Let di denotethe degreeof nodei . For eachneighborj
of nodei , let

Pi;j =

(
1
2 � 1

di
if � ( i )

di
� � ( j )

dj
;

1
2 � 1

dj
� � ( j )

� ( i ) if � ( i )
di

> � ( j )
dj

:

and Pi;i = 1 �
P

j 2 neig hbor s( i ) Pi;j . Then � is the unique
converged stationaryprobability distribution of the random
walk with transitionmatrix P.

Theorem 2 can be proved by verifying � P = � . The
Metropolis algorithm only requiresknowing the ratio � ( j )

� ( i ) .
Thenormalizationfactor

P
i � (i ) is unnecessary. The laziness

factor 1
2 ensuresthat eachnode has a self-loop and thus P

is aperiodic. A random walk con�gured by the Metropolis
algorithmis time-reversiblein the sensethat 8i; j ; � (i )Pi;j =
� (j )Pj ;i .

B. TheConvergenceTime of the Metropolis Algorithm

The Metropolis algorithm guaranteesthat an appropriately
con�gured randomwalk convergesto the desiredprobability
distribution. The next question to ask is how quickly � t

convergesto � .
De�nition 1: The total variation differencebetween� t and

� is k� t ; � k = 1
2 maxv0

P
i j� t (i ) � � (i )j.

The total variation differencemeasuresthe differencebe-
tweentwo probability distributions. It is maximizedover all
possiblestartingnodesv0 2 V . The total variationdifference
is at most1.

De�nition 2: For � > 0, the mixing time is de�ned as
� (� ) = minf t : 8t0 � t; k� t 0; � k � � g.

Themixing time measuresthe time for � t to converge to � .
Diaconisand Stroock[18] proved the following mixing time
bound:

Theorem3: Let � min = min i � (i ), then � (� ) �
� � 1

P log(( � min � ) � 1). Here � P is the eigengap of the tran-
sition matrix P.

It is known thatP hasjV j eigenvalues� 1; � 2; :::; � jV j such
that 1 = � 1 > j� 2j � ::: � j� jV j j. The eigengap of P is
de�ned as � P = 1 � j� 2j, which provides a bound for the
mixing time. A larger eigengap meansshorter convergence
time. However, for large-scalep2p network applications,the
sizes of transition matricesare so large that it is very dif-
�cult to computeexact eigenvalues and eigengaps. Several
approaches[18], [19], [20] havebeenproposedfor establishing
boundsfor eigengapsof transitionmatrices.In this paper, we
computethe eigengap boundsby using the canonical path
approach[19].

The main ideaof the canonicalpathapproachis this: slow
(exponentialtime) mixing is characterizedby a bad(exponen-
tially small) cut in the graph,sinceit takes exponentialtime
for theprobability�o w to move from onesideof thecut to the
other, to reachthe equilibrium. Thus the minimum cut (max-
�o w) in the probability transitiongraphprovidesa boundfor
the mixing time.

Let � be the uniqueconvergeddistribution. P is the transi-
tion matrix of therandomwalk. Let theedgecapacityQ(e) =
� (x)Px;y = � (y)Py;x . For distinct nodesx; y in the graph
G = (V; E), a canonicalpath 
 xy refersto a pathbetweenx,
y. � , a family of canonicalpaths,includesexactly onepathfor
eachpair of distinct nodesx; y: � = f 
 xy : x; y 2 V; x 6= yg.
The congestionof � is de�ned as:

� (�) = max
e

1
Q(e)

X


 xy 3 e

� (x)� (y):

Intuitively, the path 
 xy carries�o w � (x)� (y). Q(e) rep-
resentsthe capacityof the edgee. A canonicalpath family
� representsa �o w schemefor the pairs of distinct nodes
in the network. � (�) is the maximum �o w/capacityratio of
the canonicalpath family � . A canonicalpath family with
low congestionmeansthat the graphlackssmall cutsandthe
randomwalks mix quickly.

Let �� = min � � (�) l (�) , wherel(�) is themaximumlength
of a path in � . �� choosesthe canonicalpath family with the



minimum congestion,which provides a lower bound for the
eigengap of the transitionmatrix P:

Theorem4: [19] � P � �� � 1.
Theboundfor themixing time canbeachievedby combin-

ing Theorem3 andTheorem4:
Theorem5: [19] � (� ) � �� log(( � min � ) � 1).
In summary, this approachaims to �nd a canonicalpath

family � with low congestion,which providesboundsfor the
mixing time of the randomwalks.

I I I . NON-UNIFORM RANDOM MEMBERSHIP

MANAGEMENT

Our non-uniform random membershipmanagementalgo-
rithm aims to provide each node in p2p networks with a
random membershipsubset satisfying application-speci�ed
probabilitydistributions.Let � i denotethe desiredprobability
distribution for node i where � i (j ) is the probability that a
uniformly chosenmemberfrom i 's membershipsubsetis node
j . The basicframework of our algorithmis as follows:

Supposeeach node i of the p2p network maintains a
membershipsubsetwith sizeki , determinedindependentlyby
i basedon the availablenetwork bandwidthandspace.Node
i initiates ki independentrandom walks R i; 1; Ri; 2; :::; Ri;k i

con�gured by the Metropolisalgorithmsuchthat the random
walks converge to � i . Whenever visited by a randomwalk
Ri;l , node j will contact node i such that node i updates
the lth memberof i 's membershipsubsetwith j . After the
random walks converge, the probability that a uniformly
chosenmemberfrom nodei 's membershipsubsetis nodej is
� i (j ), which satis�es the desireddistribution.

Intuitively speaking,a nodeconstructsits membershipsub-
setby samplingnodeswith the desireddistribution. If nodei
hasnot beencontactedfor a long time with regardto a random
walk Ri;l , then it decidesthat Ri;l is lost and re-initiates
Ri;l . At any time, there are

P
i 2 V ki = �( jV j) in transit

random walk messagesin the network, which is moderate
comparedwith the currentuniform membershipmanagement
algorithms[6], [7], [8], [9].

The key point for the above framework is to ensurethat
the randomwalks are con�gured correctly and have traveled
for largeenoughnumberof stepsfor convergence.We usethe
Metropolisalgorithmto con�gure our randomwalkssuchthat
they converge to the desireddistributions. The mixing time
(i.e., convergencetime) of thecon�gured randomwalksvaries
with different network topologies and membershipsubset
distributions.Due to the hardnessof eigenvaluecomputation,
few resultshave beenachieved on boundingthe mixing time
of non-uniformrandomwalks. Thus it is non-trivial work to
analyzethemixing timeof non-uniformrandomwalksfor spe-
ci�c network topologiesandmembershipsubsetdistributions.

In the remainderof this section, we presentthe imple-
mentation of the above algorithm framework for distance-
basedprobability distributions such as thosein the contexts
of gossip-basedbroadcastalgorithms [10] and randomized
distributed hashtables[4], [11]. We also give the analytical

results on the mixing time of our random walks in some
commonp2p network topologies.

A. RandomMembership Subsetswith Distance-basedDistri-
butions

The distance-basedprobability distributions as speci�ed
in [4], [10], [11] require that node i choosesnode j 6= i
with probability proportional to d(i; j ) � � . In other words,
� i (j ) / d(i; j ) � � or � i (j ) = d( i;j ) � �

P
x 6= i

d( i;x ) � � , where d(i; j )

can be de�ned as either the hop distancefrom i to j or the
Euclideandistancebetweenthem. Note that � i (i ) = 0. The
constant� usuallyrefersto the dimensionalityof the network
topology [11], which is a small naturalnumber.

Basedon theMetropolisalgorithm,a randomwalk initiated
from a nodei 2 V is de�ned as follows:

For each neighbor vu of the initiating node i , we have
Pi;v u = 1

D eg( i ) .
If the randomwalk is at node vt at time step t, then for

eachneighborvu of vt , moves to vu with probability Pv t ;v u ,
where

Pv t ;v u =

8
><

>:

0 if vu = i ;
1
2 � 1

dt
if d( i;v t ) � �

dt
� d( i;v u ) � �

du
;

1
2 � 1

du
� d( i;v u ) � �

d( i;v t ) � � if d( i;v t ) � �

dt
> d( i;v u ) � �

du
:

andPv t ;v t = 1 �
P

vu 2 neig hbor (v t ) Pv t ;v u .
Here dx denotesthe number of neighborsof node vx ,

where the neighborsare countedby viewing each link as
bidirectional.The randomwalk views the graphasundirected
andis ableto make backward stepsacrossdirectedlinks. The
randomwalk is self-avoiding, i.e., never returns to i , since
� i (i ) = 0.

Basedon the above random walk, we presentour basic
membershipmanagementprotocolwith the following compo-
nents:

� NodeJoining. In mostp2pnetwork applications,a nodei
joins the network by connectingto someinitial network
neighbors.After the neighborsare determined,node i
initiateski independentrandomwalksR i; 1; Ri; 2; :::; Ri;k i

as de�ned above, whereki is the size limit of node i 's
membershipsubset.Eachrandomwalk also hasa TTL
thresholdafter which the randomwalk messageexpires.

� Membership SubsetMaintenance. Whenever node j re-
ceives a randomwalk R i;l initiated from node i , node
j sendsits own identity to node i . Upon receiving j 's
identity referredby Ri;l , nodei updatesthe lth member
of its membershipsubsetwith j .

� NodeDeparture. In our protocol,a departingnodesimply
leaves the network without doing anything. Its member-
ship in the subsetsof other nodeswill be purged out
eventually following our failure processingmechanism
describedbelow.

� Failure Processing. A random walk may be lost due
to TTL expiration, link failure, node failure, or node
departuredescribedabove. If nodei hasnot receivedany
membershipinformationreferredby R i;l (a randomwalk



initiatedfrom nodei ) for a long time, thennodei decides
that Ri;l is lost andre-initiatesRi;l .

Theorem6: [Corr ectness] For eachnodei 2 V , after the
randomwalks initiated from i converge, the probability that a
uniformly chosenmemberfrom node i 's membershipsubset
is j is proportionalto d(i; j ) � � .

Theorem6 directly follows thecorrectnessof theMetropolis
algorithm,which ensuresthateachrandomwalk initiatedfrom
nodei selectsnodej for i 's membershipsubsetwith desired
probability after convergence.

Given the assurancethat the generatedmembershipsubsets
converge to the desireddistribution, the next questionis how
fastdo they converge?In subsequentsubsections,we provide
analyticalresultson theboundsof mixing time for majorpeer-
to-peernetwork topologies.

B. TheMixing Time in Structured P2P Topologies

We presentthe analyticalresultson the mixing time of our
random walks in unidirectional rings (used in Chord [15])
andunidirectionald-dimensionaltori (usedin CAN [21]). For
structuredp2ptopologieslike ringsandtori, thenodedistance
d(i; j ) is often measuredby hop distance,i.e., the minimum
numberof hopsto go from nodei to nodej .

Our algorithmon a unidirectionalring of n + 1 nodescan
be viewed asa randomwalk, startingfrom the initiating node
0, on a pathwith n + 1 nodeslabeled0; 1; :::; n, wherenode
i is the predecessorof nodei + 1 in the original ring. Thus
the hop distancefrom node0 to nodei in the original ring is
d(0; i ) = i . Fig. 1 shows the transitionprobabilitiesbetween
nodesi andits neighbors,which aredeterminedbasedon the
randomwalk de�nitions in SectionIII-A.

i-1 i i+1

(1/4)[(i-1)/i] (1/4)[i/(i+1)]

1/4 1/4

(3/4) - (1/4)[i/(i+1)]

a a

a

Fig. 1. The transitionprobabilitiesin the neighborhoodof nodei . The hop
distancefrom node0 to node i is i . Note that i is decidedby the random
walk at runtime sincei is the numberof the forward steps(from a nodeto
its successor)taken by the randomwalk. Thusthe transitionprobabilitiescan
be decidedat runtimewithout the global knowledgeof n.

We use the canonical path approach[19] (explained in
SectionII-B) to analyzethe mixing time of the randomwalk.
We �rst de�ne a canonicalpathfamily � suchthat 
 xy is the
pathbetweenx; y without passingby the initiating node0.

Let � be the converged distribution of the randomwalk,
then � (i ) is proportionalto d(0; i ) � � = i � � . Hencefor large

n's:

� (i ) =
i � �

P n
j =1 j � �

�

(
1

( i ln n ) if � = 1;
1

c( � ) i � if � � 2:

c(� ) is the power summation
P 1

j =1 j � � , e.g., c(2) �
1:6449, c(3) � 1:2021.

To compute� 's congestion,� (�) , we consideran arbitrary
edgee = (i; i + 1), i 2 f 1; 2; :::; n � 1g. We needto know
the nodepairs x; y that can be routedthroughthe edgee =
(i; i + 1). Theseincludeall x 2 f 1; 2; :::; i g andy 2 f i + 1; i +
2; :::; ng.

Hence,

X


 xy 3 e

� (x)� (y) =

(
1

ln 2 n

P i
x =1

P n
y= i +1

1
xy if � = 1;

1
c( � )2

P i
x =1

P n
y= i +1

1
(xy ) � if � � 2:

=

(
1

ln 2 n

P i
x =1

1
x

P n
y= i +1

1
y if � = 1;

1
c( � )2

P i
x =1

1
x �

P n
y= i +1

1
y � if � � 2:

�

(
1

ln 2 n

P i
x =1

1
x � (n � i ) � 1

i +1 if � = 1;
1

c( � )2

P i
x =1

1
x � � (n � i ) � 1

( i +1) � if � � 2:

�

(
n � i

( i +1) ln 2 n

P n
x =1

1
x � n � i

( i +1) ln n if � = 1;
n � i

( i +1) � c( � )2

P n
x =1

1
x � � n � i

( i +1) � c( � ) if � � 2:

The edgecapacityQ(e) = � (i + 1)Pi +1 ;i

=
1
4

� (i + 1) �

(
1
4 � 1

( i +1) ln n if � = 1;
1
4 � 1

( i +1) � c( � ) if � � 2:

Hence,
� (�) = maxe

1
Q(e)

P

 xy 3 e � (x)� (y)

�

(
maxi 4(i + 1) ln n � n � i

( i +1) ln n if � = 1;
maxi 4(i + 1)� c(� ) � n � i

( i +1) � c( � ) if � � 2:

= 4(n � 1) for both cases.
Sinceeachpathin � haslengthat mostn, by thede�nition

of �� we have �� � � (�) � n � 4n2. We alsohave

� min =
� 1

n ln n if � = 1;
1

c( � )n � if � � 2:

According to Theorem5, we have the mixing time � (� ) �
�� log(( � min � ) � 1) = O(n2(log n + log � � 1)) .

By choosingthe desiredvariation difference� as a small
constantor asymptoticallysmaller than � min , e.g., �( 1

n � +1 ),
we have the �nal mixing time result:

Theorem7: [Mixing in unidir ectional rings] The mixing
time of our randomwalk for distance-baseddistributions in a
unidirectionalring with n nodesis O(n2 logn).

Our algorithmon a unidirectional2-dimensionaltoruswith
n2 nodescanbeviewedasa randomwalk, startingfrom node
(0; 0), on a grid with n2 nodeslabeledfrom (0; 0) through
(n � 1; n � 1), wherenode(i; j ) has(i � 1; j ), (i; j � 1) as
its predecessorsand(i + 1; j ), and(i; j + 1) asits successors
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Fig. 2. The transitionprobabilitiesin theneighborhoodof (i; j ), 1 � i; j �
n � 2. The hop distancefrom node (0; 0) to node (i; j ) is i + j , which
is decidedby the randomwalk at runtime sincei; j are the numbersof the
horizontalforwardstepsandvertical forwardstepstakenby therandomwalk,
respectively. The transitionprobabilitiesare decidedat runtime without the
global knowledgeof n.

in the original torus.The hop distancefrom (0; 0) to (i; j ) is
d((0; 0); (i; j )) = i + j . The transitionprobabilitiesbetween
node(i; j ) and its neighborsare illustratedin Fig. 2.

Let � be the converged distribution of the randomwalk,
then for x = (x1; x2) we know that � (x) is proportionallyto
d((0; 0); (x1; x2)) � � = (x1 + x2) � � . Hencefor large n's,

� (x) =
(x1 + x2) � �

P
k ;l 6=(0 ;0) (k + l) � � �

8
><

>:

1
(x 1 + x 2 )n ln 4 if � = 1;

1
(x 1 + x 2 )2 ln n if � = 2;

1
(x 1 + x 2 ) � c( � � 1) if � � 3:

Here c(� ) is the power summationconstantas described
earlier.

We de�ne � , a family of canonicalpaths 
 xy , in a way
suchthat 
 xy is the pathbetweenx; y decidedby the routing
mechanismof CAN [21]. In other words, the next hop at
eachstepwould getcloserto the target.To compute� (�) , we
consideran arbitrary edgee = < (i; j ); (i + 1; j ) > . We �rst
needto consider

P

 xy 3 e � (x)� (y). Weneedto know thenode

pairsx; y thatcanberoutedthroughedgee. Theseincludeall
x 2 f (0; 0); (0; 1); :::; (i; j )g and y 2 f (i + 1; j ); (i + 1; j +
1); :::; (n; n)g.

Let x = (x1; x2), y = (y1; y2). Then:P

 xy 3 e � (x)� (y)

=

8
>><

>>:

1
n 2 ln 2 4

P ( i;j )
x =(1 ;0)

P (n;n )
y=( i +1 ;j )

1
(x 1 + x 2 )( y1 + y2 ) ;

1
ln 2 n

P ( i;j )
x =(1 ;0)

P (n;n )
y=( i +1 ;j )

1
(x 1 + x 2 )2 (y1 + y2 )2 ;

1
c( � � 1) 2

P ( i;j )
x =(1 ;0)

P (n;n )
y=( i +1 ;j )

1
(x 1 + x 2 ) � (y1 + y2 ) � :

=

8
>><

>>:

1
n 2 ln 2 4

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 )

P (n;n )
y=( i +1 ;j )

1
(y1 + y2 ) ;

1
ln 2 n

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 )2

P (n;n )
y=( i +1 ;j )

1
(y1 + y2 )2 ;

1
c( � � 1) 2

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 ) �

P (n;n )
y=( i +1 ;j )

1
(y1 + y2 ) � :

�

8
>><

>>:

1
n 2 ln 2 4

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 ) (n � i )(n � j ) 1

i + j ;
1

ln 2 n

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 )2 (n � i )(n � j ) 1

( i + j )2 ;
1

c( � � 1) 2

P ( i;j )
x =(1 ;0)

1
(x 1 + x 2 ) � (n � i )(n � j ) 1

( i + j ) � :

�

8
>><

>>:

(n � i )( n � j )
( i + j )n 2 ln 2 4

P (n;n )
x =(1 ;0)

1
(x 1 + x 2 ) if � = 1;

(n � i )( n � j )
( i + j )2 ln 2 n

P (n;n )
x =(1 ;0)

1
(x 1 + x 2 )2 if � = 2;

(n � i )( n � j )
( i + j ) � c( � � 1) 2

P (n;n )
x =(1 ;0)

1
(x 1 + x 2 ) � if � � 3:

�

8
><

>:

(n � i )( n � j )
( i + j )n ln 4 if � = 1;

(n � i )( n � j )
( i + j )2 ln n if � = 2;
(n � i )( n � j )

( i + j ) � c( � � 1) if � � 3:

The edgecapacity
Q(e) = P( i +1 ;j ) ;( i;j ) � (( i + 1; j ))

�

8
><

>:

1
8 � 1

( i + j )n ln 4 if � = 1;
1
8 � 1

( i + j )2 ln n if � = 2;
1
8 � 1

( i + j ) � c( � � 1) if � � 3:

Hence,
� (�) = maxe

1
Q(e)

P

 xy 3 e � (x)� (y)

�

8
><

>:

maxi;j 8 � (i + j )n ln 4 � (n � i )( n � j )
( i + j )n ln 4 if � = 1;

maxi;j 8 � (i + j )2 ln n � (n � i )( n � j )
( i + j )2 ln n if � = 2;

maxi;j 8 � (i + j ) � c(� � 1) � (n � i )( n � j )
( i + j ) � c( � � 1) if � � 3:

= 8n2 for all threecases.
Sinceeachpathin � haslengthat most2n, by thede�nition

of �� we have �� � � (�) � 2n � 16n3. We alsohave

� min �

8
<

:

1
2n 2 ln 4 if � = 1;

1
4n 2 ln n if � = 2;

1
c( � � 1)(2 n ) � if � � 3:

According to Theorem5, we have the mixing time � (� ) �
�� log(( � min � ) � 1) = O(n3(log n + log � � 1)) .

Sincetheabove boundis for a unidirectional2-dimensional
toruswith sizen2. We have � (� ) = O(n1:5(log n + log � � 1))
for a unidirectional 2-dimensional torus with size n. By
choosingthedesiredvariationdifference� asa small constant
or asymptoticallysmallerthan � min , e.g., �( 1

n � +2 ), we have
the �nal mixing time result:

Theorem8: [Mixing in unidir ectional 2-dimensional
tori ] Themixing time of our randomwalksfor distance-based
distributions in a unidirectional2-dimensionaltorus with n
nodesis O(n1:5 logn).

We canseethat our randomwalks aremixing fasterin tori
thanin rings.This is becausetori have betterconnectivity than
rings.

By extendingthe above analyticalprocessto unidirectional
d-dimensionaltori, we achieve thefollowing analyticalresults:



Theorem9: [Mixing in unidir ectional d-dimensional
tori ] The mixing time of our random walks for distance-
baseddistributions in a d-dimensionaltorus with n nodesis
O(n1+ 1

d logn).
Note that the above results for unidirectional tori can be

uni�ed with the resultsfor unidirectionalringssinceunidirec-
tional rings can be viewed as unidirectionalone-dimensional
tori.

C. TheMixing Time in Unstructured P2P Topologies

The underlyingtopologiesof unstructuredpeer-to-peernet-
works(e.g., Gnutella[22] andFreenet[23]) areusuallycharac-
terizedby randomregular graphs[24] or small-worldpower-
law graphs [25], which can help to maintain unstructured
p2p topologieswith desirablegraph propertiessuch as low
diametersandgoodexpansions.

In unstructuredp2p topologies,hop distanceis a muchless
accuratedistancemeasurecomparedwith theInternetdistance,
or the actual round trip transmissiontime. Thus we choose
to use Internet distance-basedtarget probability distribution
in this study on unstructuredp2p topologies.Unfortunately,
it is too costly to measurethe accurateInternet distance
on-demand.Ng and Zhang proposed the global network
positioning technique[26] to predict the Internet distance
with moderatecost.Globalnetwork positioningmapsnetwork
nodes to points in a Euclidean space,where the Internet
distancebetweennode i; j is approximatedby d(i; j ), the
Euclideandistancebetweenthe pointscorrespondingto node
i; j .

Our analysisis basedon the above-mentionedEuclidean
space model for unstructuredpeer-to-peer topologies. We
present the analytical results on the mixing time of our
distance-basedrandomwalks (initiated from anarbitrarynode
i ) on randomregular graphs and power-law graphs in Eu-
clidean space.In our analysis,we de�ne L as the longest
Euclideandistancebetweennodesin the studiedgraphand l
astheshortestEuclideandistancebetweennodesin thegraph.

Let us considera random d-regular graph (d � 3) with
n nodesdistributed in a multidimensionalEuclideanspace,
where d is the degree of nodes.It is known that the graph
diameteris O(log n) with highprobability[27] andthereexists
a family of canonicalpaths,� , suchthat the numberof paths
containingan arbitrary edgee = < j ; k > is O(n logn) [28].
Hence

X


 xy 3 e

� (x)� (y) �
1
l � �

1
C

�
1
l � �

1
C

� O(n logn)

wherethe constantC =
P

x 6= i d(i; x) � � is the normalization
factor since for eachnode x 6= i , � (x) is proportionally to
d(i; x) � � .

Without lossof generality, we assumethatd(i; j ) � d(i; k).
Thenthe edgecapacity

Q(e) = Pj ;k � (j ) =
1
2d

�
1

d(i; j ) � �
1
C

Then
� (�) = max

e

1
Q(e)

X


 xy 3 e

� (x)� (y)

� max
j

2d � d(i; j ) � � C �
1

l2� �
1

C2 � O(n logn)

= 2d � L � �
1

l2� �
1
C

� O(n logn)

� 2d � L � �
1

l2� �
1

n � L � � � O(n logn) = 2d � (
L
l

)2� � O(log n)

Eachcanonicalpath has length at most O(log n), the graph
diameter. By the de�nition of �� we have

�� = 2d � (
L
l

)2� � O(log n) � O(log n) = O(log2 n);

wherewe considerL; l ; d asconstantparametersindependent
of the network size.We know that � min � 1

L � C � 1
n � ( l

L ) � .
Thusaccordingto Theorem5, we have the mixing time

� (� ) � �� log(( � min � ) � 1) = O(log2 n(log n + log � � 1)) :

By choosingthe desiredvariation difference� as a small
constantor asymptoticallysmallerthan� min , e.g., O( 1

n 2 ), we
have the �nal mixing time result:

Theorem10: [Mixing in random d-regular graphs] For
d � 3, the mixing time of our randomwalks for distance-
baseddistributionsin a randomd-regular graphwith n nodes
is O(log3 n) with high probability.

Comparedwith rings andtori, randomregular graphshave
lower mixing time bounds due to their better expansion
properties.

Unstructuredp2p topologiesareobserved to possesssmall-
world propertiesandpower-law degreedistributions[25]. For
power-law graphswith the degreedistribution P(k) / k � � ,
the maximum node degree is O(n

1
� ) with high probability

for large n's. It is also known that the graph diameter is
O(log n) [29] and there exists a family of canonicalpaths,
� , suchthat the numberof pathscontainingan arbitraryedge
e = < j ; k > is O(n log2 n) [28]. Basedon theseresults,we
canderive theconvergencetime boundsfor power-law graphs
as follows.

The edgecongestionfor an arbitraryedgee is
X


 xy 3 e

� (x)� (y) �
1
l � �

1
C

�
1
l � �

1
C

� O(n log2 n)

Assumingd(i; j ) � d(i; k), the edgecapacity

Q(e) = Pj ;k � (j ) =
1

2 � Deg(j )
�

1
d(i; j ) � �

1
C

;

whereDeg(j ) is the degreeof nodej and the constantC =P
x 6= i d(i; x) � � is the normalizationfactor. Hence,

� (�) = max
e

1
Q(e)

X


 xy 3 e

� (x)� (y)

� max
j

2 � Deg(j ) � d(i; j ) � � C �
1

l2� �
1

C2 � O(n log2 n)



Network topologies Asymptoticbounds

Rings O(n2 log n)

d-dimensionaltori O(n1+ 1
d log n)

Randomregular graphs O(log 3 n) w.h.p.

Power-law graphs O(n
1
� log4 n) w.h.p.

TABLE I

ASYMPTOTIC BOUNDS ON THE CONVERGENCE TIME.

= 2 � n
1
� � L � �

1
l2� �

1
C

� O(n log2 n)

� 2�n
1
� �L � �

1
l2� �

1
n � L � � �O(n log2 n) = 2�n

1
� �(

L
l

)2� �O(log2 n)

Eachcanonicalpath has length at most O(log n), the graph
diameter. By the de�nition of �� we have

�� = 2 � n
1
� � (

L
l

)2� � O(log2 n) � O(log n) = O(n
1
� � log3 n);

wherewe considerL; l asconstantparametersindependentof
the network size. We know that � min � 1

L � C � 1
n � ( l

L ) � .
Thusaccordingto Theorem5, we have the mixing time

� (� ) � �� log(( � min � ) � 1) = O(n
1
� � log3 n(log n + log � � 1)) :

By choosingthe desiredvariation difference� as a small
constantor asymptoticallysmallerthan� min , e.g., O( 1

n 2 ), we
have the �nal mixing time result:

Theorem11: [Mixing in power-law graphs] With high
probability, themixing time of our randomwalksfor distance-
baseddistributions in a power-law graphthe degreedistribu-
tion P(k) / k � � is O(n

1
� � log4 n), wheren is the network

size.
TableI summarizestheasymptoticboundson themixing (or

convergence)time of our randomwalksfor thefour topologies
we studied.

IV. SIMULATION RESULTS

The mixing time boundresultsin SectionIII are achieved
by using the canonicalpath approach.Thoughthe canonical
pathapproachis a populartechniquefor boundingthemixing
time, for many applicationsit only provides weak bounds.
Consideringthis, our mixing time bounds derived by this
approachmay not be tight. It remainsas our future work to
explore new techniquesto give improved mixing time bounds
for our randomwalks. As a complementto the asymptotic
mixing time bounds,we presentthe simulationresultsof our
randomwalks in termsof theconvergencetime for majorp2p
topologies.

In this section,we study the mixing time of our distance-
basedrandomwalkson four kindsof networkswith sizerang-
ing from 26 to 213 nodes:unidirectionalrings,unidirectional2-
dimensionaltori, randomregular graphs,andBarab́asi-Albert
power-law graphs[30]1. For eachkind of networks, we not
only study the mixing time of our random walks in static

1The nodedegreedistribution of BarabÂasi-Albertpower-law graphscanbe
approximatedby P (k) / k � 3 [31].

networks but alsoconsiderdynamicnetworks with uniformly
randomnode arrivals and departures.Here the mixing time
is measuredby the number of steps for a random walk
(initiatedfrom anarbitrarynodei ) to satisfythetotal variation
difference jj � t ; � jj � 0:001 (De�nition 1, Section II-B) or
satisfythemaximumrelativeerror M (� t ; � ) � 1%. Here� is
the ideal distance-baseddistribution asde�ned in SectionIII-
A (8j 6= i; � (j ) / d(i; j ) � � ). � t is the distribution achieved
by our distance-basedrandomwalks at step t. M (� t ; � ) =
maxi

j � t ( i ) � � ( i ) j
� ( i ) .

A. UnidirectionalRings
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Fig. 3. Convergencefor rings. The numberof stepsfor a randomwalk
initiated from an arbitrary node to reachsmall total variation differenceor
small maximumrelativeerror, i.e., jj � t ; � jj � 0:001 or M (� t ; � ) � 1%, in
staticunidirectionalrings.
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Fig. 4. Convergencefor rings after network changes. Theaveragenumber
of stepsfor previously converged randomwalks (with jj � t ; � jj � 0:001 or
M (� t ; � ) � 1%) to converge again (jj � t ; � jj � 0:001 or M (� t ; � ) � 1%)
after network changesin unidirectionalrings. A network changeis either a
uniformly randomnodearrival or the departureof an existing nodechosen
uniformly at random.

Fig. 3 illustratesthe numberof stepsfor our randomwalks
(� = 1 for rings) to reachjj � t ; � jj � 0:001or M (� t ; � ) � 1%
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Fig. 5. Convergence for tori . The numberof stepsfor a randomwalk
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in staticunidirectional2-dimensionaltori.
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afternetwork changesin unidirectional2-dimensionaltori. A network change
is eithera uniformly randomnodearrival or thedepartureof anexisting node
chosenuniformly at random.

in unidirectional rings of different sizes. The relationship
betweenthe numberof steps,t, and the ring size n is very
close to t = 1:4n2, which suggestsa tighter mixing time
bound, O(n2), than the bound in Theorem7, O(n2 logn).
Fig. 3 shows that it takesa largenumberof stepsfor a random
walk initiated from an arbitrary nodeto converge in a static
network. However, once a random walk converges, it will
converge relatively fasterto future dynamicnetwork changes
asshown in Fig. 4.

Speci�cally, if weassigna40msaveragelatency to all links,
then our random walks in a 1024-nodeunidirectional ring
take about17 hoursfor initial convergenceandthereaftertake
averagelyabout4 minutesto convergeagain aftera uniformly
randomnode arrival or departure.The slow convergenceis
dueto the low connectivity of rings,which could be compen-
satedby introducingmore per-nodelinks or long links as in
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Fig. 7. Convergencefor random regular graphs. Thenumberof stepsfor
a randomwalk initiated from an arbitrarynodeto reachjj � t ; � jj � 0:001 or
M (� t ; � ) � 1% in static randomregular graphs.
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Fig. 8. Convergencefor random regular graphs after network changes.
The averagenumberof stepsfor previously converged randomwalks (with
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or M (� t ; � ) � 1%) after network changesin random regular graphs.A
network changeis eithera uniformly randomnodearrival or the departureof
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Chord[15]. Dueto their betterexpansionproperties,otherp2p
topologies(resultsshown in later subsections)exhibit much
fasterconvergencespeedthanrings.

B. Unidirectional2-dimensionalTori

Fig. 5 illustratesthe numberof stepsfor our randomwalks
(� = 2 for 2-dimensionaltori) to reach jj � t ; � jj � 0:001
or M (� t ; � ) � 1% in unidirectional 2-dimensionaltori of
differentsizes.The relationshipbetweenthe numberof steps,
t, and the torus size n is close to t = 3:5n, which suggests
a tighter mixing time bound,O(n), than the boundin Theo-
rem8, O(n1:5 logn). Fig. 6 givestheaveragenumberof steps
for previouslyconvergedrandomwalksto convergeagainafter
network changes.

Based on the 40ms link latency estimate,our random
walks in a 1024-nodeunidirectional2-dimensionaltorus take
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randomwalk initiated from an arbitrary nodeto reachjj � t ; � jj � 0:001 or
M (� t ; � ) � 1% in staticBarabÂasi-Albertpower-law graphs.
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graphs.A network changeis either a uniformly randomnodearrival or the
departureof an existing nodechosenuniformly at random.

about2.5 minutesfor initial convergenceand thereaftertake
averagelyabout17secondsto convergeagainafterauniformly
randomnodearrival or departure.

C. Randomregular graphs

Herewe considerrandomregular graphswith nodesgener-
ateduniformly at randomin a unit cube,(0; 1)3. Thenodede-
greeis 6. Fig. 7 illustratesthenumberof stepsfor our random
walks (� = 3) to reachjj � t ; � jj � 0:001 or M (� t ; � ) � 1%
in randomregular graphsof different sizes.Fig. 8 gives the
averagenumber of steps for previously converged random
walks to converge again after network changes.

Basedon the40mslink latency estimate,our randomwalks
in a 1024-noderandom6-regular graphtake about9 minutes
for initial convergenceandthereaftertake averagelyabout16
secondsto converge again after a uniformly random node

Network topologies Initial Convergenceafter
convergence a network change

Rings 17 hours 4 minutes
2-dimensionaltori 2.5 minutes 17 seconds
Randomregular graphs 9 minutes 16 seconds
Power-law graphs 19 minutes 25 seconds

TABLE II

CONVERGENCE TIME FOR 1024-NODE NETWORKS WITH 40 MS LATENCY

FOR ALL LINKS.

arrival or departure.

D. Barabási-AlbertPower-law Graphs

We consider power-law graphs generatedbased on the
Barab́asi-Albert model [30]. The nodes are generateduni-
formly at randomin a unit cube,(0; 1)3. During the growth
of the graph,a nodejoins the graphby linking to 6 existing
nodeschosenrandomlywith probability proportionalto their
degrees.Fig. 9 illustratesthe numberof stepsfor our random
walks (� = 3) to reachjj � t ; � jj � 0:001 or M (� t ; � ) � 1%
in Barab́asi-Albertgraphsof differentsizes.Fig. 10 givesthe
averagenumber of steps for previously converged random
walks to converge again after network changes.

Basedon the40mslink latency estimate,our randomwalks
in a 1024-nodeBarab́asi-Albert graphtake about19 minutes
for initial convergenceandthereaftertake averagelyabout25
secondsto converge again after a uniformly random node
arrival or departure.

Table II summarizesthe simulation resultson the conver-
gencetime of our randomwalks. The resultsare for 1024-
nodenetworks with 40ms latency for all links. Note that the
resultsfor rings andtori arenot directly comparableto those
of randomregular graphsandpower-law graphsbecausethey
usedifferentdistancemetrics.

V. CONCLUSIONS

In thispaper, wepresentanon-uniformrandommembership
managementalgorithmsatisfyingdistance-baseddistributions
for peer-to-peer networks. To the best of our knowledge,
our algorithm is the �rst to support non-uniform random
membershipmanagementwith provedconvergenceandanalyt-
ical boundson the convergencetime. Along with asymptotic
bounds,we also provide simulation results to quantitatively
assessthe algorithmconvergencetime at typical settings.

Our algorithmdoesnot put restrictionson network topolo-
giesandcanbeappliedto many p2ptopologies,suchasrings,
tori, randomregulargraphs,andpower law graphs.Theframe-
work of our algorithm can also be usedto generaterandom
membershipsubsetswith othernon-uniformdistributions.

It remains to explore new techniquesto achieve tighter
mixing time boundsfor our distance-basedrandomwalks.We
will alsoextendour algorithmto otherpeer-to-peertopologies,
suchasde Bruijn graphs,butter�ies, andskip nets.
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