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COUNTING IN STRUCTURAL COMPLEXITY THEORY

Lane Adrian Hemachandra, Ph.D.
Cornell University 1987

Structural complexity theory is the study of the form and meaning of compu-
tational complexity classes. Complexity classes—P, NP, ProbabilisticP, PSPACE,
etc.—are formalizations of computational powers—deterministic, nondeterminis-
tic, probabilistic, etc. By examining the structure of and the relationships between
these classes, we seek to understand the relative strengths of their underlying com-
putational paradigms.

This thesis studies counting in structural complexity theory. We are interested
in complexity classes defined by counting and in the use of counting to explore the
structure of these and other classes.

We consider the structure of the strong exponential hierarchy, an exponen-
tial time analogue of the polynomial time hierarchy. A careful investigation of
the census functions of nondeterministic computation trees shows that the strong
exponential hierarchy collapses.

Next, we move from computing census functions of computation trees to com-
puting census functions of sets. The ranking problem for a fixed set is to deter-
mine the position of elements within the set. We give strong structural evidence
that ranking of any type—uniform, nonuniform, strong, weak, or enumeratively
approximate—is computationally complex. Indeed, we can believe that most types
of ranking are computationally hard with at least the certainty with which we be-
lieve that P # NP.

Returning to the combinatorics of computation trees and their accepting paths,
we study robust machines. A robust machine is a nondeterministic Turing ma-
chine that maintains certain computational properties in every relativized world.
We show that, due to the limited combinatorial control of NP machines, robust

machines accept only simple languages. A robust machine will accept, for every



oracle A, a language that can be accepted by a polynomial time Turing machine
with oracles for NP and A.

Finally, we turn to the count “one,” and its effect on computation trees, ac-
cepting paths, and the structure of the satisfiability problem. We prove a UP
(unique polynomial time) converse to the Borodin-Demers Theorem, and, under a
complexity-theoretic assumption related to uniqueness, we show that there is an
algorithm that quickly finds satisfying assignments for satisfiable formulas with
few satisfying assignments.

Throughout this thesis, our goal is to use counting as a tool in understanding

the structure of feasible computations.
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Chapter 1
Introduction

The form is the meaning, and indeed the classic Greek mind, with an
integrity of perception lost by later cultures which separated the two,
firmly identified them.

—Vincent Scully, The Earth, the Temple, and the Gods [Scu62].

To the computer scientist, structure is meaning. Seeking to understand na-
ture’s diverse problems with man’s pathetic resources, we simplify our task by
grouping similarly structured problems.

The resulting complexity classes, such as P, NP, and PSPACE, are simply
families of problems that can be solved with a certain underlying computational
power. The range of interesting computational powers is broad—deterministic,
nondeterministic, probabilistic, unique, table lookup, etc.—and an equally rich
spectrum of classes symbolize the powers—P, NP, PP, UP, P/poly, etc. These
structurally motivated classes can themselves be studied in terms of their internal
structure and behavior. For example, we might seek to understand the nature of
the class NP by asking if NP contains any hard sparse sets (HIS85] or by asking
if there is only one NP-complete set, which appears in many p-isomorphic guises
[BH77].

This thesis studies the interaction between counting and structural complexity
theory. We study the structure of classes defined by counting and how combina-

torics and counting give us insight into the structure of complexity classes.



Chapter 2 briefly reviews the definitions of, meanings of, and previous research
on the complexity classes we study. Summary sheets are collected in the appen-
dices.

Chapter 3 studies the strong exponential hierarchy, an exponential time ana-
logue of the polynomial time hierarchy. We study the structure of the computa-
tions at the second level (NPNE) of the strong exponential hierarchy. This work
is related to the quantitative relativizations of the polynomial hierarchy of Book;
Léﬁg, and Selman [BLS84,Lon85|. By carefully building up a profile of the number
of “yes” answers the base NP machine receives (the “census profile”) we see that
PNE_NPNE. [t follows that the strong exponential hierarchy collapses to PNE,

Chapter 3 shows how to compute census functions of computation trees. Chap-
ter 4 discusses the complexity of computing census functions of sets. For a fixed
set, the ranking problem is to determine the position (rank) of input strings within
the set. As an example, the ranking problem is easy for the set of odd numbers.
We can quickly tell that 1001 is the 501st odd number. Ranking was first studied
by Blum, Goldberg, and Sipser [GS85], who showed that if a certain P set can be
ranked in polynomial time, then the counting functions of NP machines (which
are the functions counting the number of accepting paths of NP machines) can be
computed in polynomial time.

Do all easy (P) sets have easily computable ranking functions? Do all NP
sets have easily computable ranking functions? The latter might seem less likely.
However, we show that all sets in P have easy ranking functions if and only if
all sets in NP have easy ranking functions. Thus, though it is likely that the
membership problems for P and NP are of different complexities, their ranking
problems stand or fall together.

We also ask if there are small circuits for the ranking problem and if we can
enumeratively approximate ranking functions. We can not, if standard assump-
tions about complexity classes hold.

A machine that maintains a property for every oracle! is said to have the
property robustly [Sch84]. For example, if two nondeterministic Turing machines

accept complementary languages for every oracle we say they are robustly com-

1QOracles and relativized computations are defined and discussed in Section 2.3.



plementary. Maintaining a property robustly strains a machine’s combinatorial
control; it is hard for a machine to be flexible enough to show a certain behavior
with all oracles and also to accept complex languages.

Chapter 5 studies robustness and shows that machines with robustness prop-
erties accept only simple languages. For example, if two machines are robustly
complementary then for every oracle 4 each of the machines accepts a language in
PNPO®4  where @ represents disjoint union. In particular, if P =NP then for each
oracle A all robustly complementary machines accept languages in polynomial
time relative to A.

Chapter 6 studies properties of a unique count—one. Borodin and Demers
[BD76] show that if P#NPNcoNP then there exists a polynomial time set § of
satisfiable boolean formulas such that no polynomial time machine computes satis-
fying assignments for all formulasin §—that is, for no polynomial time computable
function g do we have (VF € §)[g(F) is a satisfying assignment of F|. Intuitively,
we have a set of formulas that we can easily recognize as satisfiable, but we cannot
easily determine why they are satisfiable.

It is not known if the converse of the Borodin-Demers Theorem holds. The first
part of Chapter 6 proves a “uniqueness” version of the theorem and its converse:
P #UPNcoUP if and only if there is a polynomial time set § so that each element
of § is a formula with exactly one solution but no polynomial time machine com-
putes satisfying assignments for all formulas in §—that is, for no polynomial time
computable function g do we have (VF € §)[g(F) is the unique satisfying assign-
ment of F]. Intuitively, we have a set of formulas that we can quickly recognize as
each having exactly one solution, but we cannot get our hands on these solutions
quickly.

The second part of Chapter 6 shows, if a complexity-theoretic assumption
holds, that fast algorithms exist to find satisfying assignments for satisfiable boolean
formulas that have few satisfying assignments. Our complexity-theoretic assump-
tion is that we can distinguish zero from one. Call (*x) the assumption that there

is a polynomial time Turing machine that

e given any unsatisfiable formula prints “unsatisfiable,” and



e given any formula with exactly one solution prints “satisfiable.”

Note that given a formula with many solutions we don’t know what this machine
will say; it may lie.

Valiant and Vazirani [VV85] show that (%) implies P=UP and NP equals R,
random polynomial time. Assumption (**) does not appear to imply P=NP. We
show that (xx) implies that we can find a satisfying assignment to a satisfiable
formula-f in-time-O(|f[*-||f||- (mmaogﬁf”ﬁ,'gv)ar(f) /z)))’ where ||f|| is the number
of satisfying assignments of f, |f| is the size of f, and #wvar(f) is the number
of distinct variables in f, and k is a constant. In particular, (%) implies that
for formulas with few solutions we have witness finding algorithms faster than
the known (exponential time) algorithms. We interpret this as strong evidence
that (*x) is false.

All these chapters strive to understand counting and its effects on the struc-
ture of the complexity classes that formalize our view of the world of feasible

computations.



Chapter 2
A Primer of Complexity Classes

This chapter briefly reviews the definitions, meanings, and histories of the com-
plexity classes this thesis studies. Detailed discussions of previous work related to

this thesis are included in each chapter.

2.1 P: Determinism
P={L| Lis accepted by a polynomial time deterministic Turing machine}.

P, deterministic polynomial time, is the class that is widely thought to em-
body the power of reasonable computation (Figure 2.1). In the 1930s, Gédel,
Church, Turing, and Post [God31,Chu36,Tur36,Chu41,Pos46,Dav58] asked what
could be effectively solved by computing machines—that is, what problems are
recursive? Starting in the 1960s, computer scientists have asked which problems
can be efficiently solved by computers. The theory of P and NP, and indeed struc-
tural complexity theory itself, sprang from this desire to understand the limits of
feasible computation.

The notion that polynomial time, g TIME[nk], is the right class to represent
feasible computation is due to Cobham and Edmonds [Cob64,Edm65]. Polynomi-
als grow slowly and are closed under composition (thus allowing subroutine calls).
These features support the claim that P is a reasonable resource bound. The view

that P loosely characterizes “feasibility” is widely accepted.



P - Polynomial Time

Power
Feasible computation.

Definition
P=U; TIME[n"].

Background
P was described as embodying the power of feasible computation by Cob-

ham [Cob64] and Edmonds [Edm65]. The field of design and analysis of

algorithms attempts to place as many problems as possible in P.

Complete Languages
P has well-known complete languages under < fff,’,f’;feme reductions, e.g., the

emptiness for context-free grammars [HU79].

Sample Problem
In a fixed, reasonable proof system, asking if z is a proof of T is a polynomial
time question. In particular, in polynomial time we can check if assignment

z satisfies boolean formula F.

Figure 2.1: P




One might argue that an algorithm that runs for 1010 101 steps on in-
puts of size n is not practical. Problems are known that provably require high
degree polynomial algorithms (artificial problems [HS65][HU79, Theorem 12.9],
cat-and-mouse and pebbling problems [KAI79,AIK81]), and natural problems are
known that may require high degree polynomial algorithms (permutation group
membership from generators [Hof82,FHL80], robotics configuration space prob-
lems [SS83]).!

Nonetheless, there is a widely held feeling that fundamental natural problems
belonging to P will have polynomial time algorithms of low degree. The field of
design and analysis of algorithms attempts to bring problems into P, and then
show that they have algorithms of low time complexity [AHU74,Tar83].

2.2 NP: Nondeterminism
NP =, NTIME[r*].

P contains the problems we can solve. NP symbolizes the problems man needs
to solve to efficiently structure and optimize his world. The P=NP question asks
if the computers built by man’s ingenuity have the power to solve the problems
formed by nature’s complexity.

NP is the class of languages accepted by nondeterministic polynomial time
bounded Turing machines [HU79]. Intuitively, a nondeterministic machine is one
that is allowed to make guesses during its computation, and always guesses cor-
rectly.

In the early 1970s, the work of Cook and Karp [Coo71,Kar72| showed that NP
had natural complete, or “hardest,” languages—languages to which every other
NP problem can be polynomial time many-one reduced. These problems stand or
fall together: if one NP-complete problem is in P then all NP-complete problems

are in P. During the last sixteen years, hundreds of problems from all areas of

!Many problems are known to have high lower bounds. Meyer and Stockmeyer [MS72] and
Fischer and Rabin [FR74] show, respectively, problems that require exponential space and double
exponential nondeterministic time. Our question is, are there natural, fundamental polynomial
time problems that have high degree polynomial lower bounds?



NP - Nondeterministic Polynomial Time

Power Guessing. Nondeterminism.
Definition NP =, NTIME[rF].

Background
‘In the early-1970s; Cook-{Coo71}, Karp-[Kar72], and- Levin [Lev73] initiated
the study of NP and its complete problems. Many NP-complete problems
are now known, and the study of NP’s structure is the unifying theme of

structural complexity theory.

Complete Problems
NP has hundreds of <P, (polynomial time many-one) complete problems
[GJ79]. The most studied NP-complete problem is satisfiability. SAT={f |
boolean formula f is satisfiable} was shown to be Turing-complete for NP by
Cook. Karp showed that SAT and many other problems were <? -complete

for NP.
Theorems
o If (3 sparse §)[NPCP5] then the polynomial hierarchy, PH, equals
NPNP, [KL80]
e NP has sparse complete sets if and only if P=NP. [Mah80]
e NP —P contains sparse sets if and only if E # NE. [HIS85]
o All paddable sets are p-isomorphic to SAT. [BH77,MY85]

If P=NP and § is sparse then [PS =NPS & (3k)[S C K 5[klogn,n*]]],
where K[| represents time bounded Kolmogorov complexity. [HH86b]

P#NP = NP —P contains sets that are not NP-complete. [Lad75]
e (3A)[PA=NP4]. (3B)[PE#NP?. [BGST5]

Figure 2.2: NP




mathematics, computer science, and operations research have been shown NP-
complete. If P=NP then these and many crucial optimization problems can be
solved in polynomial time.

However, the implications of P =NP are even more profound. An NP machine
can answer the question, in a fixed formal system, “Does this theorem have a
proof (of reasonable size)?” Thus NP embodies the power of guessing, or creating,
mathematical proofs. P embodies the mechanical process of verifying if a proof
is correct. Asking if P #NP is another way of asking if the creative process in
mathematics rises above the complexity of mere mechanical verification. Since
men are likely to create mathematical proof structures only of small size, asking
if P=NP is one way of asking if machines can usurp man’s role in mathematical
discovery.

NP is the most extensively studied computational complexity class, and many
insights into NP’s structure have been found during the past decade (Figure 2.2).

Nonetheless, our understanding of NP is fragmented, incomplete, and unsatisfying.

2.3 Oracles and Relativized Worlds

Oracles are defined and discussed in the literature [HU79,BGS75,Tor86]. We may
think of an oracle B as a unit cost subroutine for the set B. For example, P2 (NPB )
is the class of languages computable by deterministic (nondeterministic) polyno-
mial time Turing machines given unit cost subroutines (i.e., subroutines that return
in one time unit) that test membership in B. We may think of such a subroutine
as changing the ground rules of computation that the machines operate under.
We can also define what it means to relativize a complexity class not with a

single set but with another complexity class:

c?P=1ct
AeD
For example, NP = Uaenp NP4 =NPSAT. We may think of C? as the class of
languages recognized by C machines given free access to the power of some member

of D.
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Oracles are a useful tool in certifying structural possibilities for complexity.
classes. If we show that some complexity result T holds in a relativized world
(that is, with some oracle B), we know that relativizable proof techniques cannot
disprove T'. This is because a relativizable disproof of T would disprove T in all
relativized worlds, but we know that T is true in the world relativized by B.

Many crucial results in structural complexity can be relativized in conflicting
ways. For example, there are oracles A and B so that P4 =NP4 yet PZ £NP5
[BGS75]. Since most known mathematical proof techniques seem to relativize
(for a discussion of this and of possible exceptions see (Hartmanis [Har85])), new
techniques or novel uses of old techniques will be needed to resolve such central
questions as P =NP.

Oracles exist to certify unlikely situations—e.g., there is an oracle A for which
P4 =NP4=PSPACEA. We should not think of oracles as telling us what is the
case in the world of computation. We should think of oracles as suggesting the

limitations of our mastery of mathematical proof techniques.

2.4 The Polynomial Hierarchy and Polynomial

Space: The Power of Quantifiers

2.4.1 The Polynomial Hierarchy

The polynomial hierarchy was defined by Stockmeyer [Sto77] as a time bounded
analogue of the Kleene (arithmetic) hierarchy of recursive function theory [Rog67].
The definitions of the polynomial hierarchy appear in Figure 2.3. In particular,
TP =P, P =NP, I’ =coNP, A2 =P P and T2 = NP"P. Figure 2.4 diagrams the
structure of the polynomial hierarchy.

The levels of the polynomial hierarchy have natural descriptions in terms both
of Turing machines and logical formulas. Just as the Kleene hierarchy’s levels
are characterized by quantifier alternation, so also are the levels of the polynomial

hierarchy characterized by alternating polynomial bounded quantifiers [Sto77]. For
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example:

NP = {L|(3k)(3 polynomial predicate P)[z € L= (y)[|y|<|z|*AP(z,y)]]}
5 = {L|(3k)(3 polynomial predicate P)
€L (3y)(V2)lly < 2l* Allz| <|2[* = P(2,5,2)]]]}-

This characterization by alternating quantifiers is handy. When asked the com-
plexity of MINIMAL-FORMULAS={F | F is a boolean formula and no equivalent -
boolean formula is shorter than F}, we can reflect for a moment on the underlying
quantifier structure and quickly note that MINIMAL-FORMULAS€eII}. That is,
MINIMAL-FORMULAS is the set of all F such that for every shorter formula F'
there ezists a variable assignment on which F and F' differ.

The work of Chandra, Kozen, and Stockmeyer [CKS81] develops machines that
accept the languages at each level of the polynomial hierarchy. Known as alternat-
ing Turing machines, the action of these machines alternates between existential
and universal blocks, and mirrors the underlying quantifier structure of the classes.

We say that the polynomial hierarchy collapses if, for some k, £} =II¥ (thus
TP =PH). A crucial open question is, does the polynomial hierarchy collapse?
That is, is some fixed number of quantifiers powerful enough to simulate all fixed
arrangements of quantifiers? Oracles are known for which the hierarchy collapses
[BGS75] and for which the hierarchy does not collapse [Yao85]. An exponential
analogue of the polynomial hierarchy collapses (Chapter 3).

2.4.2 Polynomial Space

PSPACE is the class of languages accepted by polynomial space bounded Turing
machines. PSPACE embodies the power of polynomial bounded quantifiers. A

quantified boolean formula is an expression of the form

(321)(V22)(323) - [f (21, 22, 73, - )],

where f is a quantifier-free boolean formula. QBF, the set of true quantified
boolean formulas, is a well-known PSPACE-complete problem, and shows how
PSPACE embodies the power of alternating quantifiers [Sto77].
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PH, PSPACE, P, NP, coNP, PNP  NPNP . _ The Polynomial Hierar-
chy and Polynomial Space

- Power Alternating polynomial bounded existential and universal quantifiers.

Definition
Zg = I} =

P
AP, = PE >0
P, = NPE >0
If,, = co%f, = {L|Le%?,} >0
PH = |J%?

PSPACE = |JSPACE[n"].
k

Background The polynomial hierarchy was defined in (Stockmeyer [Sto77]).

Complete Languages Canonical complete languages exist for each level of the
hierarchy [Wra77] and for PSPACE [Sto77].

Theorems o (3A)[P4=PH4|. (BGS75]
o (34)[PA#£NPA£NPVP* ... L PSPACEA). [Yao85]
o PH=PSPACE & (V sparse §)[PHS =PSPACES|. [BBL*84]
e X7 =II} = X{ =PH (Downward Separation). [StoT7]
e Prob, (PHA#£PSPACE4)=1. [Cai86]
o PSPACE= NPSPACE = Probabilistic-PSPACE. [Sav70,Sim77]

Open Problems e Does the polynomial hierarchy collapse?
o Proby (PA#NPA£NPNP* .. )=1?
o For which j can we construct oracles so (2;’)‘4 # (Z;’_,_l)A =PHA?

o (3k, A)[(Z8)4=(12)4 # PSPACE4)?

Figure 2.3: The Polynomial Hierarchy and PSPACE
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NPNP

PSPACE

coNPNP

PNP

NP N coNP

Figure 2.4: The Structure of The Polynomial Hierarchy
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There are many PSPACE-complete problems. Adversary (game) problems are
often PSPACE-complete. The generalized versions of checkers [FGJ*78] and go
[LS78] are PSPACE-complete. In a fixed formal system, whether a theorem has a
polynomial proof presentation can be determined in PSPACE [HY84|.

2.5 E, NE, and the Strong Exponential Hierar-
chy

E and NE are exponential time analogues of P and NP. The structure of these
exponential time classes is linked to the structure of polynomial time classes.
In particular, the complexity of tally? and sparse sets within NP is tied to the
structure of E and NE (Book, Cai, Hartmanis, Hemachandra, Hunt, Inmerman,
Sewelson, and Yesha [Boo74,HH74,HY84 HIS85,CH86a,CHHS86b]).

The strong exponential hierarchy (Figures 2.5 and 2.6) is a natural exponential
time analogue of the polynomial time hierarchy. Its high levels at first seem to have
great computational power. Thus it is somewhat of a surprise that the hierarchy
collapses to its PNE level (Chapter 3).

2.6 P /Poly: Small Circuits
P/poly={L | (3 sparse §)[LeP5]}

L is in P/poly (Figure 2.7) if and only if L has small circuits, i.e., there is a
family of representations of boolean circuits [Sav72,Sch86] ci, c3, ... and an integer
k so that:

e |ci|<i*+k, and
® z€ L& ¢, accepts z [KL80|.

Equivalently, a language L is in P/poly if and only if there is a sparse® set § so

2T is a tally set if TC1*={e, 1,11,111,...}.
3A set S is sparse if there are at most polynomially many elements of length <n in S, i.e.,
(3K)(Yn 2 1)[{z | 2€SA 2| <n} <.
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E, NE, PNE, NPNE | _ The Strong Exponential Hierarchy
Power Exponential computation hierarchy.
Definitions
E P = |J TIME[2"]
[
NE = ¥iF® = | JNTIME[2*"]

ASEE - pE i>9

nSEH _ NPEST i>9

SEH = EUNEUNPNEUNPNP™ (...

EXPSPACE

|J SPACE[2™"]
k .

Background The complexity of sparse sets in the polynomial hierarchy is

closely related to the structure of exponential time classes [Boo74,HHT74,

HY84,HIS85,CH86a, CHHSS6b).

Complete Languages

All these classes have straightforward canonical com-

plete languages that capture the actions of generic machines (see the tech-

niques of [Har78|).

Theorems

e E=NE if and only if there are no tally sets in NP —P.

e E=NE if and only if there are no sparse sets in NP —P.

[Boo74,HH74]

[HISS5]

e E=NE if and only if all capturable sets in the boolean hierarchy are in

P.

[CH86a)]

e NE =coNE if and only if every sparse set in NP is NP-printable. [HY84]
¢ PNECEUNEUNPYEUNPNP™® ...

E=NE= EXP=SEH (Downward Separation).

(Chapter 3)
(Chapter 3)

Figure 2.5: E, NE, and the Strong Exponential Hierarchy |




/ EXPSPACE \

NPNE cONPNE

/ e \

NE coNE
E

Figure 2.6: The Structure of the Strong Exponential Hierarchy
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P/poly — Nonuniform Polynomial Time

Power
Small circuits. Table lookup.

Definition
P/poly ={L | (3 sparse §)[LeP5]}

Theorems
e NPCP/poly=PH=NPNF. [KL80]
o (3S)INPC PP A S sparse A § € NP|= PH = PpNPllog], [Kad87]
e There is a relativized world A and a sparse set § so PSPACE4 C p495
yet the boolean hierarchy relative to A is infinite. (CH86a)]

e If P has small ranking circuits then P#F CPH=NPNF. (Chapter 4)

e If P has small ranking circuits then P has small ranking circuits that
can be printed by a A} machine. (Chapter 4)

Figure 2.7: P/Poly
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that L& PS (due to Meyer, see [BH77, p. 307] and [KL80)).

Intuitively, sets in P/poly are “close” to being in polynomial time. With a
small amount of advice (e.g., the circuit description), a polynomial machine can
recognize these sets. However, the advice may be terribly hard to compute; thus it
is not surprising that P/poly contains sets arbitrarily high in the Kleene hierarchy.

Some sets that are not known to be in P are known to have small circuits.
For example, the set of primes is not known to be in P, but has small. circuits - -
[Rab76,Ad178,APL80,GK86]. More generally, any set in the probabilistic class R
has small circuits.

Karp and Lipton show it unlikely that all NP sets have small circuits: if NP has
small circuits (i.e., if NP C P for some sparse set ) then the polynomial hierarchy
collapses to its second level. In the wake of their result, a flurry of related research
has extended our knowledge of the implications of “NPCPS, S sparse,” and of
“NPCP’, § sparse, § € NP” (Cai, Hemachandra, Mahaney, Immerman, Kadin,
and Long [MI82,CH86a,Lon82,Mah82,Kad87)).

2.7 UP and FewNP: Uniqueness

UP = {L]| there is a nondeterministic polynomial time Turing machine N
so L=L(N), and for all z, the computation of N(z) has at most
one accepting path}.

US {L| there is a polynomial predicate P and integer k so for all z,

zele|{y] lyl<|z|*AP(z,y)} =1}

The classes UP and US (Figures 2.8, 2.9, and 2.10) capture the power of
uniqueness. Given a boolean formula f a typical US question would be, “Does f
have exactly one solution?”

UP has a related but subtly different nature. UP is the class of problems that
have (on some NP machine) unique witnesses. That is, if there is an NP machine
M accepting L and for every input z the computation M(z) has at most one

accepting path, then we say L€ UP. We call NP machines that accept on at most
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NPNP coNPNP
PNP

coDP DP

coUs us

NP coNP

coUP upP

Figure 2.8: The Structure of UP and US within the Polynomial Hierarchy
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UP, US - Unique Polynomial Time

Power
Categorical-acceptance. -Uniqueness.

Definition
UP = {L| thereis a nondeterministic polynomial time Turing machine N
so L=L(N), and for all z, the computation of N(z) has at most
one accepting path}.
US = {L| thereis a polynomial predicate P and integer k so for all z,
zele|{y]lyI<|zl*AP(z,9)} =1},
Background

UP is defined in (Valiant [Val76]). US is studied in (Blass and Gurevich
[BG82]). UP is related to cryptography [GS84] and to central conjectures in
structural complexity theory [JY85,HH8T].

Complete Problems
USAT={f | f has exactly one satisfying assignment} is complete for US.

UP may not have complete languages. There are relativized worlds where it
does not have complete languages and relativized worlds where P4 £ UP4 #
NP4 yet UP4 does have complete languages [HH86a].

Figure 2.9: UP—Part I
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UP, US - Unique Polynomial Time

Theorems

P #UP & one-way functions exist. [GS84]
P#UPNcoUP & one-way functions whose range is in P exist. [GS84]
UPCNPNUS

If UP has complete languages then it has a complete language of the

form L=SATN A, A€P. [HH864a]
There is an oracle so USAT4 is not (DP)4-complete. (BG82]
(34)[P4=UP4A£NP4). (3B)[PZ#UP?=NPE]. [Rac82)
(34)[UP* has no complete languages]. (HH86a)
(34)[P# # UP* # NP4 and UP4 has complete languages |.  [HH86a]

(VA)[Nz-A is categorical | = (VA)[L(NiA) € PNPQ)A].
- (Chapter 5) and [HH87]
There is a reasonable (i.e., PA#NPA) oracle A for which P4 =UPA4

(that is, there are no one-way functions) yet there are sets that are

<24 _complete for NP4 and are non-p4-isomorphic. [HH87]

P#UPNcoUP if and only if there is a set S so (1) S€P and §CSAT,
and (2) f€§ = f has exactly one solution, and (3) no P machine can

find solutions for all formulas in §—that is,

(n=1° A
= the unique satisfying assignment of f fes
is not a polynomial time computable function. (Chapter 6)

Open Problems Prob A(PA=UPA)=1? Does UP have complete languages
[HH86a]? Do one-way functions exist [GS84]?

Figure 2.10: UP—Part II
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one path for all inputs categorical machines. Valiant started the study of UP and
categorical machines in [Val76].

Recently, UP has come to play a crucial role in both cryptography and struc-
tural complexity theory. In cryptography theory, Grollmann and Selman [GS84]
prove that one-way functions* exist if and only if P # UP, and one-way functions
whose range® is in P exist if and only if P#UPNcoUP. Thus we suspect that
P #UP because we suspect that one-way functions exist.

A central question in structural complexity theory, first asked by Berman and
Hartmanis [BH77|, is “how many NP-complete problems are there?” Berman
and Hartmanis conjectured that there is only one NP-complete problem, which
appears in many guises. That is, they conjectured that all NP-complete sets are
polynomial time isomorphic (p-isomorphic). Indeed, they showed that all then-
known and all paddable NP-complete sets are p-isomorphic ((BH77] and Mahaney
and Young [MY85]). Note that the conjectured p-isomorphism of NP-complete
sets implies P #NP.

Joseph and Young found NP-complete “k-creative” sets that are not obviously
p-isomorphic to SAT. However, if no one-way functions exist then these sets are
isomorphic to SAT. This led to the following conjecture [JY85,KMR86]. Since
one-way functions exist if and only if P # UP, this conjecture links P=UP to the
structure of NP.

One-way Conjecture  One-way functions exist if and only if non-p-isomorphic
NP-complete sets exist.

This coupling between UP and NP has been weakened. Hartmanis and Hema-
chandra [HH87] show that there is a relativized world in which the One-way Con-
jecture fails. That is, there is a world in which there are no one-way functions yet
there are non-p-isomorphic NP-complete sets. Their oracle consists of a powerful
collapsing component (PSPACE) unioned with an extraordinarily sparse diago-

nalizing component.

%A function f is honest if (3k)(Vz)[|f(2)|* + k> |z|]. A one-way function is a total, single-valued,
one-to-one, honest, polynomial time computable function f such that f~! (which will be a partial
function if range(f)# Z*) is not computable in polynomial time [GS84].

*Range(f) = U cz- £(3)-



23

Theorem 2.1 There is a reasonable (i.e., P4 # NP#) oracle 4 for which P4 = UP4
(that is, there are no one-way functions) yet there are sets that are <2:4-complete

for NP4 and are non-p4-isomorphic.

This does not imply that the one-way conjecture is false, though it does open
that possibility. This theorem, however, suggests that the conjecture is unlikely
to be proved by standard techniques.

The class FewNP (Allender [All86]) is an analogue of UP that restricts machines.
not to one accepting path but to at most polynomially many accepting paths.
Clearly, PC UP CFewNP C NP, and Allender [All86] shows that P =FewNP if and
only if all sparse sets in P are P-printable.®

Definition 2.2 L€ FewNP if there is a nondeterministic polynomial time Turing
machine NV so that N accepts language L and for some polynomial ¢, (Vz)[N(z)
has at most ¢(|z|) accepting paths].

2.8 #P: Counting

#P = {f|(3 nondeterministic polynomial time Turing machine N)(Vz)
[f(2) = number of accepting paths of N(z)]}.

#P is the class of functions that count the accepting paths of nondeterministic
polynomial time Turing machines (Figure 2.11). For example, the function that
maps any boolean formula to its number of satisfying assignmentsis a #P function.
To create a language, as opposed to a function class, we usually discuss P#P or
p#Pll (P*P with at most one oracle call allowed).

Little is known about the complexity of P#P_ Since the number of solutions of
a boolean formula tells if it is satisfiable, we have pNP - p#P 554 PNP C P#P,
Also, PSPACE can count accepting paths by brute force so P*F C PSPACE (Figure
2.12). Angluin displays a relativized world in which P#F 9 L2 UM} [Ang80].

#P is closely related to PP, probabilistic polynomial time: PP = p#P [GilT7,
Sim75).

A set S is P-printable if there is a polynomial time Turing machine M such that for each n,
M(1™) prints all elements of S of length at most n [HY84].
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#P — Sharp P (Counting Functions)

Power .
Counting.

Definition

#P = {f|(3 nondeterministic polynomial time Turing machine N )(Vz)
[f(z)= number of accepting paths of N(z)]}.

Background
#P was first studied by Valiant [Val79a], who showed that counting ver-
sions not only of NP-complete problems but also of P problems can be #P-

complete.

Complete Problems
#SAT is a representative #P function: P#P[1] = p#SAT]

Theorems
o GA)P* - (=AU £0). [Ang80]
o If #SAT has a O(n!™®) enumerative approximator then P =P#P.
[CHS86a]
e P=P*P if and only if every P set has a polynomial time computable
ranking function. [GS85], [Rud87], and (Chapter 4)
Open Problems
o P#PCpPH?
o PHCP#P?

Figure 2.11: #P







































































































































































































































































































