CSC 172 MID-TERM EXAM

May 6th, 2003
Please write answers on the exam sheet. 

Put your name and student number (not SS#) on the front (this) page. 

Closed book, closed notes

Hand calculators are allowed.

10 Questions

100 points total. 
10 points/question – some easier, some harder

75 min 

Meliora.

NAME:_____________________________________________________________

	QUESTION
	GRADE

	Q1
	

	Q2
	

	Q3
	

	Q4
	

	Q5
	

	Q6
	

	Q7
	

	Q8
	

	Q9
	

	Q10
	

	TOTAL
	


1. Prove the following relationship by induction. Be sure to explicitly state the induction parameter, the induction hypothesis and its use in the proof, and appropriately identify the salient cases.
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Induction:
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Q.E.D.
2. An algorithm takes 1.5 ms for input size 100. How long will it take for the input size 500 (assuming that low-order terms are negligible) if the running time is:

a. Linear

About 7.5ms (5 times longer)
b. O(n log n)

          About 10.5ms (7 times longer)  

5 * (log 500)/(log 100)

accept an “expression” involving logs or any value in the range 9ms to 12ms
c. Quadradic
37.5 ms

(250000/10000 = 25 times longer)
d. Cubic

187.5ms
125000000/1000000 = 125 times longer
3. An algorithm takes 20.5 seconds for input size 256. It takes 8 min 11.5 sec to run on input size 4096. How long will it take for a 1,048,576 input size (assuming that low order terms are negligible)?
 Assume   O(n log2 n) 

can’t assume O(n) because slope would be (49150 – 2050)/(4096-256) = 12.26 would yield negative time for size n < 89
However, give 4 points for “linear” solution t=12.26n-167 which is about 12,855,374ms or 35 hours 42 min 34 sec

T1 = 2050ms, 

log2(256) = 8, 256*8 = 2048

T2 = 8min 11.5 sec = 491.5 sec =  49150ms

Log2(4096) = 12, 4096*12 = 49152

So, Log2(1,048,576) = 20, 1,048,576 * 20 = 20971530ms

About , 209715.3 sec == 58 hours 15 min 15.3sec

4. Show (prove) that the code below runs in (n3+ 3n2+2n)/6 time, where n == a.length. To do this, you need two steps : (1) express the runtime as a series – relating lines in the code to expressions in the series (sigma notation) (2) show that the closed form of the series is equivalent to the expression above. Note: direct proof is ok, proof  by induction is not required.
public static int maxSubSum1( int [ ] a)  {      //line #1
        int maxSum = 0;                          // 2
        for( int i = 0; i < a.length; i++ )      // 3
            for( int j = i; j < a.length; j++ ){ // 4
                int thisSum = 0;                 // 5
                for( int k = i; k <= j; k++ )    // 6
                    thisSum += a[ k ];           // 7
                if( thisSum > maxSum ){          // 8
                    maxSum   = thisSum;          // 9
                    seqStart = i;                // 10 
                    seqEnd   = j;                // 11
                }                                // 12
            }                                    // 13
        return maxSum;                           // 14
    }                                            // 15
Only one point for saying something like O(n^3)

(This is Figure 5.4 from Weiss)

for loop line 3 -> sigma i from 1 to n

for loop line 4 -> sigma j from i to n

for loop line 6 -> sigma k from i to j

Yields 
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Ok to use the “balls in box” proof, below, via theorem 5.1 from Weiss:
“The number of integer ordered triples (i,j,k) that satisfy 1<=i<=k<=j<=n are
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Proof: Place the following N+2 balls in a box: N balls numbered 1 to N, an un-numbered red ball and an un-numbered blue ball. Remove 3 balls. If the red ball is drawn, number the same as the lowest number drawn, if the blue ball is drawn, number it as the number of the highest number ball drawn. Note that if a red and a blue are both drawn then we have 3 balls of the same number. There are (n+2) possible first draws, (n+1) possible second draws, and n possible third draws. With 3*2*1 ways to arrange them, we have a factor of 6. 

(extra page for Q#4)
Alternate (direct) proof of Q4

Calculate closed form of:
[image: image11.wmf]å

å

å

=

=

=

n

i

n

i

j

j

i

k

1

1



[image: image12.wmf]å

å

=

=

+

-

n

i

n

i

j

j

i

1

)

1

(



[image: image13.wmf]å

=

+

-

+

-

n

i

i

n

i

n

1

2

)

2

)(

1

(



[image: image14.wmf](

)

å

å

å

=

=

=

+

+

+

÷

ø

ö

ç

è

æ

+

-

=

n

i

n

i

n

i

n

n

i

n

i

1

2

1

1

2

1

2

3

2

1

2

3

2

1



[image: image15.wmf](

)

n

n

n

n

n

n

n

n

n

2

3

2

1

2

)

1

(

2

3

6

)

1

2

)(

1

(

2

1

2

+

+

+

+

÷

ø

ö

ç

è

æ

+

-

+

+

=



[image: image16.wmf]6

1

3

2

3

+

+

=

n

n



5. Given the recurrence T(1) = 1, T(n) = 2T(n/2) + n
Derive (prove) the closed form of T(n) 

Weiss Theorem 7.4 p. 263 (either method ok) 

6. A poker deck has 52 cards (2-10,J,Q,K,A in 4 suits). A poker hand consists of 5 cards. How many poker hands have two pairs? Be careful when counting so as not to include hands that are better – make sure that the two pairs are different (so you don’t have 4 of a kind) and that the fifth card is different (so you don’t have a “full house”).
Begin by picking the card that is not part of the two pair, you can do this in 52 ways. Then pick the rank of the two pairs. Only 12 ranks remaining (12 choose 2) = 66. For each of the pairs we can make a pair in (4 choose 2) = 6 ways. So, the number of possibilities is 52*66*6*6 = 123,552 ways (ok to leave as an expression)

7.  Show how mergesort would work on the following array {9,17,10,11,2,16,12,4,3,8,15,6,13,7,5,14}. To do this, draw two trees. One tree shows the expansion (split – assuming an even/odd division) at each node. The other tree shows the result (merge) of the subarrays at each node.
{9,17,10,11,2,16,12,4,3,8,15,6,13,7,5,14}

{9,10,2,12,3,15,13,5},{17,11,16,4,8,6,7,14}

{9,2,3,13},{10,12,15,5},{17,16,8,7},{11,4,6,14}

{9,3},{2,13},{10,15},{12,5},{17,8},{16,7},{11,6},{4,14}

{9},{3},{2},{13},{10},{15},{12},{5},{17},{8},{16},{7},{11},{6},{4},{14}

{3,9},{2,13},{10,15},{5,12},{8,17},{7,16},{6,11},{4,14}

{2,3,9,13},{5,10,12,15},{7,8,16,17},{4,6,11,14}

{2,3,5,9,10,12,13,15},{4,6,7,8,11,14,16,17}

{2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17}

(extra sheet)

8. Show how a stack based infix to postfix converter would operate on the following expression : 3 + 5 * (4 –1) ^ 2 . There are 12 tokens (including “end of expression”) in the expression. Draw 12 diagrams showing the state of the stack and the output queue for each token processed
9. Show how a stack based postfix evaluator would operate on the following expression : “4 2 * 3 + 5 4 - +”. There are 10 tokens (including “end of expression”) the expression. Draw 10 diagrams showing the state of the stack
10. Assume a “non-standard” Iterator interface

public interface Iterator {


boolean hasNext();


Object next();

}

  And a class that contains an array and a factory method to return an Iterator.

public class MyContainer {


Object [] items;


int size;


public Iterator iterator() {



return new MyIterator(this);


}


//…. Lots of other code …

}

  Assume that the MyContainer class has been fully implemented (array based, as implied above). Implement the iterator MyIterator (which should also contain three methods : hasNext(), next() and a constructor).
(Weiss figure 6.4)

(extra sheet)
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