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Abstract. The sequential importance sampling (SIS) algorithm has
gained considerable popularity for its empirical success. One of its noted
applications is to the binary contingency tables problem, an important
problem in statistics, where the goal is to estimate the number of 0/1
matrices with prescribed row and column sums. We give a family of exam-
ples in which the SIS procedure, if run for any subexponential number of
trials, will underestimate the number of tables by an exponential factor.
This result holds for any of the usual design choices in the SIS algorithm,
namely the ordering of the columns and rows. These are apparently the
first theoretical results on the efficiency of the SIS algorithm for binary
contingency tables. Finally, we present experimental evidence that the
SIS algorithm is efficient for row and column sums that are regular. Our
work is a first step in determining rigorously the class of inputs for which
SIS is effective.

1 Introduction

Sequential importance sampling is a widely-used approach for randomly sam-
pling from complex distributions. It has been applied in a variety of fields, such
as protein folding [8], population genetics [5], and signal processing [7]. Binary
contingency tables is an application where the virtues of sequential importance
sampling have been especially highlighted; see Chen et al. [4]. This is the subject
of this note. Given a set of non-negative row sums r = (r1, . . . , rm) and column
sums c = (c1, . . . , cn), let Ω = Ωr,c denote the set of m × n 0/1 tables with row
sums r and column sums c. Our focus is on algorithms for sampling (almost)
uniformly at random from Ω, or estimating |Ω|.
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Sequential importance sampling (SIS) has several purported advantages over
the more classical Markov chain Monte Carlo (MCMC) method, such as:

Speed: Chen et al. [4] claim that SIS is faster than MCMC algorithms. However,
we present a simple example where SIS requires exponential (in n, m) time.
In contrast, a MCMC algorithm was presented in [6, 1] which is guaranteed
to require at most time polynomial in n, m for every input.

Convergence Diagnostic: One of the difficulties in MCMC algorithms is de-
termining when the Markov chain of interest has reached the stationary
distribution, in the absence of analytical bounds on the mixing time. SIS
seemingly avoids such complications since its output is guaranteed to be an
unbiased estimator of |Ω|. Unfortunately, it is unclear how many estimates
from SIS are needed before we have a guaranteed close approximation of
|Ω|. In our example for which SIS requires exponential time, the estimator
appears to converge, but it converges to a quantity that is off from |Ω| by
an exponential factor.

Before formally stating our results, we detail the sequential importance sampling
approach for contingency tables, following [4]. The general importance sampling
paradigm involves sampling from an ‘easy’ distribution μ over Ω that is, ideally,
close to the uniform distribution. At every round, the algorithm outputs a table
T along with μ(T ). Since for any μ whose support is Ω we have

E[1/μ(T )] = |Ω|,

we take many trials of the algorithm and output the average of 1/μ(T ) as our
estimate of |Ω|. More precisely, let T1, . . . , Tt denote the outputs from t trials of
the SIS algorithm. Our final estimate is

Xt =
1
t

∑

i

1
μ(Ti)

. (1)

One typically uses a heuristic to determine how many trials t are needed until
the estimator has converged to the desired quantity.

The sequential importance sampling algorithm of Chen et al. [4] constructs
the table T in a column-by-column manner. It is not clear how to order the
columns optimally, but this will not concern us as our negative results will hold
for any ordering of the columns. Suppose the procedure is assigning column
j. Let r′1, . . . , r

′
m denote the residual row sums after taking into account the

assignments in the first j − 1 columns.
The procedure of Chen et al. chooses column j from the correct probability

distribution conditional on cj , r′1, . . . , r
′
m and the number of columns remaining

(but ignoring the column sums cj+1, . . . , cn). This distribution is easy to describe
in closed form. We assign column j the vector (t1, . . . , tm) ∈ {0, 1}m, where∑

i ti = cj , with probability proportional to

∏

i

(
r′i

n′ − r′i

)ti

, (2)



where n′ = n − j + 1. If no valid assignment is possible for the j-th column,
then the procedure restarts from the beginning with the first column (and sets

1
μ(Ti)

= 0 in (1) for this trial).1 Sampling from the above distribution over
assignments for column j can be done efficiently by dynamic programming.

We now state our negative result. This is a simple family of examples where
the SIS algorithm will grossly underestimate |Ω| unless the number of trials t
is exponentially large. Our examples will have the form (1, 1, . . . , 1, dr) for row
sums and (1, 1, . . . , 1, dc) for column sums, where the number of rows is m + 1,
the number of columns is n + 1, and we require that m + dr = n + dc.

Theorem 1. Let β > 0, γ ∈ (0, 1) be constants satisfying β �= γ and consider the
input instances r = (1, 1, . . . , 1, �βm�), c = (1, 1, . . . , 1, �γm�) with m + 1 rows.
Fix any order of columns (or rows, if sequential importance sampling constructs
tables row-by-row) and let Xt be the random variable representing the estimate of
the SIS procedure after t trials of the algorithm. There exist constants s1 ∈ (0, 1)
and s2 > 1 such that for every sufficiently large m and for any t ≤ sm

2 ,

Pr
(

Xt ≥ |Ωr,c|
sm
2

)
≤ 3sm

1 .

In contrast, note that there are MCMC algorithms which provably run in time
polynomial in n and m for any row/column sums. In particular, the algorithm
of Jerrum, Sinclair, and Vigoda [6] for the permanent of a non-negative matrix
yields as a corollary a polynomial time algorithm for any row/column sums. The
fastest algorithm for the permanent of a n×n matrix requires O(n7 log4 n) time
[3], which implies a running time of O((nm)7 log4 n) time for binary contingency
tables. More recently, Bezáková, Bhatnagar and Vigoda [1] have presented a
related MCMC algorithm that works directly with binary contingency tables
and has an improved polynomial running time. Their algorithm runs in time
O((nm)2R3smax log5(n + m)) where R =

∑
i ri is the sum of the row sums

and smax is the maximum row and column sum. We note that, in addition
to being formally asymptotically faster than any exponential time algorithm, a
polynomial time algorithm has additional theoretical significance in that it (and
its analysis) implies non-trivial insight into the the structure of the problem.

Some caveats are in order here. Firstly, the above results imply only that
MCMC outperforms SIS asymptotically in the worst case; for many inputs, SIS
may well be much more efficient. Secondly, the rigorous worst case upper bounds
on the running time of the above MCMC algorithms are still far from practical.
Chen et al. [4] showed several examples where SIS outperforms MCMC methods.
We present a more systematic experimental study of the performance of SIS,
focusing on examples where all the row and column sums are identical as well
as on the “bad” examples from Theorem 1. Our experiments suggest that SIS

1 Chen et al. devised a more subtle procedure which guarantees that there will al-
ways be a suitable assignment of every column. We do not describe this interesting
modification of the procedure, as the two procedures are equivalent for the input
instances which we discuss in this paper.



is extremely fast on the balanced examples, while its performance on the bad
examples confirms our theoretical analysis.

We begin in Section 2 by presenting a few basic lemmas that are used in
the analysis of our negative example. In Section 3 we present our main example
where SIS is off by an exponential factor, thus proving Theorem 1. Finally,
in Section 4 we present some experimental results for SIS that support our
theoretical analysis.

2 Preliminaries

We will continue to let μ(T ) denote the probability that a table T ∈ Ωr,c is
generated by sequential importance sampling algorithm. We let π(T ) denote the
uniform distribution over Ω, which is the desired distribution.

Before beginning our main proofs we present two straightforward technical
lemmas which are used at the end of the proof of the main theorem. The first
lemma claims that if a large set of binary contingency tables gets a very small
probability under SIS, then SIS is likely to output an estimate which is not much
bigger than the size of the complement of this set, and hence very small. Let
S = Ωr,c \ S.

Lemma 1. Let p ≤ 1/2 and let S ⊆ Ωr,c be such that μ(S) ≤ p. Then for any
a > 1, and any t, we have

Pr
(
Xt ≤ aπ(S)|Ω|

)
≥ 1 − 2pt − 1/a.

Proof. The probability that all t SIS trials are not in S is at least

(1 − p)t > e−2pt ≥ 1 − 2pt,

where the first inequality follows from ln(1 − x) > −2x, valid for 0 < x ≤ 1/2,
and the second inequality is the standard e−x ≥ 1 − x for x ≥ 0.

Let T1, . . . , Tt be the t tables constructed by SIS. Then, with probability
> 1 − 2pt, we have Ti ∈ S for all i. Notice that for a table T constructed by SIS
from S, we have

E
(

1
μ(T )

| T ∈ S
)

= |S|.

Let F denote the event that Ti ∈ S for all i, 1 ≤ i ≤ t; hence,

E (Xt | F) = |S|.

We can use Markov’s inequality to estimate the probability that SIS returns
an answer which is more than a factor of a worse than the expected value,
conditioned on the fact that no SIS trial is from S:

Pr
(
X > a|S| | F

)
≤ 1

a
.
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