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Abstract—Cyclic linear codes of block length over a finite field
are linear subspaces of that are invariant under a cyclic shift

of their coordinates. A family of codes is good if all the codes in the
family have constant rate and constant normalized distance (dis-
tance divided by block length). It is a long-standing open problem
whether there exists a good family of cyclic linear codes.

A code is -testable if there exists a randomized algorithm
which, given a word , adaptively selects positions, checks
the entries of in the selected positions, and makes a decision (ac-
cept or reject ) based on the positions selected and the numbers
found, such that

i) if then is surely accepted;
ii) if dist( ) then is probably rejected. (“dist”

refers to Hamming distance.)
A family of codes is locally testable if all members of the family

are -testable for some constant . This concept arose from holo-
graphic proofs/PCP’s. Recently it was asked whether there exist
good, locally testable families of codes.

In this paper the intersection of the two questions stated is ad-
dressed.

Theorem. There are no good, locally testable families of cyclic
codes over any (fixed) finite field.

In fact the result is stronger in that it replaces condition ii) of
local testability by the condition

ii’) if dist( ) then has a positive chance of being
rejected.

The proof involves methods from Galois theory, cyclotomy, and
diophantine approximation.

Index Terms—Coding theory, cyclic codes, locally testable codes.

I. INTRODUCTION

ALL codes discussed in this paper are linear. We study
rate/distance tradeoffs for locally testable cyclic codes. A

family of codes is good if the codes in the family have constant
rate and constant normalized distance.

An example of a class of locally testable cyclic codes is the
Hadamard codes [11]. However, these codes have logarithmic
information rate and are therefore far from being good.

It is a classical open question whether there exist good fami-
lies of cyclic codes (see [21, p. 270, Research Problem (9.2)]).
Extending results by Berman [10], we prove the nonexistence of
good families of cyclic codes for a large class of block lengths,
including block lengths with a large “smooth” divisor (a smooth
number has no large prime divisors) (Theorems 1.9 and 5.1).

Recently, Goldreich and Sudan asked whether there exist
good locally testable codes [17]. Our main result is that locally
testable cyclic codes cannot be good. In view of the general
tradeoffs we establish for cyclic codes, the critical remaining
case is when the block length has a large prime divisor. In this
case, we use diophantine approximation to establish a tradeoff
involving the testability parameter. Our results require only
a considerably weaker property than local testability: words
that are far from the code are only required to have a positive
chance of rejection (the chance may not be bounded away from
zero). We formalize this concept and state the main results in
Section I-B.

A. Preliminaries

Throughout this paper we shall use the following notation.
Let be a prime and . Let , the order of the field

. A linear code of length (“block length”) over is a
subspace . The dimension is referred to as the
number of information bits. The ratio
is the rate of . We say that a family of codes has
constant rate if , i.e., if . The
weight of a “word” is the number of nonzero
entries of . The distance of the code is

the minimum weight of nonzero codewords. The normalized
distance of is the quotient .

We say that is a family of good codes if both the rates
and the normalized distances of the are bounded away from
zero (i.e., these quantities are ).

A code is cyclic if it is invariant under the cyclic shift of the
coordinates, i.e.,

Cyclic codes have a voluminous literature; several of the
well-known families of classical codes are cyclic (Bose–Chaud-
huri–Hocquenghem (BCH) codes, Reed–Muller codes).

B. Weakly Locally Testable Codes: The Main Results

For , we use to denote (inner
product over ). For , the dual subspace is



Definition 1.1: An -tester for a linear code on input ran-
domly selects positions and checks
the corresponding entries in . ( depends only on the pairs

, , and on the random bits.) Then
it chooses a Boolean function at random
from a probability distribution that may depend on the sequence

, and accepts if .

i) An -tester is complete if it surely accepts each .
ii) An -tester is weakly sound if for all , if is

surely accepted then .

A linear code is weakly -testable if has a complete and
weakly sound -tester.

Remark 1.2: As Ben Sasson et al. [8] point out, in the case of
linear codes we may assume that the test functions are linear,
i.e., iff for a given vector

. We shall not use this observation.

Definition 1.3: A family of codes is weakly locally testable
if for some constant , all codes in the family are weakly
-testable.

Remark 1.4: This is clearly a weaker condition than local
testability: we do not require that words distant from be re-
jected with constant probability, only with positive probability.

Goldreich and Sudan ask whether there exist good, locally
testable codes [17]. We give a partial answer to this question;
our result may support the view that some of the complications
[17] go through (repeated concatenation steps, the use of prob-
abilistic checkable proofs (PCPs) to build their (nearly linear)
locally testable codes may be inevitable.

Theorem 1.5: Let be a finite field. There are no good,
weakly locally testable cyclic codes over .

This result is an immediate consequence of the following
tradeoff. Recall that for a good code, both and
must be .

Theorem 1.6: Let be a prime power. There is a constant
such that for any weakly -testable cyclic code , of

length , over either

• or
• .

Under a widely accepted number-theoretic hypothesis (about
“Wieferich primes”) we obtain a better tradeoff for binary codes.

Conjecture 1.7: For all primes

This conjecture has been verified for all primes .

Theorem 1.8: Let be a weakly -testable binary cyclic
code. If Conjecture 1.7 holds then either

• ; or
•

where is an absolute constant.

C. Cyclic Codes

Cyclic codes were first defined by Prange [22] in 1957.
Since then many families of cyclic codes have been found and
bounds on the rate and distance of cyclic codes were proved. In
particular several of the well-known classical codes are cyclic
(BCH codes, Reed-Muller codes). The monograph [21] is a
good source on cyclic codes; the question of existence of good
families of cyclic codes was also formalized there ([21, p. 270)].
The problem is still open; very little seems to have happened
in this area since an important 1967 paper by S. D. Berman
[10]. Berman deals with the semisimple case (when and
are relatively prime) and assumes that all primes dividing are
bounded. We extend Berman’s result in several directions: we
drop the semisimplicity assumption; permit the primes to grow
slowly while obtaining explicit tradeoffs; and allow to have a
large nonsmooth divisor (up to ). However, in
spite of these extensions, the basic ingredients from cyclotomy
in our proof are not significantly different from Berman’s.

The following is our main tradeoff for cyclic codes (without
testability assumption).

Theorem 1.9: Let . Let be a prime power. Let
where . Let be a cyclic code of

length over . Then

Note that is permitted in this result.

For bounded primes, our proof yields the following result.

Theorem 1.10: Let be fixed primes (not neces-
sarily different from ). For every , , there exist

such that if is a cyclic code, over , of length
with then .

Berman’s result is the case , . Theorems 1.9
and 1.10 will follow from Theorem 5.1 (Section V).

Another by-product of our proof is the following explicit
tradeoff related to the powers of dividing .

Theorem 1.11: Let be a prime power. Let .
Let be a cyclic code of length over . Then

We give the one-paragraph proof in Section III. The following
corollary to this result (with a rather more complicated proof)
appeared in 1991 in Castagnioli et al. [12].

Corollary 1.12 [12, Theorem 3]: Let be a family of
codes over . Let have block length . If
the are unbounded then the family is not good.

Proof: By Theorem 1.11

as would be the case for a good family.

Remark 1.13: In view of these results, the search for good
cyclic codes should focus on prime block length. Mersenne
primes would seem like prime candidates over because
for them has the largest number of factors.
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