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Real-world processes generally produce observable out-
puts which can be characterized as signals. The signals can
be discretein nature e.g,, characters from a finite alphabet,
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nentials, etc.h. The second broad class of signal madels is
the set of statistical models in which one tries o charac:
terize only the statistical properties of the signal. Examples
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san processes, Markow processes, and hidden Markoy pro-
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ing, buth inistic and stochastic signal models have
had good seccess. In this paper we will concern oursefves
strictlywith one type of stochastic signal model, namely the
hidden Markoy madel (HMML. These madels are referred
t0 a5 Markov sources o probabilistic functions of Markay
chains in the communications literature.) We will first
review the theory of Markow chains and then extend the
ideas to the class of hidden Markoy models using several
simple examples, We will then 1ocus our anention on the
three fundamental problems' for HMM design, namely: the
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Resources

e Software

— Hidden Markov Model (HMM) Matlab Toolbox
* By Kevin Murphy

— GraphlLab
* By CMU

— Hidden Markov Model Toolkit (HTK)
e ClLibraries



Dynamic Phenomena

* Speech Recognition
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Dynamic Phenomena

 Body Motion Tracking




Dynamic Phenomena

 Stock Prediction
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Dynamic Phenomena

* Climate Change
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Bioinformatics

* DNA Sequences
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Outline

* Lecture One

— HMMs as Probabilistic Graphical Models
* Motivation
* Algebraic representation
* Graphical representation

* Lecture Two

— HMMs with Inference and Learning
* Message Passing (Forward-Backward)
e Expectation-Maximization (Baum-Welch)
* Application Demos



Motivation
* Asimple graphical model

Unknown Observed

>—@

P(Y | X)




Motivation

 An Example




Motivation

 Inference

O—@

Posterior Prior probability Noise model
probability l /
N\ P(X,Y) P(X)P(Y|X)
P(X|Y)= — =
P(Y) P(Y)
\

Constant



Curse of Dimensionality

Size of the lookup table of P(X)
| P(X) |: 256100><100 _ 280000

202 202 199 202 199 194 187 180 175 179 177 176 174 175 176 173



Probabilistic Graphical Model

* The basic idea

— P(X) has some locality properties encoded by
graphs
Pixel 1 Pixel2

Pixel 3



Object Tracking

X ={X1, Xy yeeey X145 XT} X, location at time ¢

Y Z{yl, Yousen Y70 yT} Y; sensor measurement at time ¢
T =1000

Inference: P(X |Y)

Computation Complexity:

| P(X |Y) |= (10x10)*%




Probabilistic Graphical Model

* PDF Representation

— P(X.,Y)
* Inference

— Giveny'

— UseP(X |Y")to solve problems
* Learning

_ Given{(xt’yt)}
— Fit P(X |Y)



Hidden Markov Models

e Definition
- {Xt’yt}l...T dare d HMM; |f

e X is a Markov process
P(X, | %01 Xy ooy X gy Xerqyeenr Xp g, %7 ) = P(X | X))

* Y: only depends on X,
P(yt | Xl’X2""’Xt—1’Xt’Xt+1""’XT—1’XT) — P(yt | Xt)



Hidden Markov Models

* Representation
— Claim: for{X;, ¥ },.+ as a HMM

P(X1Y) — HP(Xt | Xt—l)P(yt | Xt)

Proof: P(X,Y)=P(X)P(Y | X)

= P(Xp | Xy X g e X )P Xy | Xp gy X _gyeees X )P (X, | X)P(X,)
= P(X; | X )P(Xr_y | X7,)--P(X, | X )P(X,)

T
= H P(Xt | Xt—l)
t=1

P(Y | X)=P(y,,¥,...¥7 | X)
= P(Yr | Y71 Yoo Yo X)P(Yr g | Yrios Yrogoen Yau X) PCY, [ Y1, X)P(y, | X)
= P(yT | XT)P(yT—l | XT—1)---P(Y2 | XZ)P(yl | Xl)

:Hp(yt | Xt)



Hidden Markov Models

* Representation
— Claim: for{X;, ¥ },.+ as a HMM

P(X1Y) — HP(Xt | Xt—l)P(yt | Xt)

Computational Complexity:

before claim: | P(X,Y) |=100"% x100"**°

after claim: | P(X,Y) |= 2000 x100°



Hidden Markov Models

* Representation
— Claim: for{X;, ¥ },.+ as a HMM

P(X1Y) — HP(Xt | Xt—l)P(yt | Xt)

Statistical queries:
P(Xt | Xi 1 Xt—z) — P(Xt | Xt—l)
P(X, | X 20 % s)
_ZP(X thlxt 2 t3)
_ZP(X |Xt1 t—2 t3)P(th|Xt 21 t3)
—ZP(X | X )P (Xeq | X2)
—ZP(X Xeq | Xe2)

—P(X | X 2)



HMMs and Graphical Models

* Definition
— The graph represents a HMM is

* a chain of X;
* Y connects to X,




HMMs and Graphical Models

 Theorem (Hammersley-Clifford)

— Given any random variables A,BandC
P(C|AB)=P(C|B)
iff B separates Aand C in the graph

P(X6 | Xl’XZ) — P(XG | Xz)
P(Ye | Ys4:Ys)



HMMs and Graphical Models

* Graph & Factorization

P(X1Y) — HP(Xt | Xt—l)P(yt | Xt)



HMMs and Graphical Models

Algebraic
decomposition

Independence
relationship



Probabilistic Graphical Model

* PDF Representation

— P(X,Y)
* Inference

— Giveny’

— UseP(X |Y") to solve problems
* Learning

_ Given{(xt’yt)}
— Fit P(X |Y)



Inference
« MAP (Maximum A Posteriori)
X" =arg max P(X 1Y)
* Marginalization
P(x. |Y") vt

Henceforth, “inference”== marginalization



