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Abstract
Loop tiling is central to compiler optimization, yet predicting its

cache behavior remains difficult because problem dimensions, tile

sizes, tiling depth, cache capacity, and block size interact. Existing

techniques typically fix some of these parameters or analyze loop

structure and cache behavior separately.

This paper presents SALT, a compiler technique for deriving ap-

proximate parametric cache miss ratios for symbolically bounded

rectangular loop nests with affine array accesses. SALT maps each

static array reference to a reuse-interval distribution and applies

Denning’s working-set recursion to construct a parametric miss-

ratio curve for a fully associative LRU cache. It supports untiled and

multilevel rectangularly tiled kernels, including matrix multiplica-

tion, tensor contractions, and stencils. The analysis is fully static,

keeps program, tiling, and cache parameters symbolic, and does not

enumerate concrete values; instead, its cost depends on the product

of loop depth and the number of static memory references.

We implement SALT in Rust within an MLIR-based toolchain

and evaluate it on tiled and untiled kernels. Its predictions closely

match cache simulation and achieve a mean absolute percentage

error of 1.68% across the hardware-counter validation experiments.

Across eight tensor kernels, SALT is approximately 78× faster than

our polyhedral counting baseline, implemented using Barvinok,

and 11,000× faster than Cachegrind simulation, making its analysis

practical to integrate into a compiler.

CCS Concepts
• Theory of computation → Program analysis; • Software
and its engineering→ Compilers; Software performance; • Com-
puting methodologies→ Symbolic and algebraic algorithms; •
Computer systems organization→ Processors and memory ar-
chitectures.

Keywords
symbolic cache analysis, cache locality, reuse intervals, cache per-

formance modeling, loop tiling

This work is licensed under a Creative Commons Attribution 4.0 International License.

PACT ’26, Chicago, IL, USA
© 2026 Copyright held by the owner/author(s).

ACM ISBN 979-8-4007-2915-7/2026/10

https://doi.org/10.1145/3838684.3846873

ACM Reference Format:
Yanghui Wu, Yifan Zhu, Yekai Pan, and Chen Ding. 2026. SALT: Symbolic

Analysis of Loop Tiling. In International Conference on Parallel Architectures
and Compilation Techniques (PACT ’26), October 19–22, 2026, Chicago, IL, USA.
ACM,NewYork, NY, USA, 13 pages. https://doi.org/10.1145/3838684.3846873

1 Introduction
Tiling is an important loop transformation in modern compilers [1–

3, 42], transformation frameworks [31, 45], and domain-specific

languages and compilers for image processing [33] and tensor op-

erations [23, 27, 36].

While the practical benefits of loop tiling are well documented,

its effect on cache behavior is difficult to analyze statically. Tiling

changes the reuse structure of a loop nest, but cache performance

depends on how reuse interacts with cache capacity, cache block

size, and dynamic cache replacement.

Existing reuse-distance and cache-prediction models are gener-

ally trace-based, online, or hardware-assisted. They establish reuse

distributions for fixed program instances or tiling configurations,

but they do not provide a fully static symbolic derivation of those

distributions from loop code. Standard affine analysis handles more

general polyhedral iteration spaces. In contrast, SALT targets rect-

angular loop nests and directly supports symbolic forms introduced

by tiling, including symbolic strides, products between tile parame-

ters and loop indices, and quotients such as 𝑛/𝑡 . SALT also handles

expressions involving symbolic cache block size; Section 2.2 gives

the precise input scope and limitations.

This paper presents Symbolic Analysis of Loop Tiling (SALT), a

compiler technique that derives parametric cache miss-ratio expres-

sions for symbolically bounded rectangular loop nests with affine

array accesses. This target class includes both untiled affine kernels

and kernels produced by any number of rectangular tiling levels.

SALT treats tiling uniformly as additional loop levels and symbolic

trip counts rather than as a separate input form. It keeps problem

dimensions, loop bounds, applicable tiling parameters, cache ca-

pacity, and cache block size symbolic under a fully associative LRU

cache model.

SALT proceeds in three steps. First, it maps each static array

reference to a reference access vector that records how the loop

indices participate in its subscripts. Second, it derives the reference’s

temporal and spatial reuse-interval distribution; for stencil-style

references, SALT also handles restricted constant-offset group reuse.

Third, it applies Denning recursion to convert the distribution into

an approximate symbolic cache miss-ratio expression. The analysis
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runs in time proportional to the product of the number of loop

indices and the number of static memory references.

General Presburger arithmetic techniques can model more gen-

eral affine iteration spaces, including index-dependent bounds and

affine conditionals. However, they cannot directly express multi-

plication between variables or division by symbolic terms [4, 5,

16, 18, 22, 32]. SALT makes a complementary tradeoff: it special-

izes to rectangular iteration spaces with loop-invariant symbolic

bounds. In this domain, SALT retains problem sizes, tile sizes (when

present), and cache block size when they occur as symbolic strides,

coefficients, or divisors. Complementary algorithmic studies derive

asymptotic I/O bounds for local memory, either with explicit data

movement or with a cache [14, 15, 20, 30].

The main contributions of this paper are as follows:

• A new symbolic method (SALT) that derives reuse-interval

distributions and approximate parametric cache miss-ratio

expressions for symbolically bounded rectangular loop nests

with affine array accesses, including untiled and multilevel-

tiled kernels.

• A compiler implementation in an MLIR-based toolchain [26]

using the Symbolica library for polynomial arithmetic.

• An experimental evaluation using matrix multiplication and

eight tensor kernels, comparing SALT with cache simulation

and a Barvinok-based polyhedral counting baseline, together

with hardware-counter validation on the tensor kernels and

a 5-point stencil.

As matrix multiplication is transformed from untiled to two-level

tiled code, our Barvinok-based polyhedral baseline slows from 0.17

seconds to 89.2 seconds, while simulation takes between approxi-

mately 1 minute and 46 minutes across the evaluated configurations

and input sizes. SALT requires milliseconds in all tests. Standard

Presburger/polyhedral formulations cannot directly encode tile

or cache-block sizes when these parameters remain symbolic and

occur as variable strides, coefficients, or divisors; SALT handles

these tiling-induced forms directly. Across the eight tensor kernels,

SALT is approximately 78× faster than the polyhedral baseline and

11,000× faster than simulation.

Locality determines data movement, i.e., the miss count, but

does not fully determine running time, which also depends on

latency-hiding mechanisms such as out-of-order execution and

data prefetching. Latency tolerance, however, does not reduce data

movement. We focus on sequential programs and a single-level

cache model, then compare the approximate fully associative LRU

prediction with set-associative simulation and real hardware coun-

ters. SALT does not currently model shared caches or inter-thread

reuse. Such an extension would require an explicit model of thread

interleaving and inter-thread reuse or interference.

2 Symbolic Locality Analysis
2.1 Overview
SALT derives symbolic reuse-interval distributions and approxi-

mate cache miss ratios for symbolically bounded rectangular loop

nests with affine array accesses. This class includes untiled affine

kernels and kernels produced by multilevel rectangular tiling. The

analysis proceeds in three stages. First, it converts each array refer-

ence into a symbolic representation that records how loop indices

participate in the access. Second, it derives the modeled reuse-

interval distribution for that reference, including temporal reuse

and cache block spatial reuse. Third, it applies Denning recursion to

translate the distribution into an approximate parametric miss-ratio

expression. This decomposition separates program-structure analy-

sis from cache modeling: the first two stages characterize locality

induced by the loop nest, and the last stage maps that locality to

cache behavior.

SALT is fully static. It does not enumerate dynamic iterations,

concrete parameter values, or cache states. Instead, it manipulates

symbolic expressions throughout the analysis, so its cost depends

on program structure rather than on concrete loop bounds or tile

extents. This makes the method suitable for compiler use, where

the analysis must remain efficient even when loop and cache pa-

rameters are symbolic.

2.2 Target Programs
SALT targets kernels composed of one or more regular rectangular

loop nests. Each loop has a bound that is symbolic in program

parameters but independent of surrounding loop indices, and each

array subscript is affine in the loop indices. The kernel need not

consist of a single perfectly nested loop: SALT analyzes each static

memory reference with respect to its containing loop nest.

This class includes both untiled affine kernels and rectangularly

tiled kernels with any number of tiling levels. Tiling requires no

special treatment in the analysis; it introduces additional loop levels

and symbolic bounds or trip counts. SALT does not currently sup-

port index-dependent loop bounds, nonrectangular iteration spaces,

affine conditionals, irregular control flow, or arbitrary non-affine

array subscripts.

In the standard tiling model [43], tiling all 𝑑 dimensions of a

perfectly nested loop at each of 𝑘 levels transforms it into a (𝑘+1)𝑑-
dimensional loop nest. The following code shows one level of tiling,

with problem dimensions 𝑛1, . . . , 𝑛𝑑 and tile dimensions 𝑡1, . . . , 𝑡𝑑 .

The functions 𝑓 and 𝑔 denote the affine access functions of static

references to arrays 𝐴 and 𝐵, respectively.

for (int i_1 = 0; i_1 < n_1; i_1 += t_1)
for (int i_2 = 0; i_2 < n_2; i_2 += t_2)

...
for (int ii_1 = 0; ii_1 < t_1; ii_1++)

for (int ii_2 = 0; ii_2 < t_2; ii_2++)
A[f(i_1 + ii_1, i_2 + ii_2, ...)];
B[g(i_1 + ii_1, i_2 + ii_2, ...)];
...

In this code, each original loop is split into an outer tile loop and

an inner loop. For the first dimension, for example, 𝑖1 selects the

start of a tile and 𝑖𝑖1 selects a position within it, so their sum 𝑖1 + 𝑖𝑖1
gives the original loop index supplied to 𝑓 and 𝑔. In this example,

as well as in the rest of this section, we assume loop normalization

is applied first, which sets the lower bound of every loop to 0 [3].

Next, we formally define the class of loops targeted by SALT.

Polynomially Bounded Box. Let 𝝀 = {𝜆𝑖 } be a set of bound param-

eters. A polynomially bounded box is the integer iteration space

𝑆 =
{
𝑥 ∈ Z𝑑 : 0 ≤ 𝑥𝑖 < 𝑓𝑖 (𝝀)

}
,
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where, after algebraic rearrangement, the constraint on each 𝑥𝑖 can

be written as a polynomial inequality in 𝑥𝑖 and the parameters in 𝝀.
For example, for a loop of extent 𝑛 tiled with a positive tile size 𝑇 ,

the bound 𝑥𝑖 < 𝑛/𝑇 can equivalently be written as 𝑥𝑖𝑇 < 𝑛. Here

we assume 𝑛 is divisible by 𝑇 ; non-divisible tile extents are outside

the current closed-form derivation.

In a polynomially bounded box, each coordinate is constrained

independently of the others. That is, the constraint on 𝑥𝑖 mentions

only 𝑥𝑖 , constants, and bound parameters; it does not mention

another loop index. A bound may depend on several parameters,

and the same parameter may appear in multiple bounds.

The comparison between the polynomially bounded boxes tar-

geted by SALT and iteration spaces in the standard polyhedral

model has three key points [7, 42]:

• SALT permits polynomial bound constraints involving prod-

ucts of loop indices and symbolic parameters, such as 𝑥𝑖𝑇 <

𝑛, whereas polyhedral constraints are affine.

• Bounds in SALT’s boxes cannot depend on other loop indices,

whereas polyhedral constraints can couple loop indices.

• In both models, array subscripts are affine functions of the

loop indices.

A polyhedral iteration space, by contrast, is an integer set de-

fined by a conjunction of affine inequalities over loop indices and

symbolic parameters. These constraints may couple loop indices;

for example, 0 ≤ 𝑗 ≤ 𝑖 < 𝑛 describes a triangular iteration space

rather than a rectangular box. Extending SALT to such nonrectan-

gular iteration spaces with index-dependent affine bounds is left to

future work.

SALT does not distinguish loops introduced by tiling from other

loops in a polynomially bounded box. Tiling adds loop levels and

bounds but does not change the analysis procedure. When tile

extents remain symbolic, a tile loop may have a symbolic stride

or, in the divisible case, a trip count such as 𝑛/𝑇 . A second tiling

level adds another 𝑑 tile loops and 𝑑 symbolic tile extents. The same

procedure extends to any number of tiling levels without changing

the SALT algorithm.

Within this program class, SALT derives self reuse distributions
for individual static references [28, 41] and combines them into a

kernel-level locality model. SALT also handles a restricted constant-

offset group reuse case for fixed-radius stencils: shifted references to

the same base array can be grouped when corresponding subscripts

have identical affine index structure and differ only by constants.

This covers patterns such as 5-point stencils. SALT does not cur-

rently handle arbitrary affine inter-reference reuse, such as A[i][j]
with A[j][i].

To model spatial locality, let 𝑏 denote the number of array ele-

ments per cache block. The current closed-form derivation assumes

that problem dimensions and tile sizes are exact multiples of 𝑏 and

that tile extents divide the corresponding problem dimensions. Non-

divisible cases introduce remainder iterations and partially utilized

boundary blocks whose reuse classes are outside the current model.

We therefore make no general miss-count bound for such cases.

Within this scope, SALT derives symbolic reuse-interval dis-

tributions that capture self reuse, cache block spatial reuse, and

the constant-offset group reuse described above. The next section

formalizes reference representation and derives reuse-interval dis-

tributions; later sections convert those distributions into parametric

cache miss ratios.

2.3 Reference-Level Analysis Setup
At the reference-analysis stage, SALT transforms each static array

reference into a reuse-interval distribution using four components.

The reference access vector records how the reference depends on

loop indices. Zero counts and reuse indicators identify the loop

boundaries at which distinct reuse classes arise. Reuse-interval

formulas compute the number of accesses between consecutive

touches at each boundary, and reuse portions determine what frac-

tion of accesses belongs to each interval. The resulting symbolic

reuse-interval distribution is passed to the miss-ratio model in

section 3.

Throughout the derivation, a reference-level RI counts loop-body
executions between accesses by one static reference. For a loop body

with 𝑅 static memory references, SALT converts each reference-

level distribution to the kernel level by multiplying its RI values

by 𝑅 and dividing its portions by 𝑅. Kernel-level RIs are therefore

measured in memory references in the full access trace.

We use the following loop nest as a running example in the next

two subsections. Here, 𝑘 traverses contiguous elements, 𝑗 changes

rows, and 𝑖 is absent from the reference. Thus, advancing 𝑖 revisits

an element after the inner 𝑗 and 𝑘 iterations, while advancing 𝑘 may

reuse a cache block because consecutive elements may fall within

the same block. The analysis encodes these effects in the access

vector, identifies the loop levels at which reuse becomes visible,

and assigns each reuse level a symbolic interval and portion.

for (int i = 0; i < n; i++)
for (int j = 0; j < n; j++)

for (int k = 0; k < n; k++)
A[j][k];

2.4 Reference Access Vectors
Each array reference in a nested loop can be represented by a

reference access vector, whose entries indicate how the reference

depends on the loop indices. Our algorithm analyzes these vectors

to derive reuse intervals. We formally define the representation as

follows:

Definition 1 (Reference Access Vector). Consider a nested
loop structure with𝑛 loop indices (𝐼1, 𝐼2, . . . , 𝐼𝑛) and an array reference
𝐴[𝑠1, 𝑠2, . . . , 𝑠𝑚] with𝑚 subscripts. We define the reference access
vector for this reference as

a = [a0, a1, . . . , a𝑛] ∈ {0, 1, 𝛽}𝑛+1, a0 = 0.

For each 𝑞 ∈ {1, . . . , 𝑛}, the remaining entries are defined as follows:

a𝑞 =


0, if 𝐼𝑞 does not appear in the subscript.
1, if 𝐼𝑞 appears in the subscript and is not the deepest in

the last subscript.
𝛽, if 𝐼𝑞 is the deepest loop index among all indices

appearing in the last subscript.

■
Unlike a classical dependence direction vector 𝜽 ∈ {<,=, >}𝑛 ,

which relates the source and sink iterations of a dependence at
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each loop level [3], SALT’s access vector a ∈ {0, 1, 𝛽}𝑛+1 describes
a single array reference: each component after the leading zero

records whether a loop index is absent, present, or selected to

model spatial reuse.

The synthetic leading zero is an outer position that models two

consecutive executions, allowing a first-touch access to receive a

finite inter-run reuse interval (inter-run RI) from the last access

to the same location in the preceding execution. The usual reuse-

indicator calculation handles the leading zero and any zero entries

that follow it, so the inter-run RI is the first RI class encountered

from outermost to innermost. When modeling one finite execution,

Section 3.2 treats the corresponding first accesses as compulsory

misses.

When spatial reuse is not considered, the 𝛽 marker is treated as

equivalent to 1, and the access vector reduces to a standard binary

vector representing temporal reuse only. If multiple loop indices

appear in the last subscript, the innermost loop index is marked

with 𝛽 , while the others are marked with 1.

Conceptually, the access vector bridges syntax and locality. En-

tries equal to 1 or 𝛽 identify loops that move the reference to a

new element or block, while entries equal to 0 identify loops across

which the same element or block may later be revisited. Thus the

vector is not just a compact encoding of the subscript expression; it

determines which loop boundaries can contribute reuse intervals.

Example. Consider a loop nest over (𝑖, 𝑗, 𝑘, 𝑙,𝑚) and the follow-

ing references:

• 𝐴[𝑚, 𝑖]: The last subscript is 𝑖 , so the access vector is:

a = [0, 𝛽, 0, 0, 0, 1]
• 𝐵 [𝑘, 𝑗 + 𝑖]: The innermost loop index is 𝑗 among the last

subscripts ( 𝑗 + 𝑖), so the access vector is:

a = [0, 1, 𝛽, 1, 0, 0]

Definition 2 (Reuse Interval Position Identification). Let
a = [a0, a1, . . . , a𝑛] ∈ {0, 1, 𝛽}𝑛+1, with a0 = 0, be the access vector of
a reference. The Zero Count at position 𝑖 ∈ {0, . . . , 𝑛} is defined as
the number of 0s to the right of 𝑖 :

𝑍𝐶𝑖 =

𝑛∑︁
𝑗=𝑖+1

1{a𝑗=0} ,

where 1{ ·} is the indicator function.
A distinct reuse interval value arises at vector position 𝑖 when the
Reuse Indicator 𝜒RI,𝑖 is 1. This happens when the zero count at 𝑖
is stable, marking the point where all deeper loops have finished
contributing to the reuse pattern and position 𝑖 triggers the reuse
interval occurrence. Formally, we define the Reuse Indicator Vector
𝜒RI ∈ {0, 1}𝑛+1 as:

𝜒RI,𝑖 =


1, if 𝑍𝐶𝑖−1 ≠ 𝑍𝐶𝑖 and 𝑍𝐶𝑖 = 𝑍𝐶𝑖+1

1, if a𝑖 = 𝛽 and a𝑖+1 = (1 or out of bounds)
0, otherwise

Here, 𝑍𝐶−1 ≠ 𝑍𝐶0 and 𝑍𝐶𝑛+1 = 𝑍𝐶𝑛 = 0 are boundary conventions,
and a𝑛+1 is out of bounds. This indicator identifies the positions in the
loop nest where we can derive a reuse interval value. ■
Example. Consider a loop nest over (𝑖, 𝑗, 𝑘, 𝑙,𝑚) and the reference
𝐴[𝑖, 𝑙]. The access vector is: a =

[
0 1 0 0 𝛽 0

]

The computed zero counts and reuse indicators are:

Vector Position 0 1 2 3 4 5

Access Vector (a) 0 1 0 0 𝛽 0
Zero Count (ZC) 3 3 2 1 1 0

Reuse Indicator (𝜒RI) 1 0 0 1 0 1

The reuse interval values are thus identified at vector positions 0,
3, and 5, where 𝜒RI = 1. ■

Intuitively, a 0 in the access vector means that the corresponding

loop does not change the referenced element or block. The Zero
Count is the number of such reuse-preserving loops below a given

level. When Zero Count drops and then stabilizes, the loop boundary
marks the completion of one distinct reuse pattern, so a new reuse

interval value is recorded there. This is why zero counts and reuse

indicators matter for cache behavior: they identify exactly the loop

levels that contribute mass to the reuse interval distribution.

The following derivation uses two levels of detail. Sections 2.5

and 2.6 gives an asymptotic temporal-only derivation, and Sec-

tion 2.7 applies the same asymptotic formula with the spatial marker

𝛽 to expose the temporal-spatial reuse classes. The cache model’s

exact temporal-spatial value formula appears in Section 2.7.2; it

retains the symbolic contributions and cancellations introduced by

the affine access function and includes the cache block correction

induced by 𝛽 .

2.5 Temporal Reuse Interval Values
We first isolate temporal locality, where a reuse interval counts the

number of accesses between two consecutive accesses to the same

array element. For the running example in Section 2.3, the reference

𝐴[ 𝑗] [𝑘] is independent of loop variable 𝑖 and depends on loop vari-

ables 𝑗 and 𝑘 . According to Definition 1, its temporal-spatial access

vector is [0 0 1 𝛽], where 𝛽 marks the innermost index contributing

to spatial locality. In a temporal-only analysis, 𝛽 is treated as an

ordinary dependence, giving the simplified access vector [0 0 1 1] .
By Definition 2, this vector has a single reuse-indicator position,

at loop level 1. Intuitively, loop 𝑖 does not change 𝐴[ 𝑗] [𝑘], so the
same elements are revisited across different 𝑖 iterations after the

inner loops over 𝑗 and 𝑘 complete.

Definition 3 (Asymptotic Reuse Interval Values). Given the
access vector a = [a0, a1, . . . , a𝑛], a distinct reuse interval value can be
derived at any position𝑞 ∈ {0, . . . , 𝑛} where 𝜒RI,𝑞 = 1. The asymptotic
reuse interval value associated with this position 𝑞 is:

𝑅𝐼𝑞 =

𝑛∏
𝑗=𝑞+1

𝑇𝐶 𝑗 ,

where𝑇𝐶 𝑗 is the trip count of loop 𝑗 and 𝑛 is the total number of loops.
This formula gives the reference-level RI; the kernel-level conversion
follows the convention stated above.

■

For the running example, the asymptotic reuse interval value at

loop level 1 is the product of the trip counts of the inner loops 𝑗

and 𝑘 , each with trip count 𝑛: 𝑅𝐼1 =
∏

3

𝑗=2𝑇𝐶 𝑗 = 𝑛 · 𝑛
This asymptotic derivation provides the value formula used later

for temporal-spatial reuse. The exact temporal-spatial derivation
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in Section 2.7.2 keeps the lower-order and cache block correction

terms omitted here.

2.6 Temporal Reuse Interval Portions
In the asymptotic temporal-only derivation, the portion of each

reuse interval is calculated as:

𝑃𝑖 =


1∏

𝑗>𝑖
a𝑗=0

𝑇𝐶 𝑗

−
𝑖−1∑︁
𝑗=0

𝑃 𝑗 , if 𝜒RI,𝑖 = 1

0, if 𝜒RI,𝑖 = 0

,

where 𝑃𝑖 denotes the portion of the reuse interval at vector position

𝑖 , and𝑇𝐶 𝑗 is the trip count of loop 𝑗 . By convention, a product over

an empty set (when no loop 𝑗 > 𝑖 has a𝑗 = 0) is defined as 1.

For the running example in Section 2.3, the only temporal reuse

interval value is derived at loop level 1. In the simplified access

vector [0 0 1 1], there are no deeper zero entries after level 1, so the
product in the denominator is empty and equals 1. Since no earlier

nonzero portion has been assigned, the entire temporal distribution

mass belongs to this interval: 𝑃1 = 1.

Proof of Total Portion Equaling One. We verify that the sum of all

reuse interval portions equals 1. Let 𝑃𝑖 denote the portion associated

with the reuse interval 𝑅𝐼𝑖 , and assume the final reuse interval’s

portion is: 𝑃𝑘 = 1 −∑𝑘−1
𝑖=0 𝑃𝑖 .

By construction, each 𝑃𝑖 subtracts the sum of prior portions from

the cumulative fraction of total execution instances contributing to

the 𝑖-th interval. Since the final interval accounts for the remainder,

it completes the distribution:

𝑘∑︁
𝑖=0

𝑃𝑖 =

(
𝑘−1∑︁
𝑖=0

𝑃𝑖

)
+

(
1 −

𝑘−1∑︁
𝑖=0

𝑃𝑖

)
= 1

■

2.7 Temporal-Spatial Reuse Interval Values
2.7.1 Asymptotic Temporal-Spatial Reuse Interval Values. We now

re-derive reuse intervals while accounting for spatial locality. A

temporal-spatial reuse interval is the number of accesses between

consecutive accesses to the same cache block, where each block con-

tains𝑏 array elements. Under row-major layout, spatial reuse occurs

when consecutive elements in the last (rightmost) array dimension

are accessed with unit stride. We assume each array dimension

is larger than a cache block and that contiguous dimensions are

aligned to 𝑏-element block boundaries.

To integrate spatial locality, we represent the last subscript of

an array reference symbolically as 𝛽 in the access vector (see Defi-

nition 1). For example, consider array reference 𝐴[𝑘, 𝑖,𝑚] within a

5-dimensional loop nest indexed by 𝑖, 𝑗, 𝑘, 𝑙,𝑚, each looping 𝑛 times.

The access vector for reference𝐴[𝑘, 𝑖,𝑚] is:
[
0 1 0 1 0 𝛽

]
,

and its zero counts and reuse indicators are computed as follows:

Vector Position 0 1 2 3 4 5

Access Vector (a) 0 1 0 1 0 𝛽

Zero Count (ZC) 2 2 1 1 0 0

Reuse Indicator (𝜒RI) 1 0 1 0 1 1

Eventually, we have four distinct reuse interval values at vector

positions 0, 2, 4, and 5 where 𝜒RI = 1, yielding: 𝑛5, 𝑛3, 𝑛1, and 𝑛0 = 1

correspondingly using Definition 3 as the asymptotic value formula.

2.7.2 Exact Temporal-Spatial Reuse Interval Values. The asymptotic

temporal-spatial analysis exposes the dominant reuse structure, but

it suppresses lower-order corrections from the affine subscripts

and cache block reuse. Exact temporal-spatial reuse intervals must

account for whether each loop index appears in the reference sub-

scripts and for the block size correction induced by the spatial

marker 𝛽 . This subsection keeps these symbolic contributions ex-

plicit and derives the reuse-interval values used by the cache model.

We first assign each vector position 𝑙 ∈ {0, . . . , 𝑛} a reuse factor,
which measures the iteration count contributed by the loops nested

inside that position. The reuse factor 𝑅𝐹𝑙 is the product of the trip

counts of all deeper loops:

𝑅𝐹𝑙 =

𝑛∏
𝑗=𝑙+1

𝑇𝐶 𝑗 ,

where 𝑛 is the total number of loops in the nest and 𝑇𝐶 𝑗 is the trip

count of the 𝑗th loop. If there are no positions 𝑗 > 𝑙 , the product is

over an empty set and is defined to be 1.

Whether a reuse factor increases or decreases the exact temporal-

spatial reuse interval depends on the corresponding access-vector

entries. The reuse interval at vector position 𝑙 is computed as fol-

lows:

• Add𝑅𝐹 𝑗 for each 𝑗 > 𝑙 such that 𝜒RI, 𝑗 = 1 and either 𝜒RI, 𝑗+1 =
0 or a𝑗 = 𝛽 .
• Subtract 𝑅𝐹 𝑗 for each 𝑗 > 𝑙 such that 𝜒RI, 𝑗 = 0 and 𝜒RI, 𝑗+1 =
1, treating out-of-bounds 𝜒RI, 𝑗+1 as 0.
• If the access vector contains a spatial marker 𝛽 at a deeper

position 𝑠 , subtract 𝑏 · 𝑅𝐹𝑠 when 𝑙 < 𝑠 , where 𝑏 is the cache

block size in elements.

Putting it all together, the exact temporal-spatial reuse interval

value at vector position 𝑙 , denoted 𝑅𝐼𝑙 , is computed as:

𝑅𝐼𝑙 =
∑︁
𝑗>𝑙

𝜒
RI, 𝑗=1, (𝜒RI, 𝑗+1=0 or a𝑗=𝛽 )

𝑅𝐹 𝑗 −
∑︁
𝑗>𝑙

𝜒
RI, 𝑗=0, 𝜒RI, 𝑗+1=1

𝑅𝐹 𝑗 − 1{𝑙<𝑠 } 𝑏 · 𝑅𝐹𝑠

2.8 Temporal-Spatial Reuse Interval Portions
Wenow extend the portion calculation to incorporate both temporal

and spatial reuse. Let the access vector be a = [𝑎0, 𝑎1, . . . , 𝑎𝑛] ∈
{0, 1, 𝛽}𝑛+1, 𝑎0 = 0, under a row-major layout. Let 𝑏 denote the

cache block size (in elements).

Temporal Reuse Portion. For any vector position 𝑖 where 𝜒RI,𝑖 = 1

and no spatial marker 𝛽 appears in a before or at 𝑖 , the reuse interval
portion 𝑃𝑖 is computed as in the purely temporal case:

𝑃𝑖 =
1∏

𝑗>𝑖
𝑎 𝑗=0

𝑇𝐶 𝑗

−
𝑖−1∑︁
𝑗=0

𝑃 𝑗

These portions reflect the share of reuse-interval occurrences attrib-

utable to temporal reuse at each index before spatial redistribution.

Spatial Reuse Adjustment. When a spatial marker 𝛽 appears in

the access vector at index 𝑠 , we adjust earlier temporal portions as

follows:
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(1) For each temporal portion 𝑃𝑖 where 𝑖 < 𝑠 , divide the portion

by the cache block size 𝑏.

(2) The total reduced portion (i.e., the sum of all reductions from

𝑖 < 𝑠) is reallocated to the nearest subsequent index 𝑗 ≥ 𝑠
where 𝜒RI, 𝑗 = 1.

This redistribution scales earlier temporal portions to account

for intra-block reuse and assigns the removed mass to the next

block-level reuse point.

2.9 Worked Examples
This section illustrates SALT on two cases: single-level tiled matrix

multiplication and a 5-point stencil. The samematrix-multiplication

procedure applies to deeper tiling; we omit the full two-level deriva-

tion and report only its final result in Section 3.2.

2.9.1 Tiled Matrix Multiplication. We use single-level tiled matrix

multiplication as the worked example. Given tile dimensions 𝑡𝑚
and 𝑡𝑛 , matrices may be divided into sub-blocks as follows:

𝐶tile ∈ R𝑡𝑚×𝑡𝑛 𝐴tile ∈ R𝑡𝑚×𝑡𝑚 𝐵tile ∈ R𝑡𝑚×𝑡𝑛

The corresponding tiled loop nest is:

for (int i = 0; i < n; i += t_m)
for (int j = 0; j < n; j += t_n)
for (int k = 0; k < n; k += t_m)

for (int ii = 0; ii < t_m; ii++)
for (int jj = 0; jj < t_n; jj++)
for (int kk = 0; kk < t_m; kk++)

C[i+ii][j+jj] += A[i+ii][k+kk]
* B[k+kk][j+jj];

We now apply the exact temporal-spatial computation from

section 2.7.2 to the reference 𝐵 [𝑘 + 𝑘𝑘] [ 𝑗 + 𝑗 𝑗] in tiled matrix

multiplication. For this reference, the access vector is [0 0 1 1 0 𝛽 1],
so Definition 2 identifies reuse levels 𝑖 , 𝑖𝑖 , and 𝑗 𝑗 (levels 1, 4, and 5),

where 𝜒RI = 1. The reuse factors derived from the loop trip counts

are:

Level Indices TC 𝜒RI Reuse Factor

0 N/A N/A 0 𝑛3

1 𝑖 𝑛/𝑡𝑚 1
𝑛
𝑡𝑛
× 𝑛

𝑡𝑚
× 𝑡𝑚 × 𝑡𝑛 × 𝑡𝑚 = 𝑛2 × 𝑡𝑚

2 𝑗 𝑛/𝑡𝑛 0
𝑛
𝑡𝑚
× 𝑡𝑚 × 𝑡𝑛 × 𝑡𝑚 = 𝑛 × 𝑡𝑚 × 𝑡𝑛

3 𝑘 𝑛/𝑡𝑚 0 𝑡𝑚 × 𝑡𝑛 × 𝑡𝑚 = 𝑡2𝑚 × 𝑡𝑛
4 𝑖𝑖 𝑡𝑚 1 𝑡𝑛 × 𝑡𝑚
5 𝑗 𝑗 𝑡𝑛 1 𝑡𝑚
6 𝑘𝑘 𝑡𝑚 0 1

Applying the same construction at the reuse levels 𝑗 𝑗 , 𝑖𝑖 , and 𝑖 ,

where 𝜒RI = 1, gives the complete reuse interval distribution for

reference 𝐵:

No. Level ri construction for reference 𝐵 𝑃ri

1 𝑗 𝑗 𝑅𝐹5 = 𝑡𝑚 1 − 1

𝑏

2 𝑖𝑖

𝑅𝐹4 + 𝑅𝐹5 − 𝑏 · 𝑅𝐹5 =
𝑡𝑚 · 𝑡𝑛 + 𝑡𝑚 − 𝑏 · 𝑡𝑚 1

𝑏
− 1

𝑏 ·𝑡𝑚

3 𝑖

𝑅𝐹1 + 𝑅𝐹4 + 𝑅𝐹5 − 𝑅𝐹3 − 𝑏 · 𝑅𝐹5 =
𝑛2 · 𝑡𝑚 + 𝑡𝑚 · 𝑡𝑛 + 𝑡𝑚 −𝑡2𝑚 · 𝑡𝑛 − 𝑏 · 𝑡𝑚 1

𝑏 ·𝑡𝑚

Following the reuse interval and reuse distance analysis con-

ventions for matrix multiplication established by Smith et al. [35],

we adopt a 3-access model, reflecting the three array references in

the innermost loop. Under the kernel-level conversion above, the

reuse interval values for reference B are multiplied by 3 and the

corresponding portions are divided by 3.

2.9.2 Constant-Offset Group Reuse for Stencils. For stencil-style
group reuse, SALT first derives the ordinary reference-level RI dis-

tribution after ignoring constant shifts, then uses the fixed chrono-

logical dynamic order of the shifted references to intercept long

self-reuse intervals. Consider the interior points of the 5-point

stencil:

𝐵 [𝑖] [ 𝑗] = 𝑓 (𝐴[𝑖−1] [ 𝑗], 𝐴[𝑖] [ 𝑗−1], 𝐴[𝑖] [ 𝑗], 𝐴[𝑖] [ 𝑗+1], 𝐴[𝑖+1] [ 𝑗]).

Boundary and block-divisibility effects are outside this interior-

pattern derivation. After constant offsets are ignored, all five ref-

erences to 𝐴 share the same access vector [0 1 𝛽], where 𝛽 marks

the innermost loop index that contributes cache block spatial reuse;

under row-major layout, the output reference 𝐵 [𝑖] [ 𝑗] has the same

access vector. Before the group reuse adjustment, SALT therefore as-

signs each𝐴 reference and the 𝐵 reference the same reference-level

distribution:

𝑃 (ri = 1) = 1 − 1

𝑏
, 𝑃 (ri =𝑇𝐶𝑖𝑇𝐶 𝑗 + 1 − 𝑏) =

1

𝑏
,

where𝑇𝐶𝑖 and𝑇𝐶 𝑗 are the trip counts of the outer and inner stencil

loops and 𝑏 is the number of array elements per cache block.

For a fixed element𝐴[𝑥] [𝑦], a shifted reference𝐴[𝑖 +𝛿𝑖 ] [ 𝑗 +𝛿 𝑗 ]
touches that element at loop instance (𝑖, 𝑗) = (𝑥 − 𝛿𝑖 , 𝑦 − 𝛿 𝑗 ). With

𝑖 outer and 𝑗 inner, the chronological dynamic order of the five

shifted references is

𝐴[𝑖 + 1] [ 𝑗], 𝐴[𝑖] [ 𝑗 + 1], 𝐴[𝑖] [ 𝑗], 𝐴[𝑖] [ 𝑗 − 1], 𝐴[𝑖 − 1] [ 𝑗],

and the body-instance displacements between adjacent touches are

𝑇𝐶 𝑗 − 1, 1, 1, 𝑇𝐶 𝑗 − 1.

These displacements count loop-body executions between two

shifted references touching the same 𝐴 element. Thus, group reuse

replaces the long interval𝑇𝐶𝑖𝑇𝐶 𝑗 + 1−𝑏 for four of the five shifted
𝐴 references: two references become 𝑃 (ri = 1) = 1, two become

𝑃 (ri = 1) = 1 − 1

𝑏
and 𝑃 (ri = 𝑇𝐶 𝑗 − 1) = 1

𝑏
, and one keeps

𝑃 (ri = 1) = 1 − 1

𝑏
and 𝑃 (ri =𝑇𝐶𝑖𝑇𝐶 𝑗 + 1 − 𝑏) = 1

𝑏
.

The loop body has six static memory references: five loads from

𝐴 and one access to 𝐵. Following the same convention used above,

each reference-level RI value is multiplied by 6 and each reference-

level portion is divided by 6. Combining the five𝐴 distributions with

the unchanged 𝐵 distribution gives the kernel-level RI distribution:

𝑃 (ri = 6) = 1 − 2

3𝑏
,

𝑃 (ri = 6𝑇𝐶 𝑗 − 6) =
1

3𝑏
,

𝑃 (ri = 6𝑇𝐶𝑖𝑇𝐶 𝑗 + 6 − 6𝑏) =
1

3𝑏
.

The three probabilities sum to 1. This distribution is then passed to

Denning’s recursion in the same way as the other SALT-derived RI

distributions to obtain the miss-ratio curve.
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3 From Reuse-Interval Distributions to
Miss-Ratio Curves

The preceding analysis produces symbolic RI values and their por-

tions. This section uses Denning’s working-set theory [10] to con-

vert SALT’s symbolic RI distribution into an approximate miss-ratio

curve.

3.1 Working-Set Model
At any point in an access trace, the working set for a window of

length 𝑥 is the set of distinct data blocks accessed by the most re-

cent 𝑥 references. A working-set cache retains exactly these blocks.

Logical time advances once per memory reference, so 𝑥 is measured

in references rather than wall-clock time. Working sets were origi-

nally developed for virtual-memory management [11, 12]; here, we

use the number of blocks in the working set as a cache-capacity

estimate.

Let 𝑃 (ri = 𝑣) be the portion of accesses having reuse interval 𝑣 ;

together, these portions form the RI distribution. An access misses

for window length 𝑥 if and only if ri > 𝑥 . Denning’s recursion [12]

therefore gives the time-window miss ratio𝑚(𝑥) and the expected

number of distinct blocks in the window, 𝑠 (𝑥):

𝑚(𝑥) = 𝑃 (ri > 𝑥),
𝑠 (0) = 0,

𝑠 (𝑥 + 1) = 𝑠 (𝑥) +𝑚(𝑥).
(1)

The recursion starts with an empty window. Extending it from 𝑥

to 𝑥 + 1 adds a distinct block exactly when the newly included

reference has ri > 𝑥 , an event with probability 𝑚(𝑥). Repeated
application gives 𝑠 (𝑥) = ∑𝑥−1

𝑦=0𝑚(𝑦).
A working-set cache fixes 𝑥 , whereas an LRU cache fixes its

capacity. Denning connects them by setting the LRU capacity to

the expected working-set size [12]:

𝑐 (𝑥) = 𝑠 (𝑥) =
𝑥−1∑︁
𝑦=0

𝑚(𝑦), mr (𝑐 (𝑥)) ≈𝑚(𝑥) . (2)

This LRU approximation maps 𝑥 to capacity 𝑐 (𝑥) and miss ratio

𝑚(𝑥). Since 𝑠 (𝑥) is an expectation, 𝑐 (𝑥) may be fractional. For an

integer capacity between two such points, the neighboring𝑚(𝑥)
values bound the miss ratio by monotonicity.

3.1.1 Constructing the Miss-Ratio Curve. SALT takes the symbolic

RI values and portions produced by the preceding analysis as input.

Only RI values with nonzero portions affect𝑚(𝑥); SALT therefore

visits those values instead of enumerating every logical time 𝑥 . Let

the distinct positive RI values, augmented with an initial zero, be

0 = ri0 < ri1 < · · · < ri𝑘 , 𝑝𝑖 = 𝑃 (ri = ri𝑖 ),

where 𝑝0 = 0 and

∑𝑘
𝑖=1 𝑝𝑖 = 1. Before accounting for first accesses

in a finite execution, the miss ratio at ri𝑖 is the RI tail:

𝑚(ri𝑖 ) =
𝑘∑︁

𝑗=𝑖+1
𝑝 𝑗 (0 ≤ 𝑖 < 𝑘), 𝑚(ri𝑘 ) = 0. (3)

Because there is no RI mass between ri𝑖 and ri𝑖+1,𝑚(𝑥) is con-
stant at𝑚(ri𝑖 ) throughout this interval. Applying Equation (1) over

the ri𝑖+1 − ri𝑖 unit steps gives
𝑐 (ri0) = 0,

𝑐 (ri𝑖+1) = 𝑐 (ri𝑖 ) +𝑚(ri𝑖 ) (ri𝑖+1 − ri𝑖 ) .
(4)

where 𝑐 (ri0) = 𝑐 (0) = 0. Unrolling the recurrence gives

𝑐 (ri𝑖 ) =
𝑖−1∑︁
𝛾=0

𝑚(ri𝛾 ) (ri𝛾+1 − ri𝛾 ) . (5)

Each breakpoint yields a preliminary LRU pair (𝑐 (ri𝑖 ),𝑚(ri𝑖 )).
SALT performs one symbolic update per gap, or 𝑘 updates indepen-

dent of the RImagnitudes. It applies the compulsory-miss correction

below only after completing this sparse calculation.

3.2 Parametric Miss-Ratio Curves
3.2.1 Compulsory-Miss Correction. The leading-zero construction

treats the analyzed execution as following an identical preceding

execution. It therefore assigns each first access to a block a finite

inter-run RI, measured from the block’s last access in the preceding

execution. For a static reference 𝑟 , let 𝑞 be the first access-vector

position, from the synthetic leading zero toward the innermost loop,

for which 𝜒
(𝑟 )
RI,𝑞

= 1. Let 𝑅𝐼
(𝑟 )
𝑞 be the corresponding reference-level

RI. Because the full kernel trace contains 𝑅 memory references per

loop-body execution, the kernel-level inter-run RI is

𝐻 (𝑟 ) = 𝑅 · 𝑅𝐼 (𝑟 )𝑞 . (6)

Whenmodeling a single execution, the preceding access does not

exist. These first accesses are therefore compulsory misses at every

cache capacity. Let a(𝑟 ) = [0, 𝑎 (𝑟 )
1
, . . . , 𝑎

(𝑟 )
𝑛 ] be the access vector of

𝑟 . Their portion of the total accesses in that execution is

𝜅 (𝑟 ) =
1

𝑅𝑏
∏

1≤ 𝑗≤𝑛
𝑎
(𝑟 )
𝑗

=0

𝑇𝐶 𝑗

. (7)

The portion computed in Section 2.8 for this outermost RI class can

mix first accesses with accesses that are reused within the same ex-

ecution. To extract only the compulsory portion, the product above

includes every zero component: each such loop repeats the same

address sequence and contributes a factor 1/𝑇𝐶 𝑗 . The additional

factor 1/𝑏 converts element accesses to first accesses per block,

while 1/𝑅 normalizes across the 𝑅 static references. Thus 𝜅 (𝑟 ) is
the first-access component, rather than the entire portion, of the

outermost RI class.

SALT first completes the sparse cache-size calculation in Equa-

tions (3) and (5). It then revisits the resulting miss-ratio points. For

every pair (𝐻 (𝑟 ) , 𝜅 (𝑟 ) ), SALT adds 𝜅 (𝑟 ) to each point whose RI is at

least 𝐻 (𝑟 ) :

𝑚(ri𝑖 ) ←𝑚(ri𝑖 ) +
∑︁

𝑟 :𝐻 (𝑟 ) ≤ri𝑖

𝜅 (𝑟 ) . (8)

This second pass updates the miss ratios at the previously computed

cache sizes. At the largest breakpoint, every correction applies, so

the curve ends at the compulsory miss ratio𝑚(ri𝑘 ) =
∑

𝑟 𝜅
(𝑟 )

rather

than zero.

For example, consider the dominant-term summary of three-

access IJK matrix multiplication in Table 1. Each of 𝐴[𝑖, 𝑘], 𝐵 [𝑘, 𝑗],
and 𝐶 [𝑖, 𝑗] has compulsory portion 1/(3𝑏𝑛). Their kernel-level
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Table 1: Cache size andmiss ratio for two untiled loop orders.

Loop Order IJK IKJ

ri𝑖 𝑐 (ri𝑖 ) 𝑚 (ri𝑖 ) 𝑐 (ri𝑖 ) 𝑚 (ri𝑖 )

0 0 1 0 1

3 3
1

3
+ 1

3𝑏
+ 1

3𝑏𝑛
3

2

3𝑏
+ 1

3𝑏𝑛

3𝑛 𝑛 + 𝑛
𝑏

1

3𝑏
+ 2

3𝑏𝑛
2𝑛
𝑏

1

3𝑏
+ 2

3𝑏𝑛

3𝑛2 𝑛2

𝑏
1

𝑏𝑛
𝑛2

𝑏
1

𝑏𝑛

3𝑛3 3𝑛2

𝑏
1

𝑏𝑛
3𝑛2

𝑏
1

𝑏𝑛

inter-run RIs are𝐻 (𝐵) = 3𝑛2 and𝐻 (𝐴) = 𝐻 (𝐶 ) = 3𝑛3. Before correc-

tion, the sparse calculation gives𝑚(3𝑛2) = 2/(3𝑏𝑛) and𝑚(3𝑛3) = 0.

The second pass produces

𝑚(3𝑛2) ← 2

3𝑏𝑛
+ 1

3𝑏𝑛︸︷︷︸
𝐵

=
1

𝑏𝑛
, 𝑚(3𝑛3) ← 0 + 3

3𝑏𝑛︸︷︷︸
𝐴,𝐵,𝐶

=
1

𝑏𝑛
.

The corrected values are equal, so 3𝑛3 is no longer a turning point,

but Table 1 retains it to show the correction. Where shown, 𝑃 (ri)
and 𝑐 (ri) come from the initial sparse calculation, while𝑚(ri) in-
cludes the second-pass correction.

Table 2: Parametric RI distribution, cache size, and miss ratio
for single-level tiled matrix multiplication.

ri𝑖 𝑃 (ri𝑖 ) 𝑐 (ri𝑖 ) 𝑚 (ri𝑖 )

0 0 0 1

3
2𝑏𝑡𝑚−𝑡𝑚−1

3𝑏𝑡𝑚
3

1

3
+ 1

3𝑏
+ 1

3𝑏𝑡𝑚

3𝑡𝑚
𝑏𝑡𝑛−1
3𝑏𝑡𝑛

𝑡𝑚 + 𝑡𝑚
𝑏

1

3𝑏
+ 1

3𝑏𝑡𝑚
+ 1

3𝑏𝑡𝑛

3𝑡𝑚𝑡𝑛
𝑡𝑚−1
3𝑏𝑡𝑚

𝑡𝑚 + 𝑡𝑚𝑡𝑛
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SALT can analyze a loop nest in any loop order. Table 1 compares

two common untiled orders, IJK and IKJ, for square 𝑛 × 𝑛 matrices.

Table 2 gives the closed-form RI distribution, cache size, and miss

ratio for single-level tiled matrix multiplication with rectangular

tiles of size 𝑡𝑚 × 𝑡𝑛 . These expressions remain symbolic in the

problem size, tile dimensions, and cache block size, so changing

a tile configuration does not require rerunning the analysis. The

same procedure extends to deeper tiling; Section 5.2 and Table 3

evaluate both single- and two-level tiled kernels.

SALT computes reuse interval values and portions as parametric

polynomial expressions that capture both temporal and spatial

reuse. These closed forms expose how the problem size 𝑛, tile sizes

𝑡𝑚 and 𝑡𝑛 , and cache block size 𝑏 affect the miss ratio across a large

configuration space.

4 Compiler Implementation
4.1 MLIR Input Representation
The implementation accepts kernels represented in an MLIR-based

toolchain [26]. A kernel may contain one or more regular rect-

angular loop nests. Each loop bound is a symbolic expression in

values defined outside the containing loop nest and is independent

of surrounding loop indices, while array subscripts are affine in the

loop indices. The whole kernel need not be one perfectly nested

loop. Our implementation converts the MLIR input program into

an inductively defined tree structure and analyzes each memory

reference with respect to the loop nest that syntactically contains it.

We treat any SSA values defined outside the containing loop nest

as symbolic parameters.

4.2 Analyzer Implementation
SALT analyzes the loop tree recursively, moving from outer loops

toward individual memory references. During this traversal, the

analyzer maintains two symbolic quantities: reuse factors, which

count how often each reuse class occurs, and trip counts, which

describe the iteration space at each loop level. The reuse-interval

distribution is derived from these quantities.

For each memory reference, SALT constructs an access vector

that records how the array subscripts depend on the loop induc-

tion variables. The access vector determines which loop levels can

generate temporal reuse and which level can generate cache block

reuse. To model spatial locality, SALT introduces a symbolic cache

block size 𝑏 and uses it to distinguish intra-block reuse from inter-

block reuse. Keeping 𝑏 symbolic lets the analysis produce miss-ratio

expressions parameterized by cache block size even when 𝑏 occurs

as a divisor, a form that standard Presburger arithmetic cannot

directly encode.

We implement SALT in Rust [24]. The implementation uses

Rust’s type system and ownership model to keep the recursive

analysis explicit and memory safe, and it relies on Symbolica [34]

for symbolic arithmetic over rational polynomials.

5 Evaluation
We evaluate SALT along three dimensions: analysis cost, agreement

with cache simulation, and agreement with hardware counters. We

compare against Cachegrind simulation and a polyhedral counting

baseline implemented using Barvinok. The experiments use two

workload groups: matrix multiplication under increasing tiling

depth, and a suite of affine tensor kernels generated through an

MLIR tiling pipeline.

5.1 Experimental Methodology
5.1.1 Cache-Simulation Baseline. Cachegrind [29] observes the dy-
namic memory-access trace, simulates cache behavior, and reports

miss counts. It requires a fully instantiated program and scales with

dynamic execution length, so its results are numerical rather than

symbolic.

5.1.2 Polyhedral Counting Baseline. Previous techniques [4, 5, 39]
use the polyhedral model to represent iteration domains, memory

accesses, and reuse relations with affine constraints, then count

integer points in the resulting parametric polyhedra. We implement
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this comparison using the Barvinok library [38]. For each access, the

baseline relates it to its lexicographically latest preceding access

to the same location and counts the distinct memory locations

accessed in between. This formulation supports a broader class

of affine programs than SALT, including affine conditionals and

index-dependent bounds. However, standard Presburger/polyhedral

formulations cannot directly encode tile or cache-block sizes when

those parameters remain symbolic and occur as variable strides,

coefficients, or divisors. The reported timings characterize this

Barvinok-based implementation rather than all polyhedral analyses.

5.1.3 Workloads and Platforms. We evaluate two workload groups:

matrix multiplication under untiled, single-level tiled, and two-level

tiled configurations, and a suite of eight affine tensor kernels cov-

ering tensor contractions, attention primitives, BLAS-like kernels,

and rowwise softmax. Matrix-multiplication experiments run on

an AMD Ryzen 9950X with 16 cores and 32 threads; tensor-kernel

experiments run on an Intel Core i7–7700 with 4 cores and 8 threads.

We execute independent Cachegrind configurations concurrently,

using at most one Cachegrind process per hardware thread; all

reported analysis times are end-to-end wall-clock times. These ex-

periments evaluate the accuracy and efficiency of SALT’s locality

analysis, not the runtime performance of the analyzed kernels.

5.1.4 Data Layout. We pad arrays to reduce conflict misses and

to match common layout optimizations. The innermost, contigu-

ous dimension is rounded to 8𝑝 , where 8 is the cache block size

in elements and 𝑝 is the smallest prime such that 8𝑝 ≥ 𝑑original.
Intermediate dimensions are rounded up to the nearest prime. The

outermost dimension is left unchanged. This configuration is in-

tended to reduce conflict misses. For a general approach under

different tile configurations and compiler optimizations (such as

vectorization and unrolling), one must consider the tile footprint

and cache mapping together [19].

5.1.5 Cache-Simulation Configuration. Each benchmark is com-

piled as a minimal executable whose dynamic trace consists only

of the measured loop nest. The kernel is placed at the _start entry
point, compiler memory fences prevent load/store elimination or

reordering, and the program exits immediately after the loop nest.

We invoke Cachegrindwith explicit L1 data-cache configurations.

Fully associative experiments use 64-byte blocks, and timing ex-

periments sweep capacities from 2 to 1024 blocks unless otherwise

stated. Set-associative experiments use 64-byte lines, associativity

𝐴 ∈ {8, 12}, and 2
𝑖
sets, for total capacity 64 ×𝐴 × 2𝑖 bytes, where

2 ≤ 2
𝑖 ≤ 128. We choose 8-way and 12-way associativity to reflect

common L1 data-cache configurations.

5.2 Matrix Multiplication
5.2.1 Analysis Cost. Table 3 compares SALT with the polyhedral

counting baseline under symbolic and concrete problem dimensions

and with Cachegrind simulation. We evaluate these approaches on

three matrix-multiplication kernels: no tiling, single-level tiling,

and two-level tiling. Parameter treatment differs across the three

methods. SALT keeps the problem dimensions, tile sizes, and cache

block size symbolic. The symbolic-input Barvinok baseline keeps

only the problem dimensions symbolic; it fixes the cache block size

to 𝑏 = 8, the single-level tile size to 32 × 32, and the two-level tile

sizes to 128 × 128 and 32 × 32. The concrete-input Barvinok and

Cachegrind experiments additionally set𝑀 = 𝑁 = 𝐾 to either 256

or 512.

Table 3: Analysis and simulation time (seconds) for matrix
multiplication under different tiling levels.

Method Configuration No Tiling 1-Level 2-Level

SALT

Symbolic input,

symbolic tiles 0.007 0.007 0.007

Barvinok

Symbolic input,

block size 8, tiles 32/128 0.17 3.75 89.2

Barvinok Input size 256 0.13 1.41 24.3

Barvinok Input size 512 0.12 1.40 31.3

Simulation Input 256, tiles 32/128 220 57.9 59.2

Simulation Input 512, tiles 32/128 2789 474 445

As Table 3 shows, SALT takes about 7 ms on each kernel because

it is fully parametric in input dimensions, tile sizes, and cache pa-

rameters. The Barvinok-based polyhedral baseline grows rapidly

with tiling depth: with symbolic input dimensions, it rises from

0.17 s on the untiled kernel to 89.2 s on the two-level tiled kernel,

and the concrete-input cases show the same trend. Simulation is

much slower and scales with dynamic work: for 𝑛 = 512, the untiled

kernel takes 2789 seconds, and the two-level tiled kernel still takes

445 seconds, even when running the cache simulations in parallel

across all hardware threads. For two-level tiled matrix multipli-

cation, SALT is approximately 12,700× faster than the symbolic

polyhedral baseline; across the evaluated matrix-multiplication con-

figurations, its speedup over simulation ranges from approximately

8,300× to 398,000×. To keep the timing study manageable, these

simulations sweep capacities only up to 1024 blocks.

We compare SALT’s predictions against Cachegrind for 𝑛 = 256

under three tiling configurations: untiled, single-level tiled with

32 × 32 tiles (T1), and two-level tiled with 128 × 128 outer tiles and
32 × 32 inner tiles (T2). All runs use a fully associative LRU cache

with a block size 𝑏 = 8 elements (64 bytes per block).

5.2.2 Prediction Accuracy. Figure 1 plots miss-ratio curves over

a broad range of cache capacities, with Cachegrind validation at

selected capacities throughout the plotted range. Across all three

kernels, SALT reconstructs the plateau levels and sharp drops at

the cache-capacity thresholds derived from the reuse-interval dis-

tribution. The mean absolute percentage error remains under 15%,

and the mean squared error is below 6.4 × 10
−4

in every config-

uration, so both the level and shape of the miss-ratio curves are

captured. This MAPE is computed across cache capacities for the

matrix-multiplication curves; it is therefore not directly comparable

with the hardware MAPE in Figure 4, which is computed across

kernels at one physical cache configuration.

The untiled kernel shows a single prominent drop: once the cache

can hold a full row of 𝐴 and a column of 𝐵, the miss ratio drops

sharply. Tiling introduces additional reuse scales and, therefore,

more turning points: it adds a drop when a 32 × 32 tile fits in the

cache.

The large-cache region on the right side of Figure 1 exposes a

nonmonotone difference between T1 and T2. For small and medium
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Figure 1: Matrix-multiplication miss ratios predicted by SALT (dashed lines) and simulated by Cachegrind (markers) for 𝑛 = 256:
untiled, one-level tiled with 32 × 32 tiles (T1), and two-level tiled with 128 × 128 outer and 32 × 32 inner tiles (T2). Cache capacity
is measured in 64-byte blocks (𝑏 = 8 array elements).

cache sizes, their miss ratios are similar and both improve substan-

tially over the untiled kernel. T2 has fewer misses over much of the

large-cache region, but T1 reaches its compulsory-miss floor first,

near 10
4
blocks. T2 therefore has a slightly higher miss ratio until

its next drop, near 2×104 blocks, after which the two configurations
converge.

In SALT’s model, the extra outer tiling level introduces long inter-

tile reuse intervals and hence an additional capacity threshold; it

does not inherently improve spatial locality, because T1 and T2 use

the same 32 × 32 inner tile and cache block size. More generally,

effective tile sizes depend on cache capacity, cache organization, and

data layout, and multilevel tile selection is therefore an optimization

problem rather than a guarantee of monotonic improvement [9, 25,

27]. SALT exposes this configuration-specific behavior through the

additional turning points in the T2 reuse-interval distribution.

5.3 Tensor Kernel Suite
SALT analyzes a suite of affine tensor kernels through its MLIR-

based compiler flow. The suite includes 3D tensor-vector contrac-

tion, 4D tensor contraction, attention context lookup, attention

score, batched GEMM, matrix-matrix contraction, matrix-vector

contraction, and rowwise softmax. Rowwise softmax includes non-

affine arithmetic, but its loop bounds and memory accesses are

affine; SALT analyzes this cache-relevant access structure. We eval-

uate both original and tiled versions of each kernel.

We generate tiled variants with MLIR tiling, normalization, and

canonicalization passes: we use a tile size of 8, remove single-

iteration levels, and simplify affine expressions.

5.3.1 Analysis Cost. SALT’s symbolic evaluation eliminates run-

time enumeration of reuse intervals and cache states, so its analysis

time does not scale with concrete data sizes or tile extents; it still

depends on static program structure and symbolic-expression com-

plexity. Figure 2 reports per-kernel evaluation times for tiled kernels

across fully associative simulation, the Barvinok-based polyhedral

baseline, and SALT. The geometric-mean times are 0.0357 seconds

for SALT, 2.80 seconds for the polyhedral baseline, and 375.72 sec-

onds for simulation. SALT is therefore approximately 78× faster

than the polyhedral baseline and 11,000× faster than simulation.

5.3.2 Simulation Accuracy. Figure 3 compares SALT predictions

with fully associative, 8-way, and 12-way cache simulations. The

8-way and 12-way simulations test how closely the fully associative

0.1s 1s 10s 100s 1000s 10000s
Time (seconds, log scale)

Geomean
3D Tensor Vector

4D Tensor
Attention Score
Batched GEMM

Context Lookup
Matrix Matrix
Matrix Vector

Rowwise SoftMax

375.72s2.8s0.0357s

123.33s1.18s0.2053s

231.73s6.15s0.0277s

2949.11s15.83s0.0277s

314s3.25s0.0284s

3320.72s16.93s0.0277s

124.3s0.52s0.0279s

123.33s0.32s0.0276s

294.71s3.56s0.0277s

Simulation Fully (Tiled) Barvinok (Symbolic) SALT (Symbolic)

Figure 2: End-to-end evaluation time on an Intel Core i7–7700
for the tiled tensor kernels using fully associativeCachegrind
simulation, the Barvinok-based polyhedral counting base-
line, and SALT. Times are in seconds on a logarithmic scale;
the geometric mean is taken across the eight kernels.

LRU baseline tracks set-associative caches for the padded layouts

used in our experiments. The simulations sweep L1D capacities

up to 1,024 blocks, corresponding to 64KiB with 64-byte cache

blocks. Across the evaluated kernels, the simulated curves closely

track SALT’s analytical prediction: the plateaus and drops appear

at the cache-capacity thresholds derived from the reuse-interval

distributions for both untiled and tiled variants.

Tiling reduces the effective footprint of reuse clusters, shifting

drops to smaller cache sizes and lowering plateau heights in kernels

such as tiled-batched-gemm, tiled-context-lookup, and tiled-matrix-
matrix. For the evaluated kernels and padded layouts, the 8-way

and 12-way results closely track the fully associative baseline. This

agreement does not imply that padding generally eliminates conflict

misses, as aggressive tiling, vectorization, packing, or different

alignments may produce substantially different set mappings. For

rowwise-softmax, the miss curve becomes flat once the cache can

hold several blocks of elements; both SALT and simulation then

predict only the residual compulsory misses.

Overall, the symbolic analysis predicts not only aggregate miss

ratios but also the piecewise structure of the miss-count curve:

plateau magnitudes, turning points, and capacity transitions across

tiling levels.
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Figure 3: Miss counts predicted by SALT (dashed lines) and obtained by fully associative, 8-way, and 12-way cache simulation
for the original and tiled variants of eight tensor kernels. Cache capacity is measured in 64-byte blocks; simulation points
extend through 1,024 blocks.

5.3.3 Hardware-Counter Validation. We further compare SALT

predictions with measurements from processor performance mon-

itoring counters (PMCs) on an Intel i7–7700 (Kaby Lake, 8-way,

32 KiB L1D). Each kernel was compiled with -O3 and executed on an
isolated, affinity-pinned core; we collected the L1D_LOAD_MISSES
event without multiplexing or scaling, with prefetchers enabled.

The native kernels retain their stores but update outputs using

read-modify-write accesses. When an output cache block (hard-

ware cache line) is absent from L1D, the output load brings the

block into L1D and the immediately following store hits it; the load

thus captures the block fill associated with the output-store address

stream modeled by SALT, without counting the subsequent store

as a separate miss.
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Figure 4: SALT-predicted cachemisses versus L1D loadmisses
measured on an Intel i7–7700 using a processor performance
monitoring counter (PMC) event. Each point represents one
hardware-validation experiment; the dashed line indicates
perfect agreement (𝑦 = 𝑥).

Figure 4 shows close agreement across roughly three orders

of magnitude, with mean absolute percentage error (MAPE) of

1.68% and Pearson correlation 𝑟 = 0.9996. The 17 validation points

include the original and tiled versions of the eight tensor kernels

and one untiled 512 × 512 5-point spatial stencil, analyzed using

the restricted group-reuse treatment in Section 2.9.2. Because we

did not disable prefetching, Figure 4 validates aggregate L1D miss

prediction under the measured configuration, not prefetch behavior.

SALT does not model prefetch timeliness, cache pollution, or non-

LRU replacement. The signed miss-ratio errors remain within ±0.25
percentage points and may reflect these effects, finite associativity,

compiler code generation, and counter behavior.

6 Related Work
Loop tiling transforms a 𝑑-dimensional nested loop into a (𝑘 + 1)𝑑-
dimensional nested loop with 𝑘 levels of tiling [42, 43]. The correct-

ness is ensured when using rectangular tiling for fully permutable

loops [41]. Many techniques choose tile shapes and sizes using

heuristics [40] or optimization [43]; these classical approaches do

not generally derive a complete miss-ratio curve parameterized by

cache capacity, block size, and LRU replacement.

Li et al. [27] present a solver-driven model for multilevel tile size

and loop permutation optimization in dense tensor contractions.

Their approach exploits the tensor contraction property that each

tensor dimension is indexed by a distinct loop iterator, yielding

zero/full inter-tile reuse with respect to a tiling loop and allowing

the permutation search to be largely pruned to the choice of the

innermost tiling loop at each level. The model produces conditional

data movement expressions over tile sizes and cache capacities,

which a constrained nonconvex solver uses to choose concrete

tile sizes. Their problem is optimization, i.e., optimal tiling for a

single-level cache of a given size. Our work is complementary:

SALT analyzes a given loop nest to derive an approximate fully

associative LRU miss-ratio curve across cache sizes as a symbolic

function of loop bounds and tile dimensions.

Tiled matrix multiplication has been a fundamental part of sci-

entific computing, implemented in the BLAS library [13] and many

optimizing compilers since the 1990s [8, 42]. It is a significant appli-

cation of polyhedral compilation techniques [1, 41, 44], an essential

component in the domain-specific optimization system Halide [33],

and increasingly optimized on GPUs [47]. Compiler analyses must
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balance model generality with compilation cost. Within its sup-

ported domain, SALT runs in time proportional to the product of

the number of static memory references and loop indices.

Presburger arithmetic has long been used in compiler analy-

sis, including early loop tiling for imperfectly nested loops [22]. It

is used to precisely formulate and solve for the effect of caching,

such as miss-ratio equations [16], reuse-distance equations [5],

and polyhedral models [4, 32]. It cannot encode multiplication be-

tween variables or division by a symbolic parameter; consequently,

symbolic tile or cache block sizes must be fixed when they occur

as variable strides, coefficients, or divisors. General Presburger

decision procedures have a doubly exponential worst-case lower

bound [18]. This bound applies to the unrestricted decision problem

and does not imply that every Presburger formulation or solver run

will exhibit doubly exponential behavior. Our evaluation instead

shows that the Barvinok-based baseline is fast on simpler cases

but grows with tiling depth, whereas SALT’s analysis time remains

nearly constant (Table 3). Presburger-based solvers support more

general affine iteration spaces, including affine conditionals and

index-dependent bounds, whereas SALT targets rectangular loop

nests with loop-invariant symbolic bounds; Section 2.2 provides

the detailed restrictions.

SARCASM [21] models set-associative cache behavior through

detailed footprints that describe the number of cache lines map-

ping to each set. Their work supports tiled rectangular loops. Their

results indicate the bias in set assignment for tensor contractions

and provide a method to account for it in the analysis. SARCASM

and SALT address complementary aspects of cache analysis: SAR-

CASM captures set conflicts, while SALT maintains problem and

tile sizes symbolically in derived reuse-interval distributions and

converts them to miss ratios under a fully associative LRU model.

A possible extension is to combine SALT’s symbolic reuse analysis

with detailed address-to-set mapping.

Padding is closely related to cache mapping. Hong et al. [19]

develop padding algorithms for arbitrary tile sizes in set-associative

caches and extend support to nested tiles and multilevel caches.

Their work shows how padding choices affect the tile footprint

and its distribution across cache sets. SALT evaluates only a simple

padding heuristic and does not model the set mapping itself. Besides

padding, highly optimized kernels may also utilize packing [17, 46]

and vectorization [6, 37]. SALT analyzes capacity locality; set-aware

layout selection is a distinct but interacting problem.

7 Conclusion
This paper has presented SALT, a compiler technique for deriving

reuse-interval distributions and approximate parametric cache miss

ratios for symbolically bounded rectangular loop nests with affine

array accesses, including untiled and multilevel-tiled kernels. SALT

represents each array reference with a reference access vector, com-

putes the modeled temporal and spatial reuse-interval distribution

in closed form, and applies Denning’s working-set recursion to

approximate miss ratios. Its cost is polynomial in the number of

loop indices and static memory references, and is independent of

tensor sizes, tile sizes, cache block sizes, and cache capacity.

We integrated SALT into an MLIR-based toolchain and applied it

to tiled and untiled matrix multiplication and eight tensor kernels,

including attention and batched GEMM. Across the eight tensor

kernels, SALT achieves geometric-mean speedups of approximately

78× over our Barvinok-based polyhedral counting baseline and

11,000× over Cachegrind simulation. These results establish the

efficiency and accuracy of SALT’s analysis within its stated scope.

Evaluating SALT within a complete autotuning workflow and on

architecture-specific optimized kernels remains future work.
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