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ABSTRACT: We study the computational complexity of approximately counting the number of
independent sets of a graph with maximum degree A. More generally, for an input graph G = (V, E)
and an activity A > 0, we are interested in the quantity Z;(A) defined as the sum over independent
sets I weighted as w(I) = All. In statistical physics, Zg()) is the partition function for the hard-core
model, which is an idealized model of a gas where the particles have non-negligible size. Recently,
an interesting phase transition was shown to occur for the complexity of approximating the partition
function. Weitz showed an FPAS for the partition function for any graph of maximum degree A when
A is constant and A < A.(T,) := (A — 1)27!/(A — 2)2. The quantity A.(T,) is the critical point
for the so-called uniqueness threshold on the infinite, regular tree of degree A. On the other side, Sly
proved that there does not exist efficient (randomized) approximation algorithms for A.(Tx) < A <
Ac(Tr) + €(A), unless NP=RP, for some function ¢(A) > 0. We remove the upper bound in the
assumptions of Sly’s result for A # 4, 5, that is, we show that there does not exist efficient randomized
approximation algorithms forallA > A.(T,) for A = 3and A > 6. Sly’s inapproximability result uses
a clever reduction, combined with a second-moment analysis of Mossel, Weitz and Wormald which
prove torpid mixing of the Glauber dynamics for sampling from the associated Gibbs distribution on
almost every regular graph of degree A for the same range of A as in Sly’s result. We extend Sly’s result
by improving upon the technical work of Mossel et al., via a more detailed analysis of independent
sets in random regular graphs. © 2012 Wiley Periodicals, Inc. Random Struct. Alg., 45, 78-110, 2014
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1. INTRODUCTION

For a graph G = (V, E) and activity A > 0, the hard-core model is defined on the set Z(G)
of independent sets of G where set/ € Z(G) has weight w(I) := A, The so-called partition
function for the model is defined as:

Ze() 1= Z w(l) = Z A

1€Z(G) 1€Z(G)

The Gibbs distribution w is over the set Z(G) where u(l) = w(l)/Zs(X). The case A = 1 is
especially interesting from a combinatorial perspective, since the partition function is the
number of independent sets in G and the Gibbs distribution is uniformly distributed over
the set of independent sets.

The hard-core model has received considerable attention in several fields. In statistical
physics, it is studied as an idealized model of a gas where the gas particles have non-
negligible size so neighboring sites cannot simultaneously be occupied [1,3]. The activity
A corresponds to the fugacity of the gas. The model also arose in operations research in the
study of communication networks [7].

We study the computational complexity of approximating the partition function. Valiant
[15] proved that exactly computing the number of independent sets of an input graph
G = (V,E) is #P-complete. Greenhill [4] proved that even when the input is restricted to
graphs with maximum degree 3, it is still #P-complete. Hence, our focus is on approximating
the partition function.

Weitz [16] gave an FPAS (fully polynomial-time approximation scheme) for the partition
function of graphs with maximum degree A when A is constant and A < A.(T,) :=
(A — DA7/(A — 2)2. The activity A.(T,) is the critical activity for the threshold of
uniqueness/non-uniqueness of the infinite-volume Gibbs measures on the infinite A-regular
tree [7]. Recently, Sly [11] proved that, unless NP = RP, for every A > 3, there exists
a function ¢(A) > 0 such that for graphs with maximum degree A there does not exist
an FPRAS (fully-polynomial time randomized approximation scheme) for the partition
function at activity A satisfying:

Ae(Ta) <& < Ae(Ta) +£(A). (*)

It was conjectured in Sly [11] and Mossel et al. [10] that the inapproximability result holds
for all A > A.(T,). We almost resolve this conjecture, that is we prove the conjecture for
all A with the exception of A € {4, 5}.

Theorem 1. Unless NP=RP, there does not exist an FPRAS for the partition function of
the hard-core model for graphs of maximum degree at most A at activity A when:

e A=3and A > A.(T3) = 4; or

e A>6and i > A.(Ty); or

e A=4and ) € (A.(T4) = 1.6875,2.01538] U (4, +00); or

e A=5and ) € (\.(Ts) =256/243,1.45641] U (1.6875,2.01538] U (4, +00).

Sly’s work utilizes earlier work of Mossel et al. [ 10] which studied the Glauber dynamics.
The Glauber dynamics is a simple Markov chain (X;) that is used to sample from the Gibbs
distribution (and hence to approximate the partition function via now standard techniques,
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see Refs. [6, 12]). For an input graph G = (V,E) and activity A > 0, the state space of
the chain is Z(G). From a state X, € Z(G), the transitions X, — X, are defined by the
following stochastic process:

* Choose a vertex v uniformly at random from V.
e Let

, ) XiU{v} with probability A/(1 + A)
~ X, \ {v} with probability 1/(1 + A).

e If X’ € Z(G), then set X;,; = X', otherwise set X,,; = X,.

Itis straightforward to verify that the Glauber dynamics is ergodic, and the unique stationary
distribution is the Gibbs distribution. The mixing time T, is the minimum number of steps
T from the worst initial state X, so that the distribution of X7 is within (total) variation
distance < 1/4 of the stationary distribution. The chain is said to be rapidly mixing if the
mixing time is polynomial in n = | V|, and it is said to be forpidly mixing if the mixing time
is exponential in n (for the purposes of this paper, that means 71,;x = exp(£2(n))). We refer
the reader to Levin et al. [8] for a more thorough introduction to the Glauber dynamics.

Mossel et al. [10] proved that the Glauber dynamics is torpidly mixing, for all A > 3, for
graphs with maximum degree A when A satisfies (x). This result improved upon earlier work
of Dyer et al. [2] which held for larger A, but not down to the critical activity A.(T,). The
torpid mixing result of Mossel et al. [10] follows immediately (via a conductance argument)
from their main result that for a random A-regular bipartite graph, for A satisfying (%), an
independent set drawn from the Gibbs distribution is “unbalanced” with high probability.

The proof of Mossel et al. [10] is a technically involved second moment calculation
that Sly [11] calls a “technical tour de force.” Our main contribution is to improve upon
Mossel et al.’s result, most notably, extending itto all A > A.(T,) for A = 3. Our improved
analysis comes from using a slightly different parameterization of the second moment of
the partition function, which brings in symmetry, and allows for simpler proofs.

To formally state our results for independent sets of random regular graphs, we need
to partition the set of independent sets as follows. For a bipartite graph G = (V; U V5, E)
where |V|| = |V,| = n, for§ > 0, fori € {1,2}, let

D={ecZ(G): INV] > [INV;| + dn}
denote the independent sets that are unbalanced and “biased” towards V;. Let
={ecZ(G:|INV] <INV |+ n}

denote the set of nearly balanced independent sets.

Let G(n, A) denote the probability distribution over bipartite graphs with n + n vertices
formed by taking the union of A random perfect matchings. Strictly speaking, this distribu-
tion is over multi-graphs. However, for independent sets the multiplicity of an edge does not
matter so we can view G(n, A) as a distribution over simple graphs with maximum degree
A. Moreover, since our results hold asymptotically almost surely (a.a.s.) over G(n, A), as
noted in Ref. [10, Section 2.1], by standard arguments (see the note after the proof of [9, The-
orem 4]), our results also hold a.a.s. for the uniform distribution over bipartite A-regular
graphs.
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Theorem 2. For A = 3 and any . > ,.(T4), there exist a > 1 and § > 0 such that,
asymptotically almost surely, for a graph G chosen from G(n, A), the Gibbs distribution
satisfies:

w(Tp) < a " min {u(T), w(I3)}.

Therefore, the Glauber dynamics is torpidly mixing.

This proves Conjecture 2.4 of Ref. [10] for the case d = 3. For A > 4 we can extend
Mossel et al.’s results to a larger range of A than previously known.

Theorem 3. For all A > 4 there exists e(A) > 0, for any A where L.(Tp) < A <
Ac(Tp) + €(A), there exist a > 1 and § > 0 such that, asymptotically almost surely, for a
graph G chosen from G(n, A), the Gibbs distribution | satisfies:

w(Zy) < a"min{u(Z}), u(I3)}.

Therefore, the Glauber dynamics is torpidly mixing. The function e(A) satisfies:

* IfA>6,8(A) 2 A(Ta) — Ae(Taty).
e For A =5, ¢(5) > .402912.
e For A =4, ¢(4) > .327887.

In the following section we look at the first and second moments of the partition function.
We then state two technical lemmas (Lemma 10 and Lemma 11) from which Theorems 1,
2 and 3 easily follow using work of Sly [11] and Mossel et al. [10]. In Section 4 we prove
the technical lemmas. Some of our proofs use Mathematica to prove inequalities involving
rational functions, this is discussed in Section 2.5.

2. OVERVIEW

Proceeding as in Refs. [10, 11], roughly speaking, to prove Theorems 1, 2 and 3 we need
to prove that there exist graphs G whose partition function is close to the expected value
[where the expectation is over a random G ~ G(n, A)]. At the heart of the argument lies a
careful analysis of the first two moments of the partition function. The aim of this Section
is to give a brief technical overview of the analysis. For more details, the reader is referred
to Refs. [10,11].

In Section 2.1, we define the quantities which will be prevalent throughout the text. In
Sections 2.2 and 2.3, we revisit the first and second moments and state our main technical
Lemma. We then prove Theorems 1, 2 and 3 in Section 2.4. In Section 2.5, we clarify our
use of computer assistance for the proofs of some technical inequalities.

2.1. Phase Transition Revisited

Recall, for the infinite A-regular tree T, Kelly [7] showed that there is a phase transition
at A.(T») = (A — 1)271/(A — 2)2. Formally, this phase transition can be defined in the
following manner. Let 7, denote the complete tree of degree A and containing £ levels. Let
p. denote the marginal probability that the root is occupied in the Gibbs distribution on 7.
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Note, for even £ the root is in the maximum independent set, whereas for odd £ the root is
not in the maximum independent set. Our interest is in comparing the marginal probability
for the root in even versus odd sized trees. Hence, let

p+ = lim P2 and p_ = lim P2e+1-
£—00 {—o0
One can prove these limits exist by analyzing appropriate recurrences. The phase transition
on the tree T, captures whether p™ equals (or not) p~. Forall A < A.(T,), wehavep™ =p~,
and let p* := p* = p~. On the other side, for all A > A.(T,), we have p* > p~. Mossel

et al. [10] exhibited the critical role these quantities p* and p~ play in the analysis of the
Gibbs distribution on random graphs G(n, A).

2.2. First Moment of the Partition Function
Let G ~ G(n,A).Fora, 8 > 0, let

" = e Ig | IN V)| = an,|I N Vy| = Bn},
that is, « is the fraction of the vertices in V that are in the independent set and 8 is the
fraction of the vertices in V, for an independent set of a bipartite graph G. We consider only
values of (&, ) in the region

R={(p)|a,p=0anda +p <1},

since it is straightforward to see that for a graph G ~ G(n, A), it deterministically holds
that Ig’ﬁ = () whenever (a, 8) ¢ R. For («, B) € R, define also

ngﬁ — Z k(a+ﬂ)n,
IeIg’ﬁ

ie., Z&" is the total weight of independent sets in Zg” . The first moment of Z&” is

" n ((l—mn) A

an.

where

O, (@, B) = (@ + B) () + H(e) + HB) + Al — B)H (%) — AH(a),

and H(x) = —xInx — (1 — x) In(1 — x) is the entropy function. The asymptotic order of
]Eg[Zg”3 ] follows easily by Stirling’s approximation.

The first moment was analyzed in the work of Dyer et al. [2]. We use the following
lemma from Mossel et al. [10] that relates the properties of the first moment to p*, p*™ and
p~. The most important aspect of this lemma is that in the non-uniqueness region Eg [Zg’ﬂ ]
is maximized when o # B ([2]) and more specifically for («, 8) = (p*, p~) ([10]).



83
Lemma 4 (Lemma 3.2 and Proposition 4.1 of Mossel et al. [10]).  The following holds:

1. the stationary point (c, B) of ®, over R is the solution to B = ¢(«) and o = ¢ (B),

where
. 1/A
px)=01-x) (1— (m) ), (D

and the solutions are exactly (p*,p~), (p~,p"), and (p*,p*) when ). > L.(T,), and
the unique solution is (p*,p*) when & < A.(Ty);

2. when . < A.(Ty), (p*,p*) is the unique maximum of ®, over R, and when A >
A(Tr), (pT,p7) and (p~,p*) are the maxima of ®, over R, and (p*,p*) is not a
local maximum;

. all local maxima of ®, satisfyx + B+ A(A —2)aB < 1;

4. p*,p~,p* satisfy p- < p* < p* and when . — A.(Ty) from above, we have

pp . pt — 1/A.

w

For every A > 3, define the region
Ra={(a,B)|a,B>0anda+ B+ A(A —2)aB < 1}.

Part 3 of Lemma 4 establishes that the local maxima of ®; lie in R . Note that for A > 3,
we have R, C R. Hence, the local maxima for all A > 3 lie in the interior of R.

2.3. Second Moment of the Partition Function

The second moment of zg”f satisfies [10]

Egl(Z5") ~ exp(n - max &,(@, B, 7,8, )),

where

D, (e, B,y,8,8) =2(a+ B)In(A) + H(er) + Hi(y,a) + Hi(x — y,1 — ) + H(B)
+H\(,8) +Hi(B—68,1—-B)+AH (y,1 =28+8) —H(y)
+H(e,1-28+0—y)+H(@a—y—¢&p—38—Hla—y,1-y)
+H (@ —y,1-B—y—¢&)—H@—y 1—-a), )

and H(x) = —xIn(x) — (1 —x) In(1 —x), H,(x,y) = —x(In(x) —In(y)) + (x—y)(In(y — x) —

In(y)).
To make &, well defined, the variables have to satisfy («, 8) € R and

y58’8207 a_)’_SZO, ,3—520, 1_2ﬂ+8_y_820’

3
l—-a—p—e>0, B—b6+e+y—a=>0. ©)

Lemma 4 tells us that in the non-uniqueness region (which is the region of interest
in this paper) the first moment is maximized when («, 8) is (p™,p~) [or symmetrically,
(p~, pH)1. To show that these unbiased configurations dominate the Gibbs distribution with
high probability (as desired for Theorems 2 and 3) we will apply the second moment method,
as used in Ref. [10].
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To that end, we need to analyze the second moment for (&, 8) = (p™, p~), and show that
]Eg[(Zg'ﬁ)z] = O((Eg [zg'ﬂ])2). To do that we need to show that for for (o, 8) = (p*,p"),
Eg[(zgﬁ )] is roughly determined by uncorrelated pairs of configurations. This crux of
this is to show that ®, is maximized when y = «? and § = 82, which is detailed in the
upcoming condition which was proposed in Ref. [11].

Condition 1 (Condition 1.2! of Sly [11]).  There exists a constant x > 0 such that when
Ipt —a| < x and |p~ — Bl < x then g,5(y.8,¢) := ®y(a, B, 7,38, €) achieves its unique
maximum in the region (3) at the point

(y*, 8% 6" = (&, pra(l —a — B)).

As mentioned earlier, Condition 1 implies that for («, 8) = (p*,p7), ]Eg[(Zg’ﬁ )] =
O((Eg [zg:ﬁ 1)?). While the implicit constant in the latter equality is bigger than one, an appli-
cation of the small graph conditioning method [5, 17] shows that for (a, 8) = (p*,p7), zg*f’
is concentrated around its expected value (up to a multiplicative arbitrarily small polynomial
factor). This yields a lower bound on the partition function Zg”g for (a, B) = (p*,p7). On
the other hand, it is straightforward to an upper bound on the partition function for balanced
configurations « = B. Consequently, one obtains Theorems 2 and 3 as detailed below in
Section 2.4, which implies that the Gibbs distribution is unbalanced with high probability.
Sly [11] uses random regular bipartite graphs as a gadget in his reduction and utilizes this
bimodality property of the Gibbs distribution.

Before stating our new results on when Condition 1 holds, it is useful to remind the
reader the previously known values of A for which Condition 1 holds:

e A>3,and A.(Tx) < A < A (TA) + &(A) for some (small) e(A) > 0, ([10, Lemma
6.10, Lemma 5.1]);
e A=6and A =1, (Ref. [11, Section 5]).

Let 1,,,(T») be the smallest value of A such that ¢ (¢(1/2)) = 1/2 (¢ is the function

defined in Lemma 4). Equivalently, A,,,(T ) is the minimum solution of

/A

(14 /Y2772 (1= a/msy

The following Lemma is the technical core of this work.

1. 4)

Lemma 5. Condition 1 holds for

1. A=3and » > A.(T,), and
2. A>3and A € ()"C(TA)’)\'I/2(TA)L

Lemma 5 is proved in Section 4. As a corollary of Lemma 5 we get that Condition 1
holds for the range of A specified in Theorems 2 and 3.

Corollary 6. Condition 1 holds for:

1. For A =3 and A > A.(T3).
2. For A > 6 and )\,C(TA) <A < A,]/z(TA) and )\,1/2(TA) > )\’C(TA—I)'

!'The numbering in this paper for results from Sly’s work [11] refer to the arXiv version of his paper.
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3. For A =5and A.(Ts) < A < A.(Ts) + .402912.
4. For A =4, A(Ty) < A < A.(T,) + .327887.

Proof. Part 1 is identical to the first bullet in Lemma 5.

Part 2 follows from the second bullet of Lemma 5 and the fact that for A > 6, it holds
x12(Ta) > A (Ta_1). To see this, by (4), we have that 1 — (1/A;2(T»))"/* > 0, which
implies that A;»(T») > 1. For A > 6, we have A.(T») < 1. Hence, for A > 7, we have
A2(Ta) > Ao (Ta—y). For A = 6, the claim follows from the fact that A.(Ts) = 256/243 <
Ay2(Te) ~ 1.23105.

For A = 5, note that

A1p(Ts) — Ao (Ts) > 1.45641 — 256/243 > 402912,

which proves Part 3.
For A = 4, note that

Aj2(Ts) = Xe(Ty) > 2.015387 — 27/16 = .327887,
which proves Part 4. ]

Theorems 2 and 3 now follow from Corollary 6 as outlined earlier, and detailed in the
following subsection.

2.4. Proofs of Main Theorems

We now proceed to prove Theorems 2 and 3.

Proofs of Theorems 2 and 3. The proof is essentially the same as the proof of [10, Theo-
rem 2.2] with minor modifications. We include the proof for the sake of completeness.
Choose § > 0 such that for

X = min D (x,y), Y = lma}xacbl(x,y)
x—yl<

[x—pt|<8, ly—p~I<8

it holds that 7 := X — Y > 0. To see that this is possible, note that &, is continuous and
hence it is uniformly continuous at any closed and bounded region. Since ®; exhibits a
global maximum at (p™, p~), the existence of § follows.

By Markov’s inequality, we obtain that a.a.s.

> vievi<s 26 - exp(n(¥Y + 7))

Zg - Zg )

w(Zy) =

To bound min{u(Z?), u(Z3)}, we need the following result from [10]. While their
result is only stated for («, B8) close to (1/A, 1/A), it can readily be verified (as Sly also
observed, e.g., see the discussion before Lemma 3.4 in Ref. [11]) that their proof holds in
a neighbourhood of (p*, p~), whenever Condition 1 holds.
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Lemma 7 (Theorem 3.4 of Mossel et al. [10]).? Let A > 3. Suppose that Condition 1
holds, then for all sufficiently large n there exist (o, B,) where

a, =pt+0(), B,=p +o(l), and na, and np, are integers, (6)

and it holds a.a.s. that

Q 1 An.Pn
z8mbn > ;EQ[ZG A,

For all n large enough, there exist («,, 8,) where |, —p*| < 1/n, |8, —p~| < 1/nand
no, and nf, are integers, and therefore (6) holds.

From Lemma 7 and Corollary 6, it follows that a.a.s. Zg”s > exp(n(X — 7)) and
consequently

exp(n(X — 7))

%) >
w@y) = Ze

Since both ®; and ®, are symmetric with respect to «, §, a similar statement to Lemma 7
holds with the roles of p*, p~ interchanged, so that

exp(n(X — 7))

min{u(Z}), u(Z3)} > ~
G

(7N
Combining (5) and (7), we obtain
Wz} < exp (=7 ) min{u(@). w(ZD). ®)

This completes the proof.
The torpid mixing of the Glauber dynamics claimed in Theorems 2 and 3 follows from
(8) by Claim 2.3 in Ref. [2], which is a standard conductance argument. .

For Theorem 1, we will use Lemma 5 combined with the work of Sly [11], but we need
one additional ingredient. The following combinatorial result will be used to extend the
inapproximability result for A = 3 to a range of A for A > 6.

Lemmag8. Let G be a graph of maximum degree A and let k > 1 be an integer. Consider
the graph H obtained from G be replacing each vertex by k copies of that vertex and each
edge by the complete bipartite graph between the corresponding copies. Then,

Zo(1 + 0= 1) =Zy ().

Proof. Consider the map f : Zy — Z; that maps an independent set / of H to an inde-
pendent set J of G such that v € J if and only if at least one of the k copies of v in H
arein /.

2The stated version of the theorem differs slightly from the version in Ref. [10]. In particular, in Ref. [10] («, B)
is fixed, in the sense that it’s independent of n. Here, («, ) depends on n. In the application of this theorem in the
proof of Theorem 2.2 in Ref. [10], it is unclear how they deduce the existence of a fixed («, 8) and this is why we
modified the statement of the theorem. Their proof of Theorem 3.4 in Ref. [10] still goes through for this slightly
modified version.
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For an independent set J of G the total contribution of sets in f~'(J) to Zy(A) is ((1 +
A)F — 1)VI since for each v € J we can choose any non-empty subset of its k copies
in H. [ ]

We are now ready to prove Theorem 1.

Proof of Theorem 1. Sly’s reduction [11, Section 2] establishes that for any A > A.(Tx)
such that Condition 1 holds and also the following two inequalities hold:

3
(A=Dp'p” =(1—pH(1 —p )andp” < 5(1 —p)s €))

then there does not exist (assuming NP#RP) an FPRAS for the partition function of the
hard-core model with activity A. For the two inequalities in (9), as Sly [11] points out, they
are unnecessary. First off, the inequality (A — 1)p*p~ < (1 —p™)(1 —p~) is implied by Part
3 of Lemma 4. And the condition p™ < %(1 — p7) is used to simplify the proof of Lemma
4.2 in Ref. [11]. For completeness, a slight modification of Sly’s Lemma 4.2 without (9) in
the hypothesis is proved in Section 3.

Corollary 6 establishes that Condition 1 holds for a range of activities A for each A > 3.
By the discussion above, we obtain that there does not exist (assuming NP#RP) an FPRAS
for the partition function of the hard-core model with activity

e A€ (A(T3), 0] for A = 3.

* € (Ae(Ta) A (Ta-1)] for A > 6.

* L€ (A(Ts), A(Ts) + .402912] for A = 5.
e A e (A (Ty),A.(Ty) 4 .327887] for A = 4.

Lemma 8 (used with k = 2 and A = 3) implies that there does not exist (assuming
NP#RP) an FPRAS for the partition function of the hard-core model with activity A >
V/5 — 1 in graphs of maximum degree 6.

The range of A for A and A — 1 where we can prove hardness (thatis, (A.(Tx), Ac(Ta_1)])
overlap for A > 6. This is useful since the hardness for A — 1 automatically gives hardness
for A.

Thus for A > 6 we have the hardness result on the set

Oe(Tp)s he(Ta-)TU - - - U (he(T6), Ae(T5)] U (Ae(Ts), Ao (Ts) + 0.402912] U (/5 — 1, 00)
= (Ac(Ty), 00).
This concludes the proof of the theorem for A > 6.

For A = 4, we have the hardness result on the set (A.(T;4),2.01538] U (4, +00).
For A = 5, we have the hardness result on the set

(A(Ts), 1.45641] U (1.6875,2.01538] U (4, 4-00).

2.5. On the Use of Computational Assistance

We use Mathematica to prove several inequalities involving rational functions in regions
bounded by rational functions. Such inequalities are known to be decidable by Tarski’s
quantifier elimination [14], the particular version of Collins algebraic decomposition (CAD)
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used by Mathematica’s Resolve command is described in Ref. [13]. The algorithms are
guaranteed to return correct answers—they do not suffer from precision issues since they
use interval arithmetic (a real number is represented using an interval whose endpoints are
rational numbers).

3. NON-RECONSTRUCTION REVISITED

In this section, we reprove Lemma 4.2 from Sly [11] without (9) in the hypothesis. This
will allow us to focus on proving Lemma 5.

Recall, T, is the infinite A-regular tree, and p™, p~ denote the marginal probabilities that
the root is occupied for the limit of even and odd, respectively, sized trees. Let T, denote
the infinite (A — 1)-ary tree rooted at p. (Thus, these two trees only differ at the root.) For
¢ € N, let 7, denote the tree with branching factor A — 1 and containing £ levels. Let g,
denote the marginal probability that the root is occupied in the Gibbs distribution on T,.
Analogous to p* and p~, let

q" = lim gy and g~ = lim gy,

The densities g™, g~ are related to p*, p~ by:
P p+ v = P
1—p~’ 1—pt

q

There are two semi-translation invariant measures 4+ and [ A~ on T, obtained by taking
the weak limit of the hard-core measure of even-sized trees ng and odd-sized trees T%H,
respectively. In these measures 1", i~ on the infinite tree, g™ and ¢, respectively, are the
marginal probabilities that the root is occupied. These measures it and 4~ can also be
generated by a broadcasting process, see Ref. [11, Section 4].

Forv € 'ﬁ‘A, denote by S, the vertices at level £ in the subtree of T A rooted at v. Let
X, ¢+ denote the marginal probability that the root p is occupied in an independent set X
generated by the following process: we first sample an independent set X from the measure
1T, then we condition on the configuration XsonS ».¢» and finally we sample an independent
set X from the hard-core measure on T[ conditioned on Xy = )A(S. Note that the configuration
of the vertices in S, ; is a random vector, so that X, , , is a random variable. Define similarly
X pl— for ﬁi.

We may extend this definition to an arbitrary vertex v € T, at distance D from the
root p, by setting X,y = X,,+ if Disevenor X,y = X,,_ if D is odd. Thus, X, is
the probability that, in an appropriate translation of i, v is occupied conditioning on the
configuration of S, ;. Define similarly X, , _ for i~.

In Sly [11], it is proved that X,,, (X,,_) is strongly concentrated around g* (g~
respectively) under the condition that p* < %(1 — p7). This concentration is used by Sly
for establishing the properties of the gadget he uses in his reduction. We need to reprove
the concentration without the condition p* < %(1 —p).

Lemma 9 (see Lemma 4.2 in Sly [11]). When L > A.(Ty), there exist constants
i1 (A, A), (M, A) > 0, for all sufficiently large ¢,

P[|X,es — q*| = exp(=¢10)] < exp(—exp(&l)).
P[[Xpe- — g7 | = exp(—=610)] < exp(— exp(¢20)).
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Proof. 'We follow the proof of Ref. [11]. For a vertex v € TA, let N(v) = N'(v) denote its
children, and for i € N, let N’(v) denote its descendants i levels below. For 1 < i < £ and
s € {4, —}, let Xyi(, ., denote the vector {X,,,—;; : w € N'(v)}.

By standard tree recursions, it can be proved that for s € {4, —},

A HWGN(V)(I - Xw,éfl,s)
142 l_[weN(v)(l - XW,(*I,.&‘) ’

Xy = M Xygye-1) ==

In our framework, one may establish a contraction property for 4, but it is slightly more
straightforward to look at depth two of the recursion. Note that

1

1 —X, 0 =
b 1 + A HWEN(V)(l - Xw,é—l,s)

so that

1
1 +A I—[weN(v) 1+ 1, 1

eNw) 1 =Xz 0-2,5)
A

a A+ HWEN(V) (1 +2 HZEN(W)(l - Xz,(72,s))
=1 r(Xy2(p)e—2.)-

Xv,(,s =1

(10)

By recursively applying (10), we obtain that

Xy =: g(XNzL(p),Z—ZL,s)'

Note that r(Xy2(, ,—2,) = 8(Xy2¢p)0—2.5)-

For the rest of the proof, we focus on the case s = + and v being at even distance from
the root p, the other cases being almost identical (since we are looking at depth two of the
recursion).

4
Assume Xy, oo Xin o

7*€N?*(v). To prove the new version of the lemma, it suffices to obtain the following con-
traction property. We will prove for all ¢ sufficiently large, for all v € T,, for all pairs

, . .
Xn2 0y e-240 X2 2t that differ at a single vertex z*,

are two vectors which are equal except at one vertex

1

4 1 4
|r(XN2(v),l—2,+) - r(XNZ(v),€72,+)| = <(A——1)2 + E) |Xz*,€72,+ - Xz*’g,2’+|' (11)

To accomplish this, it suffices to prove that for £ large enough, it holds that:

or 1
— (X <—4+ —. 12
’ X g2y Wewead| < Z T T g (12)
Let w* € N(v) be the parent of z*. Then (12) is equivalent to:
A2 HZEN(W*)\{z*}(l —Xoe24) Hwe/v<v)\{w*} (1 +A I—[zeN(w)(l - Xzs@—2’+)) 1 1

< + —.
[)‘ + l_[weN(v) (1 +2 nzemw)(l - Xz,272,+))]2 (A - 1)2 10



90

Note that as £ — 400, since v is at even distance from p, X, ,, converges almost surely
to g* (see Ref. [11, Eq. (4.1)] and Ref. [11, proof of Lemma 4.2]). Hence, as £ — +00, we
have that

A2(1 — g+)p? (1 +a(l — q+)A—1)A’2
— =Y.

(XN2,2—2,+) A_172
[x+(1+x(1—q+)Afl) ‘]

‘ or
0Xx 00y

Pick £y = £y(A, 1) so that for all £ > £, we have that

ar
(X2 ea) — ¥
‘3X7*,ez,+ N2(1),0—2,+

1
< —.
— 10

1

We will see next that y = ¢*¢~ and hence by Part 3 of Lemma 4, it follows that y < oo

which proves (12).

To see that y = g*¢~, note that A(1 — ¢g")2~! = % and A(1 — g7)27! = % (one
can derive these equalities by p* = ¢(p™),p~ = ¢(p™), see Part 1 of Lemma 4). It is now
a matter of a few algebra substitutions to check that y = g*¢~.

This proves (11). Recursively applying this relation (11) implies that for all £ — L > £,
for A > 3,

LL/2]
|g(XNL(V),l—L,+) - g(XIQL(V),[_L’_'_)' = <§> |XZ*,Z*L.+ - Xz/*,l—L,+|' (13)

Having established (13), the rest of Sly’s proof of Lemma 4.2 goes through. .

4. ANALYSIS OF THE SECOND MOMENT

In this section, we prove Lemma 5. We break its proof into two slightly easier compo-
nents, namely Lemmata 10 and 11 stated below, depending on the value of p™. Notice that
Lemma 10 determines explicitly a region of («, 8) for which Condition 1 holds.

Lemma 10. Let A > 3 and let (a,8) € Ra, o, > 0, and a, < 1/2. Then
8up(v,0,8) = DPy(a,B,y,0,¢€) achieves its unique maximum in the region (3) at the
point (y*, 8%, &%).

Lemmall. FixA =3and) > A.(T,). Let p™ andp™ be the corresponding probabilities.
Assume that 1/2 < pt < 1. There exists a constant x > 0 such that for |p* — a| < x
and |p~ — Bl < X, 8ap(V,0,€) := Dala, B,v,8,¢) achieves its unique maximum in the
region (3) at the point (y*, 8%, €*).

Proof of Lemma 5.  'We begin by proving the second part of the lemma (A > 3 case) and
then we prove the first part (A = 3 case).

Fix any A > 3 and A > A.(T,). Let p*, p~ be the corresponding marginal probabilities
that the root is occupied in the measures ™, ©~. By the third item of Lemma 4, we have that
(o, B) = (p™, p7) is contained in the interior of R 5. Hence, the same holds for every («, 8)
in a small enough neighborhood of (p*, p~). Hence, provided that p* < 1/2, Lemma 10
verifies the condition for any such point. It is now easy to see that p™ is increasing in A, and
hence p* < 1/2iff A € (A.(Ta), 212(T)]. This proves the second part of Lemma 5.
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The first part of Lemma 5 is proved analogously. When p™ < 1/2, one uses Lemma 10
as above, while when p* > 1/2 the condition reduces to Lemma 11. "

Thus, we may focus our attention on proving Lemmata 10 and 11. While the analysis at
some point for Lemma 11 requires tighter arguments, the two proofs share many common
preprocessing steps. The rest of this section is devoted to these common preprocessing steps
and the proofs of Lemmata 10 and 11 are given in Section 5.

4.1. The Partial Derivatives

The derivatives of @, with respect to y, §, & can easily be computed and are also given in
Ref. [10, Proof of Lemma 6.1]:

Xp(&) _ (1-284+8—y —e)*a—y—e)(—2a+y)*" (14)
ay (I-B—y—e*B—aty—8+e)a—y)r2y’
(&) _ B—a—8+y+e)>(1—28+8§>" 15)
35 (1=28+8—y —e)M(B—05)>28 ~
exp(&) _ (1—2/3+5—V—8)A(a—3/—8)A(1—a—ﬂ—e)A. (16)
de efB—a—-08+y+e)r(l—-B—y—9eA

4.2. Excluding the Boundary of the Region

We argue that for (o, 8) € R4, the maximum of g, g cannot occur on the boundary of the
region defined by (3).

Lemma 12. Forevery A > 3 and (o, B) € Ra, 8up(V,0,€) 1= Do, B, 7,6, ¢) attains
its maximum in the interior of (3).

Proof. 'We follow the proof of Lemma 6.1 of Ref. [10] (where the same result is proved
in the special case « = 8 = %).

We will prove that g, 5(y, 8, €) attains its maximum in the interior of (3) by showing that
at least one derivative in (14)—(16) goes to infinity (+ or — according to the direction), as
we approach one of the boundaries defined by (3) from the interior of (3).

For A > 3, note that (¢, 8) € R implies « + 8 < 1. Without loss of generality, we
assume that « > 8. Hence 8 < 1/2. We have (15) goes to +00 as § — 0, and (16) goes to
400 as ¢ — 0. We also have (16) goes to —oo as y + & — «, (15) goes to —oco as § — B,
(16) goesto —ococasy +e& —6 — 1 — 28, (16) goesto —ooas e — 1 — o — B, and (16)
goestofooasy +e—8 > o — f.

When o > 1/2, the condition y = 0 is not a boundary, as y > 0 is implied by the
conditions § > 0,1 —a¢— B —¢e >0,and B —§ 4+ &+ y —a > 0. On the other hand, when
o < 1/2, we have (14) goes to +oo as y — 0. .

4.3. Eliminating One Variable

Fix A,a, B8,y,6 and view @, as a function of . We maximize with respect to ¢. In this
setting, it was proved [10, Lemma 6',3]’ that the only maximizer of the function @, in the
interior of (3) is obtained by solving d% = 0 and is given by:

1
i=b@py.8) = (I +a— 2y —VD) (17)
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where

D=(0+a—-B8-2y)Y—4a—y)1—-28—y+9)
=(@+B—1D*+4a—y)(B-9).
Define

R R 1
7= n(a,ﬁ,y,8)=5(1—a+ﬁ—23—«/5), (18)
and note that

1
a—y—é:ﬂ—g—ﬁzE(_(l_a_ﬂ)'i'\/ﬁ)’ (19)

(@a—y—81—-—a—-p—c—n) =é.

The new parameter 7 (not used in Ref. [10]) is symmetric with £, i.e, the constraints and
formulas we have are invariant under a symmetry that swaps «, y, &€ with 8, 8, 7j. This will
allow for simpler arguments (using the symmetry).

From the previous discussion and Eq. (17), we may eliminate variable ¢ of our consid-
eration. Of course, this introduces some complexity due to the radical /D, but still this is
manageable. Let

F(r,8) == 8ap(y.8,8) = Pa(e, B, 7.8, 8).

To prove that (y*, 8%, £) is the unique global maximum of g, 4 in the interior of the region
defined by (3), it suffices to prove that (y*, §*) is the unique global maximum of f for (y, §)
in the interior of the following region, which contains the (y, §)-projection of the region
defined by (3):

0<y<a 0<8<p, 0<1-28+86—y, 0<l—-2a+y—5. (20

Each inequality in (20) is implied by the inequalities in (3), the only non-trivial case being
the last inequality whichis the sumof 1 —« —f—¢>0and B -6 +¢e¢+y —a > 0.
The first derivatives of f with respect to y, § are

%()/,5) = AlnW;; 4+ In Wy, 21
of
8—6()/,8) = All’l W21 + ln W22, (22)
where
W _(a—y =81 -2a+y) (1 —2a+y) _ (a—yp)
ne A —y)? T d-a—p-8a-y) 7T A-2e+y)y
W _(B=3d—mn(1=28+3) N —28+46) Wor — (B —8)*
21 = ~ 3 = = , N =
(B —9) (IT—a—=B8-—n(B -9 (I —-28+38)8

Note that the rightmost equalities in the definition of W;; and W, follow from (18) and (19).

For every A > 3, and (¢, B) € Ra, we have that (y*, §*) is a stationary point of f (this
follows from the fact that for y = a? and § = 82, the inequalities on the right-hand sides in
Lemma 13 become equalities, and from (21), (22) we have that the derivatives of f vanish).
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4.4. Restricting the Region

To determine whether (21) and (22) are zero it will be useful to understand conditions that
make Wy, W,, Wy, W, greater or equal to 1. The following lemma gives such conditions.
The proof is given in Section 6.1.

Lemma 13.  Forevery (a,8) € R, and (y,8) in the interior of (20),
Wi>1 & (1-a)8+pQue—-1-y)=0,
Wip>1 & y<d’
Wizl & (1-p°y+a’2-1-820,
Wyn>1 < §<p.
By considering the sign of (21) and (22) and Lemma 13, we have that the stationary
points of f (and hence of g, ) can only be in
0<y=<o’0<d<p,
(1-—a)8+p*Qe—1-y)<0, (1-p>y+a’2B-1-8) <0, (23)

or

a2§y<a, ﬂ2§8<,3,
1-a)*+pQa—1—y)=0, (1-p*y+o*2B—1-8>0. (24
Note that for y = «?,8 = 8% one has Wy, = W, = W, = Wy = 1 (Lemma 13 holds

with equalities as well instead of inequalities), so that («?, 82) is always a stationary point
for f(y,9).

4.5. The Hessian

To prove that f has a unique maximum, we are going to argue that f is strictly concave in
each of the regions defined by (23) and (24). It will thus be crucial to study the Hessian of
f.

Let H denote the Hessian of £, i.e.,

of of
~ %(%5) m(%(s)
| or of
M(%S) %(%5)

Our goal is to express H in a helpful explicit form. In this vein, it will be convenient to
define the following quantities.

l—a-— D 20—y — ¢
Ri— a=f = p__ VD g _Ue—y—B
l—a—p—e—1 1 —20+y o—y
D 20—-B—y —¢ ~D
Ry=—, Rs = (A-b-vy 8), Ry = ——F1—,
y oa—y 1-28+96

2 —y —¢) vD 2(1-B—y —#)

7 , Ry = —, Ry = .
B—36 8 B—36
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H can now be written in a relatively nice form with respect to the R;. Namely,

d 1
%(%5) = ﬁ[(_Rl +R, +R3)A — R, — R; — Ry — Rs], (25)
0 1
%(%5) = E[(_Rl +Rs +R7))A —Rs — R; — Ry — Ry, (26)
of o AR,

W(%S) = _8587/ (y,0) = —@ 27)

Inspecting the R; we obtain the following observation.

Observation 14. R,...,Ry are positive when («, B) € Ra and (y,38) in the interior

of (20).
Observation 14 and Eq. (27) immediately yield:

Observation 15.  For every («, B) € Ra, and (y,d) in the interior of (20),

of of
——(y,8) = ——(y,8) > 0.
8y36(y ) 868y(y ) >

In Section 6.2 we prove the following technical inequality on the R;.
Lemma 16. For every (o, B) € R, and (y, ) in the interior of (20),
Rl > R2 + Rg, and Rl > R6 + R7.

Applying Lemma 16 and Observation 14, (25) and (26) give the following straightforward
corollary.

Corollary 17.  For every (a, B) € R, and (y,d) in the interior of (20),

of of

Corollary 17 implies that the sum of the eigenvalues of M is negative. Hence, H is

negative definite iff the determinant of H is negative. We have the following expression for
det(H).

P S APV S U N
det(H)—azy(%S) a2g (V29) a)/85()/,6) 8587/(%8)

l 2 2
=5 {(A = 1D*[(=Ri 4+ R, + R3)(—Ry + Rg + R7) — R}]

+ (A =D [(—=R; + Ry + R3)(—=R, — Rz — R9)
+ (=Ri + Rs + R) (=R — Ry — Rs) — 2R]
+ [(—Rl — Ry —Ro)(—R; — R4y — Rs) — R%]} . (28)
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5. CONCLUDING THE PROOFS OF LEMMATA 10 AND 11

In this section, we give the proofs of Lemmata 10 and 11. We first recap what we have
accomplished in Section 4 for every (o, 8) € Ra.

1. The function g, 4(y,d, €) attains its maximum in the interior of the region (3). See
Section 4.2.

2. To study the (local) maxima of g in the interior of the region (3), it suffices to study
the maxima of the function f(y,8) = g,5(y. 8, €) in the interior of the region (20).
More explicitly, if f(y, §) has a unique maximum in the interior of the region (20) at
(y*,8%) = (a?, %), then 8o.p has a unique maximum in the interior of the region (3)
at (y*, 8%, &%) = (a2, B2, 0(1 —a — B)). The function f is differentiable in the interior
of the region (20). See Section 4.3.

3. The point (y*,8*) = (a?, B2) is always stationary for f. Every stationary point of
f lies in one of the two regions defined by (i) (20) and (23), (ii) (20) and (24). See
Section 4.4.

4. The function f is strictly concave iff det(H) > 0. See Section 4.5.

By the above discussion, if for some («, 8) € R, it holds that f is strictly concave in
each of the regions (i) (20) and (23), (i) (20) and (24), then g, s has a unique maximum at
(y*, 8%, ") = (a?, B2, a(l — a — B)). Thus, it suffices to check that det(H) > 0 in each of
these regions. This is essentially the way we derive Lemmata 10 and 11.

Hence, the main challenge is proving that det(H) > 0. This can be done slightly more
easily in the region (20) and (23). Indeed, in Section 6.3 we prove the following lemma.

Lemma 18. det(H) > O forevery A > 3, (a, 8) € Ra, (y,9) in the interior of (20) and
(y,8) in (23).

Proving det(H) > O in the intersection of the regions (20) and (23) is trickier and is
essentially the reason we do not obtain our hardness result for A = 4, 5. At this point, it is
convenient to split the analysis for each of the lemmas.

5.1. Proof of Lemma 10

In the setup of Lemma 10, we have («, 8) € R and o, 8 < 1/2. We suppress the details
of proving det(H) > 0 as a lemma, whose proof we defer to Section 6.4.

Lemma19. det(H) > Oforevery A >3, (,B) € Ra, @, B < 1/2, (v, 6) in the interior
of (20) and (y,d) in (24).

Using Lemmata 18 and 19, the proof of Lemma 10 is immediate.

Proof of Lemma 10. Lemma 18 and Lemma 19 imply that f has a unique maximum at
(y*, &%) forevery A > 3, (2, B) € Ra, 1/2 > «, B and (y, 5) in the interior of (20). This
follows from the fact that det(H) > O implies that the Hessian of f is negative definite
in the region of interest, i.e., where g, 4 could possibly have stationary points, which in
turn implies that f is strictly concave in the region and hence has a unique maximum. By
the definition of f, it follows that g, s has a unique maximum at (y*, §*, £*). For a more
thorough outline, see the beginning of Section 5. .
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5.2. Proof of Lemma 11

In the setup of Lemma 11, we have A = 3 and p* > 1/2. By (1), tedious but otherwise
simple algebra gives that the solution of 8 = ¢ («) and @ = ¢ (B) with o # B satisfies

o> —2a+af+1-28+p8>=0.

It can also be checked that when 1 > p™ > 1/2,itholds that0 < p~ < (3 — ﬁ)/4. Define
R, to be the set of pairs («, B) such thate* — 20 +af+1-28+p*=0,1/2 <a <1
and 0 < B < (3 — +/5)/4. Our goal is to show that det(H) > O for every (o, 8) € R,
(y,8) in the interior of (20) and (y, ) in (24).

We can rewrite det(H) using the formula in (28) as

1
det(H) = D [BR(U, + U,) + U, U,]

= DR 1+ o) + 01, 29)
where
U =Ry + Ry —2Rs —2R;, U, =Ry+ Rs — 2R, — 2R;.
The following lemma establishes technical inequalities on Uy, U,, Ry, . . ., Ry, which are

crucial in establishing the positivity of det(H). Its proof is given in Section 6.5.

Lemma 20. We have U] > 0, R4 > R6r R5 > R7, R5 > 4R3, R9 > 4R7, and 3R8/2+R9 >
9R,, for every (a, B) € R, (v, 8) in the interior of (20) and (v, 8) in (24).

With Lemma 20 at hand, we can now prove that det(H) is positive.

Lemma 21. det(M) > 0 for every («, B) € R}, (y,9) in the interior of (20) and (y, )
in (24).

Proof. Observe that
Uy +3U;, = (Rg +2R9/3 — 6R;) + (3R4 — 2Rs) + (Ro/3 — 4R;/3)
+ (3Rs/2 — 2R1/2) + (3Rs/2 — 6R3)
> 0,

where the last inequality follows by Lemma 21. Once again by Lemma 21, we have U; > 0
and hence U,/U, > —1/3. Thus, (29) gives

U U
det(H) > 3%2121 +Uy) = 31 [Rs + Rs + 2(R, — R, — R3)] > 0,

where the last inequality follows from Lemma 16 and Observation 14. .

Proof of Lemma 11. As in the proof of Lemma 10, Lemmata 18 and 21 yield that
8a,p(y,0,€) achieves its unique maximum in the region (3) at the point (y*,§*, &), for
every (o, ) € R;. We next show that g, 5(y,6,¢) 1= Po(, B,y,6,¢) also achieves its
unique maximum in the region (3) at the point (y*, §*, £*) in a small neighborhood of R.
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First note that @, is continuous. By Lemma 12, we have for sufficiently small x > 0,
the maximum of g, g cannot be obtained on the boundary of the region (3).

Note that the derivatives of ®, are continuous. It follows that for sufficiently small x > 0,
all stationary points of g, 4 have to be close to the point (y*, §*, £*). We can choose x such
that det(H) > 0 in the neighborhood of the point (y*, 8*, £*), which implies that g, s has a
unique stationary point and it is a maximum. .

6. REMAINING PROOFS OF TECHNICAL LEMMAS

6.1. Proof of Lemma 13

We define W; to be the numerator of W;; minus the denominator of W;;, and W, to be the

numerator of W,; minus the denominator of W,;; more precisely
Ws=(a—y—8&(l—2a+y)—ila—y) (30)
Wi=(B—38—mil —28+68) —&(B -8 (€1))

Substituting the expression for & and simplifying we obtain

Wy = (@ + B — 1+ vVD)/2)e(1 = 2a + y) — Ai(a — )%,
Wii=(a+B—1+vVD)/2)i(l —2B8+8) — (B — 8~
By expanding W5 and W,, we have

Wy = Wy + Wap/D,
Wy = Way + W'D,

where

Wi = ((3/2)8 — (1/2)8> = § — (3/2)af + sa)y
+ B+ (5/2)Ba* + (1/2)e® + (3/2)a — (3/2)a?
—(1/2)B* = 1/2 + 8a — (7/2)aB — da* + B a,
W =af — (1/2)By —a— (1/2) + (1/2)a® +1/2,
Wa = (/2 — (1/2)a* — y — (3/2)ap + vB)8
+a+G/9ap’+(1/2) + (3/2)8 — (3/2)8°
—(1/2)a> = 1/24yB — (1/Daf — yB* + B,
Wi =af — (1/2ad — g — (1/2a + (1/2)8> +1/2.
Note that for every (o, 8) € R, W3, > Owhen 0 < y < o, and Wy, > O when0 < § < .
To see W3, > Onote thata — (1/2)By —a — (1/2)B+(1/2)a> +1/2 > af — (1/2)Ba —
a—1/2)B+1/2)a>+1/2 = (1/2)(1 —a)(1 —a — B) > 0,since & + B < 1; inequality

Wy, > 0 is the same (after renaming the variables).
Note that W3, is a linear function in y and we have

dWs,

v (3/2)B — (1/2)B* — 8 — (3/2)ap + da,
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which is positive for all («, 8) € R and 0 < § < B. To see this note

(3/2)B — (1/2)B* =8 — (3/)aB + s = (1 — a)((3/2)B — 8) — (1/2)p*
> (1-a)(1/2)8 — (1/2)8* = (1/DB(1 —a — B) > 0.
Moreover, we have W3, is negative when y = «, («,8) € Rand 0 < § < g (after
substituting y = « into W3; we obtain —(1 — a)(1 —a — 8)?/2 < 0). Hence, W3, < 0 for
all (@,f) e R,0<y <aand0 <§ < B.
By the same proof, we can show that W,; < O for all («,8) € R,0 < y < « and

0 < 8 < B (note that W3, and W, are the same after renaming the variables).
Let

Ws = (Ws1/Ws)® — D,
We = (Wai/Wi)* — D.

Note that the signs of W3 and W5 are opposite, and the signs of W, and W are opposite.
After substituting W3, W3y, Wy, Wy, and simplifications, we obtain

CAB =@ =) -8+ B R2a—1-y)

Ws = ,
Qaf — Py =20 —p+o*+ 1)
W M- 8)*(a@ —y)((1 =B’y +a*(2 — 1 =)
o (B2 —8a+1— 28 —a + 2ap)?
Hence,
Wi>1 & Ws<0 & (1-a)’8+pQa—-1-y)>0,
and

Wo>1 & We<0 & (1-8>y+a’2B8—-1-6)>0.

Flnally, we analyze the conditions for Wi, > 1 and W,, > 1. It is straightforward to see
that

Wn>1 ¢ (@—y)P>1-2a+4+y)y < y <d?
and

Wyn>1 ¢ (B—8>>1—-28+8)8 < §<p.

6.2. Proof of Lemma 16

We have
1 1 1\ D VD 2vD
“R+R+R=F-0)|—————z+x)— = + .
a—y—¢& 1 & g l1-20+4+y oa-—vy

Multiplying by the denominators we let

Py = (R + R, + R)EN(1 — 2a + y) (@ — y)(@ — y — &) = Py, 4+ Pv/D,
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where

Py =1—(1/2)8a+ 17aB + (9/2)8y — 58y + 2layBs — (37/2)a’*yBs — Sayps®
+ (5/2)ayp*s + 8y*adB — Sa — 3B — 8 + 10a* + 38% + 388 — 100 + 5a* — B°
+ 15ayB — (13/2)aBs — (27/2)ays — (5/2)By s — 4o’ B8 + (27/2)a’y s
— 1502y — 24ay B> — 8y?B8 + (17/2)ap*s — (5/2)8°y 8 — 3aBs> 4+ 38y 8>
+ (15/2)a® B8 + 40’ B8* — (11/2)a*B%8 — (9/2)a’ v + 30’y 8% + S’y B
+ 170y B* + day B’ — 3y*as® — 5y%ap® + y?B8* — 3878 + 38%a — 38y
—3a%8% 4 (7/2)a*s — 8a*B — 150> B% — 4o’ B> + 3267 — 28> — 33?8
+ (15/2)a*8 — 16aB* + 78%y — (19/2)a8 + 27 B + 28a° B + 5¢* B
+4aB’ —28%y + 68> — (3/2)ap’s + (1/2)B°ys — &,

and

P =—1—(1/2)8a — 9aB — (5/2)8y + 3By — 2ayBs + 4o + 28
+8 —6a% — B2 — 288 + 4o — a* — 6ayB + 4aBs + Says — B8
— (5/2)a%y8 + 3a’yB + dayB* + B8 — 3/2)ap*s + (1/2)B*yS — ays* + p*8
— 8% + 8%y + a?8% + 12028 — 208 + 4ap? — 287y + (3/2)a’s
— 5038 — 402 B* — v 2.
The following claim is proved using the Resolve function of the Mathematica system
in Appendix A.2.

Claim 22. P;; > 0 and P; < O for all (&, ) € R and (y, §) in the interior of (20).

From Claim 22, we have that P;; — P;,+/D > 0 and hence showing Py, + Pi,vD <0
is equivalent to showing P?, — P,D < 0 which in turn is equivalent to showing that
P, := (P/P1,)? — D is negative. We have

_(B=8@—y)Pu

Py = (P\1/Pp)’ — D = 7
12

k)

where

Py = —88a + 20ay B8 — 100y B8 + 2ayB8* + 12ay 26 + 28 4 26% — 88p
+ 4% + 34aB8 — 108y 8 — 440> BS + 8aB*s — 4By S — 14afs* — 2By 8*
+ 180’ B8 + 60> B8> — 10’ B%8 4+ 9’y 8% — 16ayp’ — 18y 8* — 2828 — 158%w
+98%y + 24087 + 20*8 4 16a%B° + 4y? B> + 120°8 — 8a’s — 16a8° + 883y
—488° + 6ap’s — 287y + 8878 + 28757
+88%x — 48%a? — 118%a° — 38%ap? + 8%y B* — 48y*B* — 48°.

The following claim is proved using the Resolve function of the Mathematica system
in Appendix A.3.
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Claim 23. P, > Oforall («, 8) € R and (y, d) in the interior of (20).

From Claim 23, we have that P, < 0 which implies P, + P 12«/5 < 0 and this completes
the proof of Lemma 16.

6.3. Proof of Lemma 18

We will use the following technical lemma in the proof of Lemma 18.

Lemma 24. For every (a, B) € R, and (y,§) in the interior of (20), we have

(=R + Ry + R3)(—R, + Rs + R7) — R} < 0, (32)

(=R, + Ry + R3)(—R; — Ry — Ry) — R > 0, (33)
and

(=R, +Rs +R:)(—R, — Ry — Rs) — R} > 0. (34)

Proof of Lemma 24.  We first prove inequality (32). We have that
(—Ri + Ry + R3)(—R, + Rs + R;) = (Ri — R, — R))(Ry — Rs — Ry) < R},

where the last inequality uses Lemma 16 and the positivity of the R; (Observation 14). This
establishes (32).
We next prove (33), noting that inequality (34) follows by an analogous argument. The
left-hand side of (33) multiplied by the denominators and simplified is
Ps = ((=Ri + Ry + R3)(=Ry — Ry — Ry) — RD8(a — y)&i(1 — 2o + y)
x (@ —y —2&)/vD
= Ps; + Ps;V/D,

where

Ps; = —1 —4By*Sa + 38a — 17ap — 38y + 5By — l4aBys + 11a’Bys + Sa + 3B
— 10a® — 38 — 15aBy + 98ay — 3aBs + 10a*B8 + 150 By + 24aB>y + 3By$
+4By28 — 98’y — Ta’BS — 5By — 170’ By — daB’y + 58%y%a + 380’y
+ 330’8 — 98a* + 16ap* — 270 B — 28a* B> — 18%y — 5B%y? + 98’ — 4ap’
+ 8a*B + 150°B* + 4’ B> + 283y + B3y? — 38a* 4+ 10a® — 5o + B2 + o,
and
Ps, =1 —28ay + 6afy —3a’By — 4af’y + da’y — 4a + 60> — 28 — 4o’

+a* + B2+ 9aB — 3By — S + 8y + 28 — 12a%B — 4o + 50> B + 4o B
+28%y + B2y? — 8a’.

The following claim is proved using the Resolve function of the Mathematica system
in Appendix A.4.
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Claim 25. Ps5; <0, Ps; > 0 for all all (o, 8) € R and (y, §) in the interior of (20).

From Claim 25, we have that Ps,~/D — Ps; > 0 and hence the sign of Ps = Ps, + Ps;/D
is the same as the sign of DPZ, — P2, which is the same as the sign of

48— 8)(@— ) (1 — )6 + Qo — 1 — )’

D — (Ps;/Ps,)* = 7 > 0.
Hence Ps > 0 which implies (33). .
Proof of Lemma 18. From o + 8 + A(A —2)af < 1 we have
(A=1?<d-a) = B)/(@p) =: Ru. (35)

Lemma 24 implies that the coefficient of (A — 1) in (28) is positive and the coefficient of
(A — 1)? in (28) is negative. Hence, also using (35), we have

1
@mnzﬁmqe&+&+&mﬂ+&+&rwﬂ
+ [(=Ri — Ry — Ro)(—R, — Ry — Rs) — R}

1
> D (=RiRyR | — R\R¢R;| + R R4 + R\Rg + +RsRy + R3R7R,;

+RiRs + RiRy — RiR3R11 — RiR7R11 + RoR7Ry1 + R3R6R11) -
We will show
—R\RyR;1 — RiRsRy1 + Ri1Ry + RiRg > 0, (36)
and
RsRy + R3R7Ry; + RiRs + RiRy — RiR3R | — RiR7R | + RoR7R 1 + RaRsRy > 0. (37)

To prove (36), note that

— RiRyRy; — RiR¢R1 + R\Ry + R\Ry =

VD1 —a—p) (l 1 d-a)1-p) (1—06)(1—ﬂ))
l—a—B—¢—14 '

y 8 aB(l—2a+y) af(l—28+0)

The positivity of (36) follows from the following claim.

Claim 26.

11 (d-od-=p d-o)d-5)

y 8 af(l—2a+y) af(l—2B8+50)

>0,

for every (a0, B) € R3; D Ra, (¥, 9) in the interior of (20), and (y, §) in (23).
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Proof of Claim 26.

1 1 (- -8 d-a)l-p)
-4 - = — 1-2 1-2
<y+8 @B —2a +7) oz,3(1—2,3+8))a'3y8( oty =26+9)
= 298 + 8af + yapf — 48aBy — 28ap’ + 82apf — 28’ B + 48a* B — 28%a’B
—2yaf’ = 2ya’B + 4y’ B + ylap — 2y B’ + 4ySp — 2y8B% + v 5P

+4yda + y8a + y8p — 2y8a” + y28a — y8* — y?8 > 0,

where the last inequality is proved using Resolve function of Mathematica system, see
Appendix A.S. ]

To show (37), we first note that

RsRy + R3R7R 1 + RiRs + R{Ry — RiR3R | — R{R7R; + RoR;R + R3RsR
4l1-B—-y -9 (1I-a)(1=8) 2a—y —8)
_¢*< N
(@ —1y) (I-2a+y)ap p-—9
(1-a)(1—=p) 22—y —8)
(1=28468)ap o—y

2@ —y —8)2< L1 )((1—(1)(1—/3) 1—,3—3/—5))
CERED af o—y—¢

- 2V/D(a —y —8)((1—06)(1—;3)
B —35 (1 =20+ y)ap

a—y—é(0-0)(1-p) 1-p-y—¢
o ()
+2J7a— —@(a—ma—ﬂ> a—y—¢
y (1-28+8af  (B—20)8

y <(1—01)(1—,3)_ 1—,3—J/—§>>
ap a—y—& '

We will show
I-a)-p a—y-¢ ((1—01)(1—13) _ l—ﬂ—V—é) =0
(I =2a+y)af (@—p) ap a—y-—¢ ’
for every (o, 8) € Rz D Ra, (y,98) in the interior of (20), and (y,§) in (23). Then by
symmetry, we have
(l-a)1-=p) a—-y-¢ ((1—06)(1—/3) 1—ﬂ—V—§> =0
(1=28+8aB8 (B—10)¢ af a—y—& '

o —

Let
p :((l—a)(l—ﬂ) _a—y —8((1—a)(1—ﬁ) 1—ﬁ—y—§>>
T\ =2+ (@—y)i ap a—y—¢
x api(a —y)(1 —2a +y)
= Py + Pp/D,
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where

P = (3»/2)0:2 + 4af + (1/2)/32 —ad—yB+ys+1/2—-3/2)a — B+ éap
+ (3/2)yap + 8By — 8o’ B — (3/2)yap® — (1/2)ye’B — y6p — yda
—(1/2)” — (9/2)0* B — (5/2)aB> + yB> + &*8 + (3/2)’ B + (5/2)° B,

and
Pyn=(1/2yaf —1/24+ (1/2)B +a — (1/2)a” — (1/2)af — (1/2)a’B.

The following claim is proved using the Resolve function of the Mathematica system
in Appendix A.6.

Claim 27. P;; > 0 and P;, < O for every (o,) € R3 D Ra, (y,8) in the interior
of (20), and (y, §) in (23).

From Claim 27 we have that the following expression has the same sign as P;:

P — P3LD
(P71/P)* =D = —H——

where
P3, — P3,D > 0.

The last inequality is true for every every («, 8) € Rz D Ra, (¥,8) in the interior of (20),
and (y,4) in (23); it is proved using the Resolve function of the Mathematica system,
see Appendix 6.5. .

6.4. Proof of Lemma 19
We first prove the following upper bound on (A — 1)2.

Proposition 28.  For every A > 3, («, B) € Ra, (y,9) in the interior of (20), and (y, )
in (24), we have

d-o)d-p _ 1-p—y—¢

A—1)?2<
( ) = af a—y—¢

Proof of Proposition 28. The first inequality is straightforward from o + 8 + A(A —
2)af < 1. We next prove that (1 —a)(1 — B)(a —y — &) < aff(l — B —y — &). We have

af(l—p—y -8 —-U-a)(1-B)a—-y—8
=%(l—a—ﬁ)(l—a—ﬁ+2aﬂ—«/§)>0,

where the last inequality follows from

D=(O—-a—-B)>+4a—-y)B—-8 < —a—p+2ap)
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The last inequality is true when y > o2 and § > B2 (to see this note (1 —a — 8 +2a8)? —
(I—a—pB)y =4a—a’)(B—p>) >4a—y)B—19)). .

Let RIO = (1 - ,B -y — é)/(()l -y — g‘) Note that R7R10 = R9, R3R|0 = R5~
Lemma 24 implies that the coefficient of (A — 1) in (28) is positive and the coefficient
of (A — 1)? in (28) is negative. Hence, also using Proposition 28, we have

1
det(M) > ) (Rl() ((_Rl + Ry +R3)(—Ri +Rs + Ry) — R%)
+ ((=Ri — Ry — Ry)(—R, — Ry — Rs) — R})),
1
> 5 (=RiRyR10 — RiRR0 + RiRy + RiRg + RsR9 + R3R7R 9 + RoR9 + RsR) .

We will prove that for every (¢, ) € R3; D Ra,«, 8 < 1/2, (y,§) in the interior of (20),
and (y, d) in (24),

1
RiRy — RiRyRyp + E(RSRQ + R3R7R19) + RyRy > 0, (38)
and then by symmetry, we also have
1
RiRs — RiRsR + E(RSRQ + R3R;R0) + RsRs > 0.

The left-hand side of (38) can be written as the sum of the following two terms:

l—a-— D 1 1
(—e=pyb (11 (39)
l—a—B—e—-n\y 1-2a+y
and
vD 20—yl —a—=p—8) (I—a—p) 40)
(1 —2a+y)7 a—y é '
We have (39) is non-negative, since 1 — 2« > 0.
For (40), we only need to prove
l—-a—B—¢ (1—a—p)?
> ~ b
oa—y 3
since 1 — 2« > 0. By (19), it is equivalent to prove
l—-a—B—6—-H—U—-a—-pB)>>0. 41)

To prove (41), we have
l—a—B—é—H—-(1—a—-p>=—-1—-a—-p>—a—B+y+5++/D,
and
D—(—(l—a—p’—a—B+y+8’
=2y +28 — 20> —2B% — 608 — 6B + 2y8 — 288 — 8% + 6aB* + 60> — 62> B>
— 2oy —4a’B + 20y + 2a%8 — daB® + 2%y + 2828 — v + 4aPs + 4afy
+2a® + 28 — ot — B
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The following claim is proved using the Resolve function of the Mathematica system
in Appendix A.8.

Claim 29
D-—(-(—a=pl-a—B+y+8>>0

forevery (o, 8) € R, o < 1/2, 8 < 1/2, (y,9) in the interior of (20), and (y, §) in (24).

Since —(1 —a — B)> —a — B+ y + 8 < 0, we can conclude that (41) is true. Hence,
we complete the proof of Lemma 19.

6.5. Proof of Lemma 20

We have
1-2 8 —
R4—R6=\/B'M>O,
y(1—28+9)
where the inequality follows from (20).
We have
(I—a—Pa+p-y-8+B-58-a+yVD
R5 - R7 == .

(@=y)(B =9

IfB—6—a+y >0,then Rs > R;. We may assume that 8 —§ —a + y < 0. To show
Rs > Ry, it is equivalent to prove that

(l—a—PB)a+p—y—8>@—y—B+8VD.
‘We have

(I—a—prP@+p—y—8°

(@—y—p+95) P

_ 4=y B-1=2p—y+81-2a—b+y) _

(@ —y—p+9)? O

where the inequality follows from (20).

To show that Rs > 4R; and Ry > 4R;, it is sufficient to prove that | — 8 — y — & >
4(a — y — &), which follows from Proposition 28.

We next prove U; > 0. We first prove that Rg > 2Rs. We have

_Jp. 1=28-8 L 1-38
RS_ZRG_‘/B'a(l—zﬁM) =D sA—28+8)

where the first inequality follows from (20) and the last inequality follows from the fact that
B < (3 —+/5)/4. Hence U; = Ry — 2Rs + Ry — 2R; > 0.
We next show:
3Rs

— 4+ Ry > 9R,.
2+9> 2
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by the fact that & := %(1 +a—pB—2y —+/D)and (1 —a — B)> = af, the goal is then to
show,

3«/5+\/a_/3+~/5 9vD

> o
25 B—4é 1 —20+y
i.e.,
v/ 9B -6 3
i > G-9 3 +1/2.
Jap+4a—y)B—-68) 1-20a+y 26
Since the above inequality is monotone with respect to y, so let y = Yimin = %’ and
the goal is to show:
9B -4 3
JopB L B=D 3,
VB + 4o — Yun)(B—38) 1 =2+ Ymin 26
or equivalently,
1 9B -6 3
> G- ¥ +1/2.
VT+H4A = Yin /o)A =68/8) 1 =200+ Ymin 28
Replacing the term y,,;, in the left-hand side, we get,
1 9B -4 3
(1+5-28) 1 (f+) _£+]/2'
a(+o— — min
J1H 40— <01~ 5/p) ¢

Since o > 1/2 and § > B2, replace them on the LHS, then our goal can be reduced to

: il DN Y
V3-25/ 1—-20+ Ymin 26 '

) (1 B2 (1 _ .
LetX = 1 — 20 + ypn = 12200 51)7;; U=28+9) and A = 3‘3‘72‘3 So we are going to show

26X > VA(188(B — &) — 3BX + 8X),
i.e.,
482X > A(188(B — 8) — 3BX + 8X)?,

when 185(8—38)—3B8X+48X > 0. Therest of the proof can be checked by using Mathematica
since they are all polynomial constraints, see Appendix A.9.

APPENDIX: MATHEMATICA CODE

Clear ["Global‘'*"]

SetSystemOptions ["InequalitySolvingOptions" -> "CAD" -> True];
SetSystemOptions ["InequalitySolvingOptions" -> "QuadraticQE" -> Falsel;
SetSystemOptions ["InequalitySolvingOptions" -> "LinearQE" -> Falsel;
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RR = alpha > 0 && beta > 0 && alpha + beta < 1;
RR3 = alpha > 0 && beta > 0 && alpha + beta + 3*alpha*beta < 1;
Inter22 = gamma > 0 && gamma < alpha && delta > 0 && delta < beta &&
1 - 2*beta + delta - gamma > 0 && 1 - 2*alpha + gamma - delta > 0;
125 = gamma > 0 && gamma < alpha”™2 && delta > 0 &&
delta < beta”™2 && (1 - alpha)"2*delta + beta”2*(2*alpha - 1 - gamma) < 0 &&
(1 - beta) "2*gamma + alpha”2* (2*beta - 1 - delta) < 0;
u26 = gamma > alpha”2 && gamma < alpha && delta > beta”2 &&
delta < beta && (1 - alpha) "2*delta + beta”2*(2*alpha - 1 - gamma) > 0 &&
(1 - beta) "2*gamma + alpha”2* (2*beta - 1 - delta) > 0;

DD = (1 - alpha - beta)”2 + 4*(alpha - gamma) * (beta - delta);

epsilon = 1/2*(1 + alpha - beta - 2*gamma - SQ);
eta = 1/2*(1 + beta - alpha - 2*delta - SQ);

Wil

(alpha - gamma - epsilon)* epsilon* (1 - 2*alpha + gamma)/
(eta* (alpha - gamma) "2) ;
Wl2 = (alpha - gamma) "2/ ((1 - 2*alpha + gamma)*gamma) ;

(

(

W21 = (beta - delta - eta)*eta*(l - 2*beta + delta)/(epsilon* (beta - delta)"2);
W22 = (beta - delta)”2/((1 - 2*beta + delta)*delta);
Rl = (1 - alpha - beta)/(1 - alpha - beta - epsilon - eta);

R2 = SQ/(1 - 2*alpha + gamma) ;

R3 = 2*(alpha - gamma - epsilon)/(alpha - gamma) ;

R4 = SQ/gamma;

R5 = 2% (1 - beta - gamma - epsilon)/(alpha - gamma) ;

R6 = SQ/(1 - 2*beta + delta);

R7 = 2*(alpha - gamma - epsilon)/(beta - delta);

R8 = SQ/delta;

R9 = 2*(1 - beta - gamma - epsilon)/(beta - delta);

R10 = (1 - beta - gamma - epsilon)/(alpha - gamma - epsilon) ;
R11l = (1 - alpha)* (1 - beta)/(alpha*beta);

Mathematica Code for Proving Lemma 13

W3 = Expand [Expand [Numerator [W1l]/2 - Denominator[W1l]/2] /. {SQ"2 -> DD}];
Exponent [W3, SQ]

W31 = Coefficient [W3, SQ, 0]

W32 = Coefficient [W3, SQ, 1]

Resolve [Exists[{alpha, beta, gamma}, RR && Inter22 && W32 <= 0], Reals]

W4 = Expand [Expand [Numerator [W21]/2 - Denominator[W21]/2] /. {SQ"2 -> DD}];
Exponent [W4, SQ]

W41 = Coefficient [W4, SQ, 0]

W42 = Coefficient[W4, SQ, 1]

Resolve [Exists[{alpha, beta, delta}, RR && Inter22 && W42 <= 0], Reals]

W5 FullSimplify[(W31/W32)"2 - DDI]
W6 = FullSimplify[(W41/W42)"2 - DD]

Mathematica Code for Proving Claim 22

FullSimplify[((-R1 + R2 + R3) - ((beta - delta)*(-1/(alpha - gamma - epsilon)
- 1/eta + 1/epsilon) - SQ/epsilon + SQ/(1 - 2*alpha + gamma) +
2*8Q/ (alpha - gamma))) /. {SQ -> Sgrt[DD]}]
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Pl = Expand[FullSimplify[ExpandAll[((beta - delta)*(-1/(alpha - gamma - epsilon)
-1/eta + 1l/epsilon)-SQ/epsilon + SQ/ (1 - 2*alpha + gamma) +
2*3Q/ (alpha - gamma)) *epsilon*eta* (1 - 2*alpha + gamma)* (alpha - gamma) *
(alpha - gamma - epsilon)]]/.{SQ"2 -> DD, SQ"3 -> SQ*DD, SQ"4 -> DD"2}];

Exponent [P1, SQ]

P11 = Coefficient[P1l, SQ, 0]

Resolve [Exists[{alpha, beta, gamma, delta}, RR && Inter22 && P11l <= 0], Reals]

P12 = Coefficient[P1l, SQ, 1]

Resolve [Exists[{alpha, beta, gamma, delta}, RR && Inter22 && P12 >= 0], Reals]

Mathematica Code for Proving Claim 23

P2 = FullSimplify[(P11/P12)"2 - DD];
P21 = -FullSimplify[Numerator[P2]/((beta - delta)"2*(alpha - gamma) "3)]
Resolve [Exists[{alpha, beta, gamma, delta}, RR && Inter22 && P21 <= 0], Reals]

Mathematica Code for Proving Claim 25

P5=Expand [FullSimplify [
Expand[((-R1 + R2 + R3)*(-R1 - R8 - R9) - R172)*delta*(alpha - gamma)*

epsilon* eta* (1 - 2*alpha + gamma) * (alpha - gamma - epsilon)/ SQl/.
{sQ -> sqrt([DD]}]1]/.{Sgrtlalpha”2 + (-1 + beta)”2 +
alpha (-2 + 6 beta - 4 delta) + 4 (-beta + delta) gamma]->SQ}

Exponent [P5, SQ]

P51 = Coefficient[P5, SQ, 0]

Resolve [Exists[{alpha, beta, gamma, delta}, RR && Inter22 && P51 >= 0]]

P52 = Coefficient[P5, SQ, 1]

Resolve [Exists[{alpha, beta, gamma, delta}, RR && Inter22 && P52 <= 0]]

FullSimplify[DD - (P51/P52)"2]

Mathematica Code for Proving Claim 26

Resolve [Exists[{alpha, beta, gamma, delta},

FullSimplify[
Expand[ (-R2*R11 - R6*R11 + R4 + R8)/SQ*alpha*beta*gamma*
delta* (1 - 2*alpha + gamma)* (1 - 2*beta + delta)]] <= 0

&& RR3 && 125], Reals]

Mathematica Code for Proving Claim 27

P7 = FullSimplify[((1 - alpha)*(1 - beta)/((1 - 2*alpha + gamma)*alpha*beta) -
(alpha - gamma - epsilon)/((alpha - gamma)*eta)* ((1 - alpha)*
(1 - beta)/(alpha*beta) - (1 - beta -gamma - epsilon)

/ (alpha - gamma - epsilon)))*alpha*beta*eta* (alpha - gamma) *
(1 - 2*alpha + gamma)]

Exponent [P7, SQ]

P71 = Coefficient[P7, SQ, 0]

Resolve[Exists[{alpha, beta, gamma, delta}, RR3 && Inter22 && P71 <= 0], Reals]
P72 = Coefficient[P7, SQ, 1]

Resolve[Exists[{alpha, beta, gamma, delta}, RR3 && Inter22 && P72 >= 0], Reals]
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Mathematica Code for Proving Lemma 18

TP1 = Expand[P7172 - P7272*DD]
Resolve [Exists[{alpha, beta, gamma, delta},RR3 && 125 && TPl <= 0], Reals]

Mathematica Code for Proving Claim 29

TP2 = Expand[DD - (-(1 - alpha - beta)”2 - alpha - beta + gamma + delta) "2]
Resolve [Exists[{alpha, beta, gamma, delta}, RR && alpha <= 1/2 && beta <= 1/2
&& u26 && TP2 <= 0], Reals]

Mathematica Code for Proving Lemma 20

X = ((1 - 2*alpha)*(1 - beta)”2 + alpha”2*(1 - 2*beta + delta))/(1 - beta) 2;
A = (2*beta - 2*delta) /beta;
Resolve [Exists[{alpha, beta, gamma, delta},
(1 - alpha - beta)”"2 == alpha*beta && alpha > 1/2 &&
alpha < 1 && beta > 0 && beta < 1 && Inter22 && u26 &&
4xdelta”2*X"2 <= A*(18*delta* (beta - delta) - 3*beta*X + delta*X)”"2 &&
18*delta* (beta - delta) - 3*beta*X + delta*X > 0], Reals]
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