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Abstract

In this paper we consider the problem of designing deadlock-free shortest-path routing algorithms. A design technique based
on acyclic orientations has proven to be useful for many important topologies, e.g., meshes, tori, trees and hypercubes. It was
not known whether this technique always leads to algorithms using an asymptotically optimal number of buffers. We show this
is not the case by presenting a graph of sizevhich has a deadlock-free shortest-path routing algorithm usiag@iffers, but
every deadlock-free shortest-path routing algorithm based on acyclic orientations rénligs// log log /) buffers.
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1. Introduction per node [8]. However this algorithm suffers from con-
gestion, because it uses only a spanning tree of the net-

Devising deadlock-free routing algorithms is an work. It is reasonable to consider routing algorithms
important problem in the network design. A wide USing only shortest paths. For such algorithms it was
range of different algorithms and design techniques Shown in [2] that there exists a network of siAé
has been proposed [1,4-11]. In this paper we con- which requiresQ (loglog/\) buffers per node. It is
centrate on an important class of deadlock-free rout- @S0 known that for every network of diame@rthere
ing algorithms calleduffer-reservatioralgorithms [2, ~ €Xists & shortest-path deadlock-free routing algorithm
3]. Given source, destination and current buffer of a UsingD + 1 buffers per node [9]. _
packet a buffer-reservation algorithm specifies a setof A tfachque for constructing dead_lock-free routing
buffers to which the packet may move. The packet can algorithms based on acyclic orientations has proven to
move to any buffer from the specified set provided that be useful for many important topologies [9]. More-
it is empty. over only few additional bits of data besides routing

It is known that for each network there exists a information are required by the algorithms designed

deadlock-free routing algorithm using only 2 buffers Using this technique. Thus a natural question is how
good the technique is in general. We present a graph

of size N/ which has deadlock-free shortest-path rout-
ing algorithm using @1) buffers per node, but every
deadlock-free shortest-path routing algorithm based
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on acyclic orientations require® (log\//loglog/N)

buffers per node. The proofs presented in this paper
can be adapted to obtain the same result for the cube-

connected-cycles graph.

2. Preliminaries

A communication network is modeled by an undi-
rected graptG = (V, E), where vertices irV repre-
sent nodes and edgeshAirepresent bidirectional com-
munication links. Every edge is considered to com-
prise two opositely oriented arcs.

Given source, destination and the buffer currently
holding the packet a buffer-reservation algorithm spec-
ifies a set of buffers to which the packet may move.
The packet can move to any of the specified buffers,
provided it is empty. Adeadlocks a situation in which

3. A gap between acyclic orientations and plain
buffers

In this section we present a graph which has
shortest-path deadlock-free routing algorithm using
only O(1) plain buffers per vertex, but every shortest-
path deadlock-free routing algorithm based on acyclic
orientations require® (log '/ loglog/\) buffers per
vertex.

Consider the following machin&,,:

v
O(1(1

It has a working tape witlx cells and a head which
can be positioned above any cell. Each cell contains
one binary digit. In one step the head can change the
content of the scanned cell (shuffle) or it can move to
the left or to the right neighboring cell. Tis¢ateof the

a set of packets can never reach their destination, be-machineM, is the position of the head and the content
cause specified buffers of each packet are occupied byof the tape.

other packets from the set. A buffer reservation al-
gorithm is calleddeadlock-fredf it does not allow a
deadlock to occur. A routing algorithm is callsbort-
est pathf the packets are always routed along shortest
paths.

Given a graphG an all-to-all path systemP is
a collection of paths connecting every two vertices
in G. An orientation DGof G is a directed graph
obtained fromG by replacing each undirected edge
in G by an arc (i.e.,{u,v} is replaced by either
(u,v) or (v,u)). An orientation is calledacyclic
if it doesn’t contain a cycle. Arorientation cover
of a path systenfP is a sequence of orientations
DGy, ...,DG, such that every patlp € P can be
written as a concatenation opathsps, ..., p; where
pi is a path inDG; for i € [s]. An acyclic orientation
cover is an orientation cover consisting of acyclic
orientations.

Let P be a shortest-path all-to-all path system of a
graphgG. If an acyclic orientation cover fagP of size

Definition 1. Let G, be the graph with vertices
corresponding to states of the machilg and edges
connecting two vertices iff the corresponding states
are reachable in one step #f,.

Remark 2. If the tape of the machine was wraparound
the resulting graph would be the cube-connected-
cycles graph. It is possible to show the same results
for this graph with slightly more complicated proofs
and worse constants.

3.1. Upper bound for plain buffers
Theorem 3. There exists a shortest-path deadlock-
free routing algorithm of the graplG, using only

8 buffers per vertex.

Proof. Let u, v be any two vertices of the graph,.
Moving along a shortest path fromto v corresponds

s exists, then there exists a shortest-path deadlock-freeto changing the stateto the state using the minimal

routing algorithm using only buffers per vertex [9].

A routing algorithm designed using this technique is
said to bebased on acyclic orientationH there is no
restriction on how a routing algorithm was designed
then it is said to usplain buffers

number of steps. Lek, andh, be positions of the
head inu andv. Moreover let,, ,, andr, , be positions

of the leftmost and the rightmost cell that have to be
visited (every cell in which tapes af andv differ as
well as cells at positions, andhi, must be visited).
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In every shortest path the head makes a movement invertexv. Observe that a packet never moves to a buffer

one of the following two forms: with smaller number. Therefore all buffebs, . . ., b,
must have the same number—some [4]. When a
luv  hy hy Tu,v packet moves to a buffer’ it uses shuffle-arc and
| | | | | | | | | | when it moves to a buffes it uses a left-arc ifz is
- odd and a right-arc i& is even. Therefore all buffers
.-,;. b1, ..., b, must bes’. However a packet never moves

froma’ to a’, a contradiction. O

CASE 1 s < )
3.2. Lower bound for acyclic orientations

luw  hy hu Tu,v The vertex set of an-dimensionahypercubecon-
| | | | | | | | | | sists of all binary strings of length. Two vertices are
.\. connected by an edge iff they differ in exactly one bit.
OQ_. For any two vertices, v a movement along path from
u to v corresponds to a sequence of changes of some
CASE 2 (1, = hy) bits. If the bits are changed in order from left to right

_ then the path is calleshonotoneThe lower bound for
Thus according to the head movement each path canacyclic orientations depends on the following lemma:
be divided into three phases (the first and/or third
phase can be empty) in which the head moves in | emma 4. Let P be the all-to-all path system of an

one direction. Now we show that eight buffers per ,_dimensional hypercube with monotone paths. Every
vertex suffice. Each vertex has buffers with names grientation cover forP has size (n/logn).

1,2,3,4,1,2,3,4. A packet moving along a path

with the head movement—CASE 1—is initially put proof. Let DGy, ..., DG, be an orientation cover for
in the buffer 1 and then it moves between buffers p_ e show that the size of this cover must be large by
according to these rules: simulating movement of packets in the network. Each
— left-arc (phase 1) any buffep buffer 1 vertex generates a packet for every other vertex. The
— right-arc (phase 2) any buffes buffer 2 packets then move along their paths according to the
— left-arc (phase 3) any buffes buffer 3 orientationDGy, then according t®G, and so on and
— shuffle-arc (all phases) buffer — buffera’ finally after moving according t®G, every packet

No shortest path contains two consecutive shuffle- must be in its destination. We observe the state of the
edges and thus the rule for the shuffle-arc is correct network (positions of packets) after each orientation.
(a packet that wants to move along a shuffle-arccannot | et 4 be a number & d < n andv be a vertex.

be in a buffer with a prime). A packet moving along a By s¢ we denote the set of all vertices that can differ
path with the head movement—CASE 2—is initially  from v only in the firstd bits and byD? the set of all

put in buffer 2 and moves between buffers according vertices that can differ from only in the last: — d

to these rules: bits. Given a state of the network we call the vertex
— right-arc (phase 1) any buffes buffer 2 v activewith respect tod if for each vertexu € D¢
— left-arc (phase 2) any buffes buffer 3 there exists a packet which has to move throughv.
— right-arc (phase 3) any buffes buffer 4 Clearly if v has not yet received some packe} from
— shuffle-arc (all phases) buffer — buffera’ some vertexw € S¢ thenv is active with respect td,

For the sake of contradiction suppose that there is a because packets from to every vertex inD? travel
deadlock. Then there must be a sequence such that  together with(p) until they reachv (the paths are
monotone). A vertex which is not active with respect
tod is calledpassivewith respect tal. Clearly a vertex
where (u,a) — (v, b) means that a packet from the passive with respect td must have already received
buffer a in the vertexu waits for the bufferb in the all packets from all vertices if¢.

(v1, b1) = (v2,b2) = - -+ = (U, b)) — (1, b1),
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Let k =log, n. We will construct a sequence of hy-
percubego, ..., @,/ such that after moving accord-
ing to theith orientation the ratio of passive verticesin cannot move between source and destination in the
Q; with respect tdi is at mosti /2¢. This would im- orientationDG; 11, because these two packets need to
ply that, because if some vertices are active then somecross the edge between vertices:

where d, e, f are some binary strings, then either
a packet fromuvg to u1 or a packet fromvy to ug

packets are not in their destination. For eathe hy-
percubeQ; will have dimensiom — ki and it will con-
sist of vertices starting with some string fraiy 1}*'.
Initially all vertices are active and thus we can
take Qg to be the whole hypercube. Now we show
how to constructQ; 1 from Q;. Let Q; be an(n —
ki)-dimensional sub-hypercube consisting of vertices
starting with some string € {0, 1}*' and suppose that
the network is in state after moving according to the
ith orientation. LetM denote the number of passive
vertices (from(Q;) with respect toki. For anyw €
{0, 1}*~k(+D |et A,, denote the set of active vertices
(from Q;) with respect tai such that they end witi.

Now we move the packets along their paths according INy| —

to the orientatio®G; 1. How many vertices fron®;
ending withw can be passive with respectk@ + 1)
after the movement? L&¥,, denote the set of these
vertices. Let e [k] be such that’2> [N, | > 2/~ (the
case|N,| < 1is treated separately). By induction it is
easy to show that there exist distingt ..., z; € [k]
such that for each;, j € [/], there exist two vertices
in N, of the form:
k

ug : X a 0 b w
e — ——
ki Zj n—k(i+1)
k
Ui : X a 1 c w
D ————
ki Zj n—k(i+1)

wherea, b, c are some binary strings. If there were two
vertices inA,, of the form:

Vo : X d |0 f w
S S —
ki Zj n—k(i+1)
k
vy X e 1 f w
e —— ———

ki % n—k(i+1)

X a * f w
————— S —
ki Zj n—k(i+1)

in the opposite direction. This is a contradiction to our
assumption thatg andu; will be passive after the
movement and thus there cannot be sughv pair

in Ay. Therefore for eacly € [I] the (ki + z;)th bit

of each vertex fromA,, is determined by bitgki +

zj +1),...,k(i +1). This implies that A,,| < 2t~/
For anyl € [k]:

(2" = |Aul) <

The inequality holds also in ca$#,,| < 1. Summing
the inequalities for eact € {0, 1} ~*(+D we obtain:

2l — ok 4 okl <.

where N is the total number of vertices fron;
passive with respect th(i + 1) after the movement.
Clearly there exists a string € {0, 1}* such that
at most (M + 2"—%@+Dy 2k yertices starting with
xq are passive with respect tb(i + 1) after the
movement. LetQ; 1 be the hypercube consisting of
vertices starting withxg. The ratio of passive vertices
increased from

M
Rl' = W to

(M + 2n—k(i+1))/2k 1
Rit1= n—kG+1) =R; + ?

Therefore if inQ; the ratio was at mosy/2* then in
0,1 the ratio will be at mosti + 1)/2¢. O

Theorem 5. Any shortest-path deadlock-free packet
routing algorithm of the graphG, based on acyclic
orientations require$2 (n/ logn) buffers.

Proof. Let S be the set of all vertices froi@, having

the head on the leftmost bit and be the set of all
vertices having the head on the rightmost bit. For every
u € S andv € D there is a unique shortest path from
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u to v in G,. It corresponds to changing the bits in  Acknowledgement

which u and v differ while moving the head to the
right. LetP be the set of the shortest paths from every
u € Stoeveryve D. LetC =DGy,...,DG; be an

Thanks are due to Ivona Bezakova, Rastislavéra

vi€, Branislav Rovan, Peter Rukia and Richard Tan

acyclic orientation cover used to implement shortest- for helpful discussions and for carefully reading the

path deadlock-free packet routing algorithm 6.
Clearly C is also an acyclic orientation cover f@.

By merging the vertices having the same tape
content we obtain the-dimensional hypercube and
the path syster® becomes all-to-all path system of
the n-dimensional hypercube with monotone paths.
The acyclic orientation covef becomes orientation
cover of the new path system. Using Lemma 4 we
obtain that the size af must be2 (n/logn). O

A consequence of Theorems 3 and 5 is:

Theorem 6. Graph G, of size N/ = n2" has a
deadlock-free shortest-path routing algorithm using

O(2) buffers per node, but each deadlock-free shortest-

path routing algorithm based on acyclic orientations
requires2 (log '/ log log/\) buffers per node.

4. Conclusion

There are many results on buffer-reservation algo-
rithms for specific topologies, but for general graphs
very little is known. It would be interesting to have
better upper and lower bounds on the number of

draft of this paper.
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