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A remarkable connection has been established for antiferromagnetic 2-spin systems, including the Ising and
hard-core models, showing that the computational complexity of approximating the partition function for
graphs with maximum degree A undergoes a phase transition that coincides with the statistical physics
uniqueness/nonuniqueness phase transition on the infinite A-regular tree. Despite this clear picture for 2-
spin systems, there is little known for multispin systems. We present the first analog of this in approximability
results for multispin systems.

The main difficulty in previous inapproximability results was analyzing the behavior of the model on
random A-regular bipartite graphs, which served as the gadget in the reduction. To this end, one needs to
understand the moments of the partition function. Our key contribution is connecting: (i) induced matrix
norms, (ii) maxima of the expectation of the partition function, and (iii) attractive fixed points of the associated
tree recursions (belief propagation). The view through matrix norms allows a simple and generic analysis
of the second moment for any spin system on random A-regular bipartite graphs. This yields concentration
results for any spin system in which one can analyze the maxima of the first moment. The connection to
fixed points of the tree recursions enables an analysis of the maxima of the first moment for specific models
of interest.

For k-colorings we prove that for even £, in a tree nonuniqueness region (which corresponds to 2 < A) there
is no FPRAS, unless NP = RP, to approximate the number of colorings for triangle-free A-regular graphs.
Our proof extends to the antiferromagnetic Potts model, and, in fact, to every antiferromagnetic model under
a mild condition.
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1. INTRODUCTION
1.1. Background

Spin systems are a general framework from statistical physics that captures classi-
cal physics models, including the Ising and Potts models, and models of particular
combinatorial interest, including k-colorings and the hard-core lattice gas model de-
fined on independent sets. We define these combinatorial models more precisely before
presenting the context of our results.

The hard-core lattice gas model is an example of a 2-spin system. For a graph G =
(V, E), configurations of the model are the set Q2 of independent sets of G. The model
is parameterized by an activity A > 0, and a configuration o € Q is assigned weight
w(o) = Al°l. The Gibbs distribution is (o) = w(o)/Z where the normalizing factor is
known as the partition function and is defined as Z = )_ _, w(o). In the hard-core
model, the spins correspond to occupied/unoccupied. Multispin systems are models
with more than two spins, an example being the k-colorings problem. In the colorings
problem, for a graph G = (V, E), configurations are the set Q of assignments of a set
of k colors to vertices so that neighboring vertices receive different colors. The Gibbs
distribution is the uniform distribution over 2, and in this case the partition function
Z = || is the number of k-colorings in G.

The hard-core model and colorings are examples of antiferromagnetic systems —
neighboring vertices “prefer” to have different spins. In contrast, in ferromagnetic
systems neighboring spins tend to align. We defer the formal definition of antiferro-
magnetic spin systems to Section 1.2.3 (see Definition 1.3), where we also discuss how
our results extend to general spin systems.

The focus of this article is the computational complexity of computing the partition
function. Exact computation of the partition function is typically #P-complete, even for
very restricted classes of graphs [Greenhill 2000]. Hence, our focus is on the existence of
a fully polynomial approximation scheme — either a deterministic FPTAS or randomized
FPRAS - for estimating the partition function. For any spin system, (approximate)
sampling from the Gibbs distribution implies an FPRAS for estimating the partition
function, and hence our hardness results also apply to the associated sampling problem.

The computational complexity of approximating the partition function is now well-
understood for 2-spin systems, such as the Ising and hard-core models. For all fer-
romagnetic 2-spin systems, there is an FPRAS for estimating the partition function
[Goldberg et al. 2003]. The picture is more intricate (and fascinating) for antiferromag-
netic 2-spin systems. We will detail the picture after introducing the statistical physics
notion of a phase transition.

Let Tx , denote the complete A-regular tree of depth ¢ with root r. The question of
interest is whether or not we can fix a configuration on the leaves of T ;, so that the
root is influenced by this boundary configuration in the limit £ — co. For the example
of colorings, fix a coloring o, of the leaves (such that there is at least one coloring of the
rest of the tree that is consistent with ;). Look at a random coloring of the tree Ty ,
conditioned on the leaves having coloring o,. For all sequences (o) of fixed leaf colorings,
if in the limit £ — oo, the marginal at the root is uniform over the % colors, then we
say uniqueness holds, and otherwise we say nonuniqueness holds. (The terminology
comes from statistical physics where the focus is on the set of infinite-volume Gibbs
measures, see Georgii [2011].)

For the hard-core model the critical activity is A.(A) = (A — D271/(A — 2)* [Kelly
1991]. Weitz [2006] presented an FPTAS for estimating the partition function in the
tree uniqueness region (i.e., when A < A.(A)). On the other side, Sly [2010] (extended
in Sly and Sun [2012] and Galanis et al. [2014, 2012]) proved that, unless NP = RP,
it is NP-hard to obtain an FPRAS for A-regular graphs in the tree non-uniqueness
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region (i.e., when A > A.(A)). These results were extended to all symmetric 2-spin
antiferromagnetic models by Li et al. [2013] (see also Sinclair et al. [2012]) and Sly and
Sun [2012]. For 2-spin antiferromagnetic models, this establishes a beautiful picture
connecting the computational complexity of approximating the partition function to
statistical physics phase transitions in the infinite tree.

1.2. Main Results

The picture for multispin systems (systems with ¢ > 2 possible spins for vertices) is
much less clear; these approaches for 2-spin systems do not extend to multi-spin models
in a straightforward manner. We aim to establish the analog of this inapproximability
results for the colorings problem, namely, NP-hardness in the tree nonuniqueness
region. Our techniques and results generalize to a broad class of antiferromagnetic
spin systems.

1.2.1. Results for Colorings. For the colorings problem, even understanding the unique-
ness threshold is challenging. Jonasson [2002] established uniqueness when 2 > A +1,
and it is easy to show nonuniqueness when k2 < A since a fixed coloring on the
leaves can “freeze” the internal coloring. For 2-spin systems, nonuniqueness can be
characterized by the existence of multiple solutions of a certain system of Eq. (22),
called tree recursions, see Section 4 for additional explanation. In statistical physics
terminology the solutions to these equations correspond to semitranslation-invariant
measures on the infinite tree T,. For colorings, the uniqueness threshold and the
semitranslation-invariant uniqueness threshold no longer coincide. In particular,
Brightwell and Winkler [2002] established, for semitranslation-invariant measures,
uniqueness when 2 > A and nonuniqueness when & < A.

We prove, for even k, that it is NP-hard to approximate the number of colorings
(in other words, NP-hard to approximate the partition function) when there is non-
uniqueness of semitranslation-invariant Gibbs measures on Tp, that is, when & < A.
Moreover, our result proves hardness for the class of triangle-free A-regular graphs.
Hence, our result is particularly interesting in the region £ = Q(A/log A) since a
seminal result of Johansson [1996] (see also Molloy and Reed [2002]) shows that all
triangle-free graphs are colorable with O(A/log A) colors. His proof, which uses the
nibble method and the Lovasz Local Lemma, can be made algorithmic using the con-
structive proof of Moser and Tardos [2010]. For general graphs with maximum degree
A, the interesting region is 2 = A — O(/A), since Molloy and Reed [2001] showed, for
sufficiently large constant A, a polynomial-time algorithm to determine if a graph with
maximum degree A is k-colorable when & > A — /A + 3. We note that most parts of the
proof extend to the odd % case as well, modulo the technical condition described in the
end of Section 1.2.3.

Here is the formal statement of our inapproximability result for colorings.

THEOREM 1.1. For all even kB > 4, all A > 3, for the k-colorings problem, when
k < A, unless NP = RP, there is no FPRAS that approximates the partition function for
triangle-free A-regular graphs. Moreover, there exists ¢ = g(k, A) such that, unless NP =
RP, one cannot approximate the partition function within a factor 2°" for triangle-free
A-regular graphs (where n is the number of vertices).

1.2.2. Results for Antiferromagnetic Potts. Our result also extends to the antiferromagnetic
Potts model. In the g-state Potts model, there is a parameter B > 0 which corresponds
to the “temperature” and controls the strength of the interactions along an edge. For
a graph G = (V, E), the set Q of configurations are assignments ¢ where s : V — [q].
Each configuration has a weight w(c) = B™ where m(c) is the number of monochro-
matic edges in o. The Gibbs distribution is u(o) = w(c)/Z where Z=)"__,, w(r) is the



50:4 A. Galanis et al.

partition function. The case B > 1 is the ferromagnetic Potts model, and B < 1 is the
antiferromagnetic Potts model. Colorings corresponds to the B = 0 case, and the Ising
model is the g = 2 case.

The uniqueness/nonuniqueness threshold for the infinite tree T, is not known for the
antiferromagnetic Potts model. We prove that the uniqueness/nonuniqueness threshold
for semitranslation-invariant Gibbs measures on T, occurs at B.(A) = %. We believe
this threshold coincides with the uniqueness/nonuniqueness threshold, unlike in the
case of colorings. We prove, for even g, that approximating the partition function is
NP-hard in the nonuniqueness region for semitranslation-invariant measures.

THEOREM 1.2. For all even q > 4, all A > 3, for the antiferromagnetic q-state Potts
model, for all B < %, unless NP = RP, there is no FPRAS that approximates the
partition function for triangle-free A-regular graphs. Moreover, there exists ¢ = ¢(q, A)
such that, unless NP = RP, one cannot approximate the partition function within a

factor 2¢™ for triangle-free A-regular graphs (where n is the number of vertices).

1.2.3. Results for General Antiferromagnetic Models. Our approach applies in much more
generality and yields inapproximability of the partition function for any antiferromag-
netic model when there is nonuniqueness of semitranslation-invariant measures on Ty
and mild additional conditions.

We first need to define general antiferromagnetic models. A general ¢-spin system
is specified by a symmetric g x g interaction matrix B = (B;;); je|q) With nonnegative
entries, which specify the strength of the interaction between the spins. For example,
the interaction matrix for the Potts model has off-diagonal entries equal to 1 and its
diagonal entries equal to B. For a finite undirected graph G = (V, E), a ¢q-spin system
is a probability distribution ug over the space Qg of all configurations, that is, spin
assignments o : V — [q]. The weight of a configuration ¢ € Qg is the product of
neighboring spin interactions, that is,

LUG(O')Z 1_[ B(r(u)a(v)~
(u,v)eE

The Gibbs distribution uq is defined as ug(o) = wg(o)/Zg where the partition function
Zgis Zg = ) ,cq, wc(o). We drop the subscript G when the graph under consideration
is clear.

We use the following definition of antiferromagnetic models in terms of the signature
of the interaction matrix B, that is, the signs of its eigenvalues. The interaction matrix
B is assumed to be symmetric and have nonnegative entries. These are standard
assumptions since we are interested in undirected graphs and the Gibbs distribution
should be a probability distribution. Without loss of generality, we will also assume that
B is irreducible. Otherwise, by a suitable permutation of the spins, B can be put into
block diagonal form (which coincides with the normal form of the reducible B) where
each of the blocks is either irreducible or zero. Effectively, this says that the original
spin model can be studied by considering the induced submodels of each block which
correspond to irreducible symmetric matrices (where our results apply). For connected
graphs G, the partition function for the original model is simply the sum of the partition
functions of each submodel.

We are now ready to give the definition of antiferromagnetism we use.

Definition 1.3. Let B be the interaction matrix of a g-state spin system. Since B is
symmetric all of its eigenvalues are real. Also note that it has nonnegative entries and
by irreducibility, the Perron-Frobenius theorem implies that one of the eigenvalues of
B with the largest magnitude is positive and simple, that is, the associated eigenspace
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is one-dimensional. The model is called antiferromagnetic if all the other eigenvalues
are negative. Note that no eigenvalue is allowed to be zero and hence B is nonsingular.

This definition generalizes antiferromagnetism for 2-spin systems (see Goldberg et al.
[2003], Li et al. [2013], and Sly and Sun [2012]), and captures colorings as well as the
antiferromagnetic region for the Potts models. Moreover, this definition seems natural
in that it implies that neighboring vertices prefer to have different spin assignments
(see Corollary 6.4 in Section 6.2). Another nice feature of Definition 1.3 is that it
does not depend on the presence of external fields. Specifically, for A-regular graphs,
any external field can be pushed into the interaction matrix B with a congruence
transformation of the matrix B. The resulting interaction matrix, by Sylvester’s law
of inertia, has the same number of positive, zero, and negative eigenvalues and in
particular remains antiferromagnetic.

We conclude this discussion by pointing out that some of our results for general
models are more easily stated when B is further assumed to be aperiodic. We shall refer
to such matrices B (irreducible and aperiodic) as ergodic. Note that if B is periodic,
its period must be two, since B is symmetric. Such a model is only interesting on
bipartite graphs (otherwise the partition function is zero). Note that the spectrum of
a symmetric and periodic matrix is symmetric around 0, so Definition 1.3 implies that
the interaction matrix B of an antiferromagnetic model is ergodic whenever ¢ > 3
(observe that it is trivial to compute the partition function on periodic models with
qg=2).

We need several additional definitions concerning the moments of the partition func-
tion. For antiferromagnetic models on a random A-regular bipartite graph G = (V, E)
with bipartition V = V; U Vs, the goal is to understand the Gibbs distribution pg by
looking at the distribution of spin values in V; and V5. Let n = |V;| = |V3|. For a config-
uration o : V — [g], we shall denote the set of vertices assigned spin i by ¢ ~1(i). Denote
by A, the simplex Ay = {(x1,%2,...,%g) € R?|Y] x; =landx; > Ofori =1,...,q}.
For o, B € Ay, let

2 =lo: V> {1,....q¢}lo7 ' ON Vil =an, o @) N Va| =Binfori=1,...,q},

that is, configurations in ©%# assign o;n and g;n vertices in V; and V; the spin value

i, respectively.! We will be interested in the total weight Z&* of configurations in £*#,
namely,

Zg’ﬂz Z w(o).

oexep

We study Z"‘G'ﬁ by looking at the moments Eg [Zg’ﬂ ] and Eg [(Zg‘ﬂ )?], where the expec-
tation is over the distribution of the random A-regular bipartite graph, from hereon
denoted by G.

For o, B € A, denote the leading term of the first and second moments as

Ui, ) = VB, B) = ;}Hﬁlo % logEg[Zg’ﬂ], (1)
1
Uo(at, B) = WB(a, B) := ’}LI?O - logEg[(Zg’ﬂ)z]. (2)

(The limits in (1) and (2) exist, see Section 2 for pointers to the literature.)

Technically we need to define 2%# = {¢ : V — [q] |16 71G) N V| = &;. lo~1() N Va| = i for i € [g]}, where
{&i} are {o;n} rounded in a canonical fashion so that their sum is preserved (e.g., using “cascade rounding”)
and in the same way {8;} are {8;n} rounded.
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We will refer to a, 8 that maximize W, as dominant phases. Moreover, we say that
a dominant phase (o, B) is Hessian dominant if the Hessian of ¥; at («, B) is negative
definite. (Note this is a sufficient condition for «, 8 to be a local maximum.) In the
uniqueness, region, there is a unique dominant phase and it has « = B. In contrast,
for 2-spin antiferromagnetic models and for colorings in the semitranslation-invariant
nonuniqueness region, the dominant phases have a # B, and one expects this would
hold for all antiferromagnetic models. In our reduction, we will need this additional
condition that the dominant phases are not symmetric (i.e., a # B).

Our main technical result relates the second moment to the first moment, for any
model on random bipartite regular graphs.

TuEOREM 1.4. For any spin system, for all A > 3,

max Wy, B) = 2max ¥y (a, B).
o,p o,p

Crucially, Theorem 1.4 implies that Wo(e, ) = 2¥4 (e, B) for dominant phases, which
is key for our arguments, since it will eventually allow us to find the asymptotic distri-

bution of the random variables Zg’ﬁ (as n — o0). We do this by applying the so-called
small subgraph conditioning method. The asymptotic convergence is utilized to prove
the properties of the gadget we use in the reduction. The gadget is a slight modification
of a random A-regular bipartite graph and its properties are described in Section 6.4.
The precise formulation of these properties does not matter at this stage, but rather
that we can prove them when the dominant phases («, ) satisfy the following con-
ditions: (i) each dominant phase is Hessian dominant, (ii) the dominant phases are
permutation symmetric, that is, obtainable from one another by a suitable permuta-
tion of the set of spins (we clarify here that the permutations must be automorphisms
of the interaction matrix B),? and (iii) each dominant phase («, 8) has & # 8. Condition
(iii) implies that the model is in the nonuniqueness region of T, and, further, that a
typical configuration in the Gibbs distribution of the random graph is “unbalanced”
between the two sides, which allows to encode a CSP (in our case Max-Cut). Condition

(i) ensures the asymptotic convergence of Zg’ﬁ . Condition (ii) ensures that the asymp-

totic distribution of Zg’ﬂ is identical for all the dominant phases.

We want to remark why the permutation symmetry condition arises naturally. A
generic multispin system in the semitranslational nonuniqueness region will have
exactly two maxima of ¥; and hardness (assuming NP = RP) follows easily. Models
coming from statistical physics (e.g., Potts model or Widom-Rowlinson model) are not
generic since they usually come with permutation symmetries of the same type as
condition (ii) in the previous paragraph. (The symmetries make the hardness result
more difficult to state and prove.)

We now state our general inapproximability result.

TaEOREM 1.5. Let q > 2,A > 3. For an antiferromagnetic q-spin system whose
interaction matrix B is ergodic, if the dominant phases (a, B) of V1 are permutation
symmetric and all of them are Hessian dominant and satisfy o # B, then, unless NP =
RP, there is no FPRAS for approximating the partition function for triangle free A-
regular graphs. Moreover, there exists ¢ = ¢(q, A) such that, unless NP = RP, one cannot

2More precisely, the permutation symmetric property can be stated as follows: for any two dominant phases,
say (a1, B1) and (a9, B5), there exists a ¢ x ¢ permutation matrix P such that B = PBPT and (a3, 1) =
(Pag, PBy) or (a7, B1) = (PBy, Pasg). In other words, the dominant phases can be obtained from each other
by interchanging o and B8, by permuting the spins in a way that B is left invariant, or a combination of the
previous two operations.
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approximate the partition function within a factor 2°" for triangle-free A-regular graphs
(where n is the number of vertices).

We remark here that, whenever the hypotheses of Theorem 1.5 are satisfied, the
spin system with interaction matrix B is in the tree nonuniqueness region of Tx, see
Section 4 for more details. However, the reverse direction is not necessarily true, that
is, an antiferromagnetic spin system in the tree nonuniqueness region of T, does not
necessarily have multiple dominant phases, an example is the k-colorings model when
k = A (see Theorem 1.6).

For illustrative purposes, we first note that the inapproximability results for anti-
ferromagnetnic 2-spin systems in the tree nonuniqueness region [Sly 2010; Sly and
Sun 2012; Galanis et al. 2012] follow as corollaries of Theorem 1.5. In particular, for
antiferromagnetic 2-spin systems it is well known that for any A > 3, in the non-
uniqueness region of T, the maximizers of W; are exactly two pairs («, 8) and (8, «)
with « # B. Note that these two dominant phases satisfy trivially the permutation
symmetric property. Moreover, it can also be verified that they are Hessian dominant
and hence the hypotheses of Theorem 1.5 are satisfied.

As a more indicative application of Theorem 1.5, let us deduce Theorems 1.1 and 1.2.
To do this, we need the following theorem (proved in Section 7) which describes the
dominant phases for the colorings and antiferromagnetic Potts models.

THEOREM 1.6. Let g > 3, 0 < B < 1 and A > 3. For the antiferromagnetic q-state
Potts model with parameter B on a random A-regular bipartite graph (note that the
k-colorings model corresponds to B= 0 and q = kin the following), it holds that

(1) When B > %, there is a unique dominant phase («, B) which satisfies o = p.

(2) For all even q > 4, for all A > 3, when 0 < B < %, the dominant phases (a, )
are in one-to-one correspondence with subsets T C [q] with |T| = q/2. Moreover,
there exist alg, A, B), b(q, A, B) with a # b such that for T C [q] with |T| = q/2, the
dominant phase (a, B) corresponding to T satisfies

Otl‘zaifiET, O{i=bifi¢T,
Bi=bifieT, Bi=aifig¢T.

Moreover, the dominant phases are Hessian.

3

Proor oF THEOREMS 1.1 AND 1.2. We just need to verify the hypotheses of Theo-
rem 1.5. Equation (3) of Theorem 1.6 establishes that the dominant phases (o, 8)
are permutation symmetric and each of them satisfies « # B. Thus, the hypotheses of

A—q

Theorem 1.5 hold in the regime ¢ < A and 0 < B < ==t o

Note that the restriction of even k,q in Theorems 1.1 and 1.2, respectively, is a
technical one and comes from the second part of Theorem 1.6. For odd ¢, we are unable
to establish whether the dominant phases are supported on vectors with two or three
different entries, see Section 7 for more details. Classifying the dominant phases for
odd g would also extend the inapproximability results of Theorems 1.1 and 1.2.

1.3. Proof Approach

The key gadget in the inapproximability results for 2-spin models is a random A-
regular bipartite graph. The rough idea for the hard-core model is that in the tree non-
uniqueness region, on a random A-regular bipartite graph, an independent set from
the Gibbs distribution is “unbalanced” with high probability (the fraction of occupied
vertices in the two parts of the bipartition differ by a constant). To analyze random
regular bipartite graphs, the original inapproximability result of Sly [2010] relied on
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a second moment analysis of Mossel et al. [2009], which Sly called a technical tour-de-
force. The optimization at the heart of that analysis was difficult enough that his result
only held for A close to the uniqueness threshold.

We present a new approach for the associated optimization problem which is at the
heart of the second moment analysis. Our approach yields a simple, short analysis that
holds for any model on random A-regular bipartite graphs. The key idea is to define a
new function ®, which is represented as an induced matrix norm, and has the same
critical points as the first moment. We can then use the fact that induced matrix norms
are multiplicative over tensor product to analyze the second moment.

1.4. Article Outline

In Section 2, we derive some basic expressions for the first and second moments. Then,
in Section 3, we analyze the second moment using matrix norms and thereby prove
Theorem 1.4. In Section 4, we analyze the maxima of the function ¥;. There, we further
prove a connection between local maxima of ¥; and stable fixpoints of the so-called tree
recursions which is used in later sections.

The reduction for the inapproximability results uses an intermediate problem, which
we call the phase labeling problem. Our inapproximability results hinge on showing
that the phase labeling problem is hard to approximate. In Section 5, we give the main
elements of this reduction for the colorings model to introduce the relevant concepts.
The hardness of approximating the phase labeling problem for general antiferromag-
netic models is proved in Section 6, where we also fill in the details which were omitted
in the simplified exposition for the colorings model.

We show how the phase labeling problem reduces to the approximation of the parti-
tion function in Section 6.4, based on arguments in Sly and Sun [2012]. The reduction
uses gadgets whose existence and construction are based on a slight variation of the
random A-regular bipartite graph distribution. At this point, to establish the proper-
ties of the gadgets, we use the small subgraph conditioning method. The application
of the method is fairly standard though technically intensive due to its use of precise
asymptotics for the first and second moments. The technical details of applying the
method in our case are given in Appendix A, while the asymptotics for the first and
second moments are derived in Appendix B.

The proof of our general inapproximability result (Theorem 1.5) is given in
Section 6.1. We saw in Section 1.2.3 how to deduce the inapproximability results for
the colorings and Potts models (Theorems 1.1 and 1.2) from Theorem 1.5 using the
classification of the dominant phases in Item 2 of Theorem 1.6. The proof of Item 2 in
Theorem 1.6 is given in Section 7.

Finally, in Appendix C, we extend the argument of Brightwell and Winkler [2002] to
prove Item 1 of Theorem 1.6, that is, show uniqueness for semitranslation-invariant
Gibbs measures for the antiferromagnetic Potts model when B > (A — q)/A.

2. EXPRESSIONS FOR THE FIRST AND SECOND MOMENTS

In this section, we derive the expressions for the first and second moments of Zg’ﬁ and,
in particular, the expressions for ¥; and Ws.

Let G,(A) be the probability distribution over bipartite graphs with n + n vertices
formed by taking the union of A random perfect matchings. We will use the simplified
notation G, := G,(A) or even G := G,(A) when n is clear from context. Strictly speaking,
this distribution is over bipartite multigraphs. However, since our results hold asymp-
totically almost surely (a.a.s.) over G,, as noted in Mossel et al. [2009], by contiguity
arguments they also hold a.a.s. for the uniform distribution over bipartite A-regular
graphs. For a complete account of contiguity, we refer the reader to Janson et al. [2000,
Chapter 9].



Inapproximability for Antiferromagnetic Spin Systems in the Tree Nonuniqueness Region 50:9

Let G ~ G. We will denote the two sides of the bipartition of G as Vi, Vy. We first
compute the first moment Eg [Zg”g ]. For 0 € ¥*# and a uniform matching between
V1 and Vj, let nx;; denote the number of edges matching vertices in o~1G) N Vy and
o~1(j) N Vy. Under the convention that 0° = 1, we then have

B _ " "
Eg[Zé ]_<a1n,...,ozqn)<ﬁ1n»~-~a:3qn>

o j ij A (4)
% (Z ni (xiln,...,,lxiqn) nj (x1jn/,3...,,lxan) l_[i,j B:?C )
X (xnn,un‘,xqqn)
where the sum ranges over x = (x11, ..., %) With nx € 7e* satisfying the following

constraints:
Yixj=o; (Vielgd, > ,x;=8; (Vjelg,
x; >0 (YG, j) € [q]?).

The first line in (4) accounts for the cardinality of £*#, while the second line is Eg[wg(o)]
for an arbitrary o € *#. Since the weight of a configuration is multiplicative over the
edges and the matchings are independent, Eg[wg(o)] is the A-power of the expected
contribution of a single matching. The latter is completely determined by x and is equal
to]; j BZx V', scaled by the probability that the matching induces the prescribed x.

We next calculate the second moment of Zg’ﬂ . To do this, for (o1, 03) € T%# x n*8,
we need to compute Eglwg(o1)wg(o2)). Let yi = oy (@) Noy '(B) N Vi, 85 = lo; 1 () N
oy 1) N V,|. The vectors y and § capture the overlap of configurations in V; and Vs,
respectively. For a uniform matching between V; and V3, let y;;; denote the number

of edges matching vertices in o Yin oy Y k)N V; and oy lhHn oy Y1) N V5. Under the
convention 0° = 1, we then have

B2 _ " "
Eg[(Zg ) ] - Z (J/lln, ey )/qqn) ((Sllna DR} 5qqn>

(6))

y.8
Yikn djin .. nikjl \ A (6)
Hi,k (yiklln ..... yi;,qqn) Hj,l (ynﬂn,{..,yqqﬂn) l_[ikjl(BLJ Bkl) i
y V11117 .-, Yqqqq™
where the sums range over y = (yi1,....%gq), 8 = (811, -...84¢), ¥ = 1111 - - - Ygqqq)

with ny, né € 749" and ny € 79" satisfying
Suvie=oi (Vielgd, Y 8u=8; (Vjelgh., X ymi=ve VG kb €lgl®,
Yive=ar (YeelgD., Y 8u=p OLelgh. Y ,ym=308 G.Delg®. (D
vir =0 (VG R elgl®, 83>=0 (VG,Delgl®, vz =0 (VG k j.Delglh.

The first line in (6) accounts for the cardinality of X*# x %%# while the second line
is Eglwg(on)weg(09)] for (01, 02) € %P x %P with the prescribed y, §. Since the weight
of a configuration is multiplicative over the edges and the matchings are independent,
Eglwg(o1)wg(o2)] is the A-power of the expected weight of a single matching. The latter
is completely determined by y and is equal to [ |, ;, ;,(B;; Bu)*™', scaled by the probability
that the matching induces the prescribed y.

Remark 2.1. Note that (6) shows that the second moment can be interpreted as
the first moment of a paired-spin model with interaction matrix B ® B. Indeed, we can
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interpret B;; By, as the activity between the paired spins (7, £) and (j, /), thus giving the
desired alignment.

The sums in (4) and (6) are typically exponential in n. The most critical component of
our arguments is to find the quantitative structure of configurations which determine

the exponential order of the moments. Formally, we study the limits of % logEg [Zg’ﬂ ]

and }LlogEg [(Zg’ﬂ »’] as n — oo. Under the usual conventions that In0 = —oo and
01ln 0 = 0, standard application of Stirling’s approximation yields the following:

V(e B) = r}lnolo %L IOgEg[ZZ’ﬂ] = max Y1(e, 8, X), (8)

where Ti(a, B,x):=(A —1)fila, B) + Ag1(X)
file,B) =3 ailna; +3°; B;Inp;
g1(x) := Zi,j %7 In B;j — Zi’j %7 In ;.

And for the second moment:
1
Wo(a, B) := lim - logEg[(Zg’ﬁf] = max max Tao(y,4d,y), 9)
n— o0 Y, y
where Yo(y,8,y) :=(A —1)faly, 8) + Aga(y)
fz()’, 8) = Zi,k Yik In Vir + Zj,l 51‘1 1n8ﬂ
82(¥) := 3 4 jy Yirjt In(BijBa) — 3, iy Ykt In ikt

The functions Y7 and Yy are defined on the regions (5) and (7), respectively. We also
relax the integrality constraints of the vectors o, 8, x and y, §, y which were imposed by
the expressions (4) and (6). This does not affect our considerations in the limit n — oo.
Moreover, note that the function Yy depends on «, 8 due to the linear constraints (7).
This dependence is omitted here since we are going to study the second moment for
«, B fixed to some well-chosen vectors.

The limits (8) and (9) can be justified using standard Laplace arguments (see, e.g.,
de Bruijn [1981, Chapter 4]).

Remark 2.2. The maximization in the first moment depends only on the function
g1(x) which is strictly concave in the convex region where it is defined. Hence, for
any fixed a, 8, the global maximum of Yi(e«, B, x) with respect to x is achieved at a
unique point. Similarly, for any fixed y, §, the maximum of Ya(y, §, y) with respect to
y is achieved at a unique point. Crucially for the calculation of the asymptotics of the
second moment in Appendix B, if &, B are global maximizers of W, the global maximum
of Yo(y, d,y) with respect to y, 8,y is also achieved at a unique point, see Lemma 3.2
in Section 3.4.

A notational convention that we have adopted silently so far is perhaps useful to
allude: the indices i, £ “point” to the set V7, while indices j, ! “point” to the set V5.

3. SECOND MOMENT ANALYSIS

In this section, we prove Theorem 1.4. We first present some basic definitions con-
cerning matrix norms. We then show that the maximum of the first moment function
W, can be reformulated in terms of matrix norms. This then enables a short proof of
Theorem 1.4.
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3.1. Basic Definitions: Matrix Norms

We will reformulate the maxima of the first and second moments in terms of matrix
norms. We first recall the basic definitions regarding matrix norms. The usual vector

norms are denoted as
n 1/p
p
%, = (le) :
i=1

We will use the subordinate matrix norm (also known as the induced matrix norm)
which will be denoted as || - || ,—.4 and is defined as.
||A||p—>q = max ”AX”q
Ixll,=1
Note that if A has nonnegative entries then one can restrict the maximization to x

with nonnegative entries. A well-known example of an induced norm is the spectral
norm | - [l22.

3.2. Reformulating the First Moment in Terms of Matrix Norms
A key component in the analysis of the second moment is the following function ®. Let
p = A/(A — 1). For nonnegative r, ¢, define ®(r, ¢) by

r"'Be
Ielpliell,”

We will show that the critical points of ® and ¥ match in the sense that there is a one-
to-one correspondence between them and their values are equal at the corresponding

critical points. The full statement is contained in Theorem 4.1 in Section 4.1, but the
important element for the current discussion is captured in the following lemma.

exp (®(r, ¢)/A) =

LemMma 3.1.

max Y¥q(e, B) = max &(r, ¢).
a,Bel, r.c

Therefore, to determine the dominant phases of ¥, it suffices to study ®. The maxi-
mum of ® can be compactly expressed in terms of matrix norms as follows:

r"Be |IBela
max exp (®(r, ¢)/A) = maxmax ————— = max
r.c ¢t rplelp ¢ ellp

= [IBllp-a. (10)

where the second equality follows from norm duality.
Hence, the dominant phases of ¥; can be expressed in terms of matrix norms:
max exp (Vi(a, B)/A) = |B|| o _ 5.

A
a,fed, A-1

(11)

3.3. Analyzing the Second Moment: Proof of Theorem 1.4

To analyze the second moment function ¥y, we will reduce it to the first moment
optimization in the following manner. The key observation is that the associated op-
timization for the second moment is equivalent to a first moment optimization of a
“paired-spin” model which is specified by the tensor product of the original interaction
matrix with itself. This property enables us to relate the maximum for the second
moment calculations with the maximum of the first moment calculations.

Proor oF THEOREM 1.4. The second moment considers a pair of configurations, say
o and o', which are constrained to have a given phase o for V; and g for V,, where
V = V71 U Vs. We capture this constraint using a pair of vectors y, § corresponding to



50:12 A. Galanis et al.

the overlap between ¢ and ¢’, in particular, y;; (and §;;) is the number of vertices in V;
(and Vs, respectively) with spin i in ¢ and spin j in o’.

Recall, lIf}3 indicates the dependence of the function ¥; on the interaction matrix B;
to simplify the notation we will drop the exponent if it is B. We have (see Remark 2.1
in Section 2 for more details on this connection)

Wy(a, B) = max wPeB(y, 8), (12)
12

where the optimization in (12) is constrained to y and é such that
YuiVie=0g D pVie=0, ;8je=p, and 3, 8; =p;. (13)
Ignoring the four constraints in (13) can only increase the value of (12) and hence

m%xexp (Waler, B)/A) < max exp (\Ilf®B(y, §/A)=|B® Bl s 4 (14)
o, Y, -

The key fact we now use is that for induced norms || - ||,—., With p < g, it holds (cf,,
Bennett [1977, Proposition 10.1]) that

”B ® B||p—>q = ”B”p—>q ”B“p—>q- (15)

Therefore,

m%x Wola, B) < 2Alog Bl oo = Zma}JX Wy (e, B). (16)

A
A-1

To complete the proof of Theorem 1.4, it just remains to prove the reverse inequality,
which follows from the fact that E[X?] > E[X]?2. O

3.4. Optimal Second Moment Configuration

We will need more detailed information about the y, § which achieve equality in The-
orem 1.4 and Eq. (12). The following lemma is true whenever B is nonsingular (and
hence for antiferromagnetic models as well, cf. Definition 1.3). Roughly, the lemma
captures that the major contribution to the second moment comes from pairs of con-
figurations which are uncorrelated. This is crucial to calculate the asymptotics of the
second moment in Appendix B.

LEmMA 3.2. Assume that B is nonsingular. The y, 8 for which the equality in

max max \D?®B(y, 8) = 2max Vi (a, ), 17
a8 y. satisfying (13) a.p

is achieved satisfy (for all i, j, k,1 € [q])
Yir = and 8 = Bjf. (18)

Proor. We will have to dig in to the proof of (15) and use (13). Bennett’s proof of (15)
is the following (our particular values are ¢’ = A and p = A/(A — 1)), we will explain
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shortly the derivation of the intermediate steps:

7\ Ve
IB@Birly = | > > > B;Y BuRj
Eoi | J l
p\ /P Ya'
=< ||B||p—>q’ Z Z ZBklel
k il
o\ P\ P
= ”B”p»q’ Z Z ZBklel
j R
1/p
< IBIZ., | YRS
Jl
Note that in the last inequality one uses |B r|y < Bl p—¢ ||r|| > applied to the vectors
=(Rj1, Rjo,..., Rjg), for j =1, ..., q. Thus, if r is a maximizer of
B®B)r|,
< (B ®B)rl, ’ (19)
r Irllp
then the vectors r/; are maximizers of
B
|| f‘ g 20)
v el

The same, by symmetry, applies tor} := (Ry, Ry, ..., Ry), forl=1,...,q.
The second inequality in Bennett’s proof is Minkowski’s inequality for the (q'/p)-
norm (note that ¢’ > p) applied to the g vectors which are obtained from Br, ..., Br;

by raising each of their entries to the pth power. The equality is achieved only if
Br/, ..., Br, generate a space of dimension one, and since B is nonsingular we have

also that r/, ..., r; generate a space of dimension one. Hence, for a maximizer r of (19)
we haver =1 ® r”, where r’ and r” are maximizers of (20). By Theorem 4.1 (Eq. (23)),
we then have

Yik = ooy, (21)

for the corresponding maximizers of \D?®B(y, 8) and \D?(a, B). Equation (21) together

with constraints
Y vie=ap and Z Yik = o,
i

/ 14

from (13) imply yir = oo, (since ap = ), yir = ojay = oy and similarly o; = o}). The
proof of §;; = B;B; is analogous. O

4. TREE RECURSIONS, FIRST MOMENT, AND MATRIX NORMS

The second moment results of the previous section will be used to establish that, with
probability 1 — o(1) over the choice of a random A-regular bipartite graph, the Gibbs
distribution has most of its mass on configurations whose spin frequencies on the two
sides of the graph are (close to) dominant phases. To do this, it will be important to
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examine dominant phases, that is, the maxima of W;(e, 8) and, further, to characterize
the local maxima. We will use this information to connect the functions ® and ¥,
and thus prove Lemma 3.1 which was the critical component in the second moment
analysis; in fact, Lemma 3.1 is an immediate corollary of the upcoming Theorem 4.1
which details further the connection between ® and ;.

For a spin system with interaction matrix B, the following recursions are relevant
for the analysis of the critical points of W;.

A-1

q q A-1
RL‘ X ZBijCj and C’j X (Z BinJ) . (22)
Jj=1

i=1

We refer to (22) as tree recursions since they emerge naturally in the analysis of spin
systems on the infinite A-regular tree T,. More precisely, the fixpoints of the tree
recursions correspond to semitranslation-invariant Gibbs measures on T, (fixpoints
of (22) are those R;’s and C,’s such that R; « R; and C; « C}, for all i, j € [q]). The
fixpoints of the tree recursions correspond to critical points of W1, as was first observed
in Mossel et al. [2009], see Section 4.1.2 for a derivation in our setting.

We prove the following result which connects tree recursions, the function ® and the
function ;. Lemma 3.1 is a corollary of the following more general theorem.

THEOREM 4.1. There is a one-to-one correspondence between the fixpoints of the tree
recursions and the critical points of ® (both considered for R; > 0,C; > 0 in the
projective space, that is, up to scaling by a constant).

The following transformation (r, ¢) — (o, B) given by

RA/(Afl) C~A/(A_1)

o =——- oand B;=

= ) RiA/(A—l) (23)

_J
A/(A-1)
2 C;

yields a one-to-one-to-one correspondence between the critical points of ® and the critical
points of V1 (in the region defined by o; > 0, 8; > 0, and ) ; a; =1, Zj Bj = 1.
Moreover, for the corresponding critical points (r, ¢) and (e, ), one has

d(r, ¢) = V1(a, B). (24)

Finally, for spin systems whose interaction matrix B is ergodic, the local maxima of ®
and V1 happen at the critical points (i.e., there are no local maxima on the boundary).

To argue that the Gibbs distribution places most of its mass on configurations whose
spin frequencies are given by dominant phases, we need a more explicit handle on local
maxima of Vy. The latter will also be crucial to analyze the global maxima of ¥; for
specific models of interest.

We connect local maxima of W to attractive fixpoints of the associated tree recursions.
Specifically, we call a fixpoint x of a function f a Jacobian attractive fixpoint if the
Jacobian of f at x has spectral radius less than 1. We say that a critical point «, 8 is a
Hessian local maximum if the Hessian of W, at o, 8 is negative definite (note this is a
sufficient condition for e, 8 to be a local maximum).

We prove the following theorem in Section 4.2.

THEOREM 4.2. Jacobian attractive fixpoints of the tree recursions (22) (considered
as a function (R, ..., Ry, Cq,...,Cq) = (R, ..., Ry, Cy, ..., Cy)) correspond to Hessian
local maxima of V1.
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Theorem 4.2 is important for analyzing the global maxima of W; for colorings and
antiferromagnetic Potts model (see Section 7). Moreover, it will be used to apply the
small subgraph conditioning method (see Appendix A.2).

4.1. Connection between & and ¥,
In this section, we prove Theorem 4.1.

4.1.1. Preliminaries on Maximum-Entropy Distributions. Let a and B be nonnegative vectors
in R? such that
Zai:l and Zﬂj:l. (25)
i J
For o and B that satisfy (25), let
9 q
8oy, ... ag. f1..... fp) =max » Y x;(In(B;) — Inx;y), (26)

i=1 j=1

where the maximum is taken over nonnegative x;;’s such that
o szij and ﬂjZinj. (27)
J i

LemMmA 4.3. The maximum of the right-hand-side of (26) is achieved at unique x;;.
The x;; are given by

Xij = BiniCj, (28)
where r and ¢ satisfy
q q
R Y BjCj=a; and C;)» BjRi =8; (29)
j=1 i=1
and

q
Y BjCj=0 = R =0;

=1

q (30)
ZBU& =0 = CJ' =0.
i=1
The value of g, in terms of R;’s and C’s, is given by
g g
glen.....aq. B1.....B) =—Y_ Y BjRC;In(R,C;)). (31)

i=1 j=1

Proor. From strict concavity of —x Inx, it follows that the right-hand side of (26)
has a unique critical point (if there were two critical points, then the segment between
the points lies in the linear space defined by (27); the function has a zero derivative on
both ends of the segment; and the second derivative of the function is negative on the
segment; a contradiction).

Using the method of Lagrange multipliers, we obtain that the critical points of the
right-hand side of (26) are x;; given by (28) where R;’s and C;’s are solutions of (29).
We can make any solution of (29) satisfy (30): if Z?zl B;;C; =0, then set R; = 0 (and
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symmetrically, if >°7 | B;;R; = 0, then set Cj = 0). We now argue that this change does
not violate (29). Suppose that, after the change for some % € [g], we have

q
RkZBijj #* ap,. (32)

Jj=1

Then i = & (since only R; changed) and since 23:1 B;;C; = 0, we also have o; = 0, a
contradiction (with (32)). Now suppose that, after the change for some j € [¢], we have

q
C; > _ ByRy # B;. (33)
k=1
Then B;; > 0 and C; > 0 (otherwise, changing R; would not violate (33)). This then
implies Z?:l B;;C; > B;;C; > 0, a contradiction. Thus, the change does not violate (29).
Equation (31) is obtained by substituting (29) into (26). O

Remark 4.4. Scaling all the R;’s up by the same factor while scaling all the C;’s
down by the same factor preserves (28) and (29). Modulo such scaling the R;’s and C;’s
are unique, since the x;;’s are unique and (28) determines the R;’s and C;’s once one
value (say R;) is fixed (here we use the fact that the matrix of the model is ergodic).

Remark 4.5. Note that the condition (25) translates (using (29)) into the following
condition on R;’s and C,’s

q
> > BjRC; =1 (34)

i=1 j=1

Our goal now is to see how the value of (26) changes when we perturb o;’s and g;’s.
We are going to view them as functions of a new variable z. All differentiation in this
section will be with respect to z. Note that, to stay in the subspace defined by (25), we
should have, in particular,

Za;=za;’=o and Zﬁ}:Zﬂ}’:O. (35)
i i J J

Differentiating (29), we obtain

q q
ZBij(RiCj)/ = Oll{ and ZBij(RiCj)/ = ,3; (36)

j=1 i=1
The following ratio of (29) and (36) will be useful later:

/ / ¢ B;:C’ ’ ' 4 B.p
ooy —Zfl % ana G —Z‘;l Byl 37
o R Y5, B;C Bi Cj i1 BijRi

Scaling all the R;’s up by the same factor while scaling all the C;’s down by the same
factor (also discussed in Remark 4.4) is equivalent to increasing all R;/R;’s by the same
(additive) amount and decreasing all C;/C; by the same (additive) amount. We are
going to remove this freedom by requiring

ng _Xq:ﬂ_} (38)
‘'R, ‘c;
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(Recall that we study the effect of perturbing g when we change «;’s and g;’s; Equa-
tion (38) just fixes the corresponding change in R;’s and C,’s.)
Now we compute the derivatives of g.

LemMA 4.6. We have

q q
—> (nR)ej - Y (nC)B;. (39)
i=1 j=1
q /
g=-3 % - Z c g - Z(lnRL)a” - Z(lnC )8). (40)

i=1
Proor. Using (fIn fY = (1 +1n f)f and Eq. (31), (35), and (36), we obtain

ZZB,J (1+In(R,C))(R,C)) = Z(lnR)a —Z(lnC )85

=1 j=1
Differentiating (39), we obtain (40). O

Note the expressions (39) and (40) are independent of the choice of scaling of R;’s
and C;’s (this follows from (35)). The particular tying of R;/R;’s and C’;/C;’s to o] and
ﬁ} (given by (38)) will be useful later.

4.1.2. Critical Points of ¥, and the Tree Recursions. In this section, we establish the con-
nection between the critical points of ¥; and the fixpoints of the tree recursions.

LemMmA 4.7. Let a, B be a critical point of V1(a, B) in the subspace defined by (25).
Let r, ¢ be given by (29). Then

o x RV and B CJA/(A*D. (41)

Consequently, r, ¢ satisfy the tree recursions stated in Section 4:

A-1
q q A-1
X (Z BijCj) and Cj X (Z Binl) . (22)
Jj=1

=1

Proor. At the critical points of Wy, the first derivative of W; has to vanish for all «/’s
and g’s from the subspace defined by (35), that is,

q q q q
v =(A-1) (2(1 +Inaa + ) (1+ lnﬂj)ﬂ}) - A (Z(ln R)a; + Z(lncj)ﬂ})

i=1 j=1 i=1 j=1

q q
=Y (A-DA+Ine) - AlnR)aj + Y (A—1DA+1Inp) — AInC)B; =0, (42)

i—1 j=1

where the R;’s and C;’s are given by (29). Inspecting (42), we see that (A —1)(1+In;) -
Aln R; have the same value. Indeed, if two of them, say with indices iy, i3, had different
values, then we could increase «;, and decrease «;, by the same infinitesimal amount
and violate (42). Similarly, (A — 1)(1 +1n 8;) — AC; have the same value and hence we
have (41). Plugging (41) into (29) one obtains (22). O

Lemma 4.8. Let (r, ¢) be a solution of the tree recursions (22). Let (o, B) be given
by (23). Then, (a, B) is a critical point of V1(«, B) in the subspace defined by (25).
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Proor. Let

q
Zr:=(A—1D1+Ing) - AlnR =(A-1) (1 - anRiA/(AD> ,

i=1

where the second equality follows from (23). Note that Zg is independent of the choice
of i. Similarly, let

Jj=1

q
=(A-DA+Ing)—-AInC;=(A-1) (1 - 1anJ.A/<“>) .

For perturbations of «, 8 in the subspace given by (25), we have
q q
Vi(a, B) = Z (A=D1 +Ine) — AlnR)e + Z((A — D1 +1Ing;) - AInC))B;
i=1 j=1
q

q
:ZRZ%{—’_ZCZ/%:O’

i=1 j=1
and hence («, B) is a critical point. O
4.1.3. Value of ¥, at the Critical Points
LEmMa 4.9. Let (a, B) be critical point of V1(a, B). Let (r, ¢) be given by (23). Then
d(r, ) = ¥y(a, B). (24)
Moreover, (r, ) is a critical point of ®(r, c).

Proor. From Eq. (8) and (31), we have

q q q9 4q
Ve, ) =(A-1) (Zai Ine; + ) B 1nﬁj) —AY Y B,RC;In(RC). (43)

i=1 J=1 i=1 j=1

where the R;, C; in (43) are given by (29). At the critical points «, 8 of ¥y, in addition
to (29), it also holds that (see Eq. (41))

RA/B-1) Cf/(A’l)
L i -
@ = RA/(A 5 and B; = . CA/(A (44)
=1 Jj=1

Plugging (29) into (43), we obtain

Vi(a, p)=(A-1) (Zallnal +Zﬂjlnﬂ1) —A (Za,lnﬂg +ZﬁjlnC )

i=1 j=1 =1 j=1

A-1 q q
= ZO!L ln + Z‘BJ In IBCA =—(A-1) |:]n (ZRiA/(Al)> +1n (Z CJ-A/(AD):| ’

i=1 j=1
(45)
where, in the last equality, we used (44) and the fact that o;’s and 8;’s sum to 1. Recall

that
g q
2> ByR

=1 j=1 i=

(46)

I
.MQ
R

[
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and hence the following is obtained by adding zero to the right-hand side of (45):

9 q q q
Wi, ) = Aln [ Y > B;RC; | -(A-1|In <Z RiA/(A‘l)> +In| Y Cp/Aay
i=1 j=1 i=1 j=1
= O(r, ¢).
Now we argue that (r, ¢) is a critical point of ®(r, ¢). We have
9 341 BiiC; ARV % o
—d(r,e)=A J —(A-1)———— =A——A—=0, 47
OR; 1% BiyRC, ¢ RMAV TR TR
where we used (44), (25), and (29). The same argument yields
1/(A=1)
9 > i1 BijR; 3G,
—d(r,e)=A = —-(A-1)———— =0. (48)
C; i1 251 BiRiC; POPY O

and hence r, ¢ is a critical point of ®. O

Lemma 4.10. Let (v, ¢) be a critical point of ®(r, c). Let o, B be given by (23). Then
a, B is a critical point of W1(a, B) in the subspace defined by (25).

Proor. At a critical point of ®, we have that (47) is zero for i € [g]. Note that the
denominators do not depend on i and hence we have

q
1/(A-1)
Ri X Z Bl‘jCj.
Jj=1

Similarly, from (48), we obtain

Hence, (r, ¢) satisfy the tree recursions. Now, we use Lemma 4.8 to conclude that (e, 8)
is a critical point of W1(e, B) in the subspace defined by (25). O

4.1.4. Local Maxima of ¥, are in the Interior. In this section, we show that, for models
with ergodic (irreducible and aperiodic) interaction matrix B, the maximum of ®(r, ¢)
is achieved in the interior. A symmetric matrix is irreducible if the graph whose edges
correspond to nonzero edges of B is connected. A symmetric matrix is aperiodic if the
graph whose edges correspond to nonzero edges of B has an odd cycle.

LEmma 4.11. Assume that B is ergodic. Let (r, ¢) # 0 be a local maximum of ® in the
regionr,c > 0. Then, R; > 0 foralli € [q] and C; > 0 for all j € Iql.

Proor. Suppose not, that is, we have a maximum that has a zero on some coordinate
of r or e¢. From the ergodicity of B, we have that there exist i, j € [q] such that
() R;=0,C;>0,and B;; > 0or (i) K; > 0, C; =0, and B;; > 0. (To see this, suppose
that, for all i, j, neither (i) nor (ii) happens. Let Zr C [g] be the set of i such that
R; = 0 and, similarly, let Z¢ C [g] be the set of j such that C; = 0. By the assumption
that neither (i) nor (ii) happens, the only entries B;; which can be nonzero must satisfy
either i € Zg, j € Zc ori € [q]l \ Zg, j € [q] \ Z¢. Using that B is symmetric, we
obtain that in B? the only nonzero (B?);; must satisfy either i, j € Zg or i, j € [q] \ Zg.
Thus, B? is reducible and hence not ergodic, from where it follows that B is not ergodic,
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contradiction.) Without loss of generality assume that it is the case (i), case (ii) can be
handled analogously.
The derivative of ® with respect to R; is (we are using R; = 0)

B;C;
id)(r,c):A qZ] 1-u > A BL]C
0R STy, BRC, YL,y BRC;

and hence we are not at a maximum, a contradiction. DO

LEmMa 4.12. Assume that B is ergodic. Let o, 8 > 0 be a local maximum of V1(e, )
in the subspace defined by (25). Then, a; > 0 for all i € [q] and B; > 0 for all j € [q].

Proor. It will be useful to view W, as a function of (r, ¢), where r, ¢ are given by
(29). Because of Lemma 4.3, we have (r, ¢) satisfying (46) and (30) (and any such (r, ¢)
yields (e, B) satisfying (25)). We have (from (43))

i=1 j=1 j=1 i=1

q q q q
Vy(e, B) = ZZBiniCj ((A -1 (In (Z BijCj) +1n (Z BUE)) —InR; — thj)
=: Uy(r, ¢).

If r or ¢ has a zero coordinate, then, by ergodicity of B, there exists &, £ € [q] such that
i) R,=0,C;>0,and By, > 0or (ii) R, > 0, C, = 0, and By, > 0 (see the argument in
the proof of Lemma 4.11). Without loss of generality, it is the case ().

Note that we have

8Rk ZZBUR Cj= ZBkJC > By Cy > 0. (49)
Jj=1

=1 j=1

We have

q
B—Rkwl ZBkJ ; ((A —Dln (Z Bini> - 1ncj>

i=1

q
+ ((A —Dln (Z Bkjcj) —1an) (Z B,;C ) +(A - 2)ZB,W . (50)

j=1 Jj=1

The first sum in (50) is finite since if C; > 0, then Y} 7_, B;;R; > 0, (using (30));if C; = 0,
then the contribution of the term to the sum is zero (we are using the usual convention
01ln0 = 0). The second term in (50) has value +oo since In R, = —oo and (49). Finally,
the last term in (50) is finite and hence we have \111 +00.

Recall that C, > 0 and hence (using (30)):

q9 49 q
aiZZBinicj =Y BuRi > 0. (51)
i=1 j=1

i=1
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Finally, we argue that & \111 is finite. We have (analogously to (50))

Gl
prl ZB,KR ((A —Dln (Z B;;C; ) —lnRi)

j=1

q q
- ((A —~Dln (Z BigRi) - 1ncg> (Z BMRi> +(A—-2)) ByR,. (52)

i=1 =1 =1

The first and third term in (52) are finite by the same argument as for (50). In the
second term, we use (51) and C, > 0.

Now we increase R}, by an infinitesimal amount and change C, to maintain (34) (and
hence (25)). (This is possible because both C; and R, change the value of (34), see
Eqgs. (49) and (51).) This change will increase ¥; and hence ¥; contradicting the local
maximality of o, 8. O

4.1.5. Proof of Theorem 4.1

Proor oF THEOREM 4.1. Lemmas 4.7 and 4.8 give the connection between the critical
points of ¥; and the fixpoints of the tree recursions. Lemmas 4.9 and 4.10 give con-
nection between the critical points of ¥; and ® and show that the values agree on the
corresponding critical points. Finally, Lemmas 4.11 and 4.12 show that the maxima
happen in the interior (that is, for R; > 0, C; > 0 in the case of ® and foro; > 0, 8; > 0
in the case of ¥1). O

4.2. Connecting Local Maxima and Stability of Tree Recursions
In this section, we prove Theorem 4.2.

4.2.1. Maximum Entropy Configurations on Random A-Regular Bipartite Graphs. We analyze
the critical points by looking at the second derivative. Using (f1n f)" = (f)?/f + (1 +
In f)f” we have

v (a, B)
q R
=(A-1) lzl: (oc 2Ja; + (1 + lnal)oz” A ; <ot El +(nR; )oz”)
q q /
+(A =D (BB +A+Inp)p)) — A ( = +(nC; )ﬂ”)
j=1 J=1

(A—I)Z(a)z/al—AZ i£+2a”(m 1D1+1Ine)—AInR)  (53)
i=1

+(a - 1)2(/3;-)2//3]- -4 Zﬁ}-c—f + Zﬁ}’((A ~ D1 +1Ing) - AlnC))

J

j=1
q R q C/'

=(A=DY (@)P/ai — A Za R4 1)Z<ﬁ PIBi =AY BiGh
i=1 j=1 j=1 J

where the last equality follows from (42) (replacing «; by ¢ and g by g}; note that
they are both from the same subspace (35)).



50:22 A. Galanis et al.

Plugging (37) into (53) we obtain

// Z B C} R/ - Z?:l BU R; C.;
Wi(a, B) = Za ((A—l)Z B,C, —E>+Z,3 ((A—l)m—c—j) (54)

We are going to use the second partial derivative test (which gives a sufficient condi-
tion) to establish maxima of W;. We will use the following terminology for local maxima
established using this method.

Definition 4.13. A critical point x of a function f : M — R is called Hessian local
maximum if the Hessian of f at x is negative definite.

Let L be the (matrix of the) linear map (1, ...,74,c1,...,¢q) > (F1, ..., 7q,¢1,...,Cq)
given by

ZB”RC ; and ¢; = ZB”RC (55)

V% :Bj

In the following, we denote by I the identity matrix of dimension 2g x 2q.
LEmMma 4.14. A critical point (a, B) is a Hessian local maximum of Wi(a, B) in the

subspace defined by (35) if and only if wT(I + L)Y (A — DL —Dw < O for all w =
r, ..., rq,C1, ..., cg)T such that

q q
Z Jair; =0 and Z VBjci =0. (56)
i=1 Jj=1

Proor. To check whether we are at a Hessian local maximum of W (e, 8), we have to
have (54) negative for nonzero o;’s and g’s from the subspace defined by (35) and (38).

Letr; = /o;R;/R; and cj = \/ﬂTC}/Cj. Using (37) in (54), we have

#ee(n o) e R)
+Si(g o) (@ vEEE o)
B, RiC; , BiRC)
_Z<rl+z\;o% )(; \;aTsjjcf_r‘)

Olij

where the second equality follows by using (29) to substitute the expressions } ; B;;C;

and ) ; B;jR;. Let w = (r1,...,74,¢1,...,¢¢)7. In terms of L and w (recall that L is a
symmetric 2 x 2 block matrix with zero blocks on the diagonal), we have

v =wiI+L)(A - DL - Dw. (57)
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We have to examine when (57) is in the subspace defined by (35) and (38), which in
terms of r;’s and c¢;’s become

ZO‘;{ZZﬂ}ZZ\/O‘iri+Z\/,3jCj=0, (58)
l J 12 J
' C’
Yoy~ Dhigh = ¥ vein = 3 =0 2
i J i J

We give more detail on the derivation of (58). We have
C/
ij

Za_zal _Z%(R ZB”C) Zrlf+ZZBLJRC}
_Zr“/_+z ZBURC _Zrlf+ch/F,

the derivation for ) i Bjis analogous (or, alternatively, use (35) to argue directly that
Y iBi=20). O

4.2.2. Attractive Fixpoints of Tree Recursions. The variables R;, C;, «;, B; in this section
refer to a priori different quantities as the variables in Section 4.2.1. We feel that this
conflict is justified since we will establish that they coincide.

For convenience we repeat the tree recursions as stated in the introduction:

q a-t A q A-1
ZBijCj and Cj X (ZBinj) . (22)
j=1 i=1
We are interested in the fixpoints of the tree recursions, that is, R;’s and C;’s such that
Ri X RL and C'j X Cj

for all i, j € [q]. Note that the fixpoints correspond to the critical points of ¥; (using
Theorem 4.1)).

Next we examine the stability of fixpoints. For a continuously differentiable map
a sufficient condition for a fixpoint to be attractive is if the spectral radius of the
derivative is less than one at the fixpoint. We will use the following terminology for
fixpoints whose attractiveness is established using this method.

Definition 4.15. A fixpoint x of a function f : M — M is called jacobian attractive
fixpoint if the Jacobian of f at x has spectral radius less than 1.

LemmA 4.16. Let (v, ¢) be a fixpoint of the tree recursions. Let a; = Z?:l B;;R,Cjand

B; = Y.L, B;j;R;,C; and let L be the (matrix of the) map defined by (55). We have that
(r, ¢) is Jacobian attractive if and only if (A — 1)L has spectral radius less than 1 in the
subspace of W = (r1, ... ,rq,c1, ..., cq) that satisfies

q q
> Jeiri=0 and ) |/Bjc; =0. (56)
i=1 J=1

Proor. Without loss of generality, we can assume that (r, ¢) is scaled so that

q9 g
> Y B,RC;=1. (60)

i=1 j=1
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Note that the scaling does not affect the value of L nor does it affect the constraint
(56).
When we perturb the R;’s and C;’s and apply one step of the tree recursion, we obtain

A q .C} Ar q R}
R/ B CJCT C. Z'_lBiniﬁl.
=(A — 1)—’ and ZL=(A-1= - (61)
R _1 BiiC; of i1 BijR;
We can rewrite (61) as follows

5 9 B,RC ¢ B.RCE
ﬁ:(A_l)M and A_JZ(A_l)M. (62)
R; o; Cj :3]

Note that Eq. (22) is invariant under scaling all the R;’s by the same factor. Similarly
scaling all C;’s by the same factor does not change (22). We need to exclude this scaling
freedom when studying the local stability of (61). More precisely, we will locate an
invariant subspace of (62) whose complement corresponds to the scaling. We obtain
the following subspace (it corresponds to preserving (60)):

C/
Zal 0 and ZﬁJC 0. (63)
Now we check that (63) is invariant under the map (62), indeed,
q C’
J .
Zal _(A—1);JZ;BURCJC _(A—1)]§ﬁjc—j=o, (64)

the argument for 23=1 Bj % = 0 is analogous.
The linear map (given by (61))
(ﬁﬂﬂ%>r—> iA—égg (65)
Ry Rq C Cq Ry Rq C Cq

considered in the subspace defined by (63) is the linear map of the Jacobian of (22) at
(R1,...,Ry,Cq,...,Cy) (in the projective space). A fixpoint (Ry, ..., Ry, Cy,...,Cy) of
(22) is Jacobian attractive if the linear map (65) has spectral radius less than 1.

Let r; = J&R//Ri, c; = \/B;C}/C;, # = JaR/R;, and ¢; = \/B;C};/C;. This linear

transformation of variables turns (62) into

rl_(A—l)ZB:;iC c; and c]_(A—l)ZB;fiﬁC r;. (66)
i=1 vEg

Note that (66) is (A — 1)L where L is the map defined by (55). The constraint (63)
becomes (56). O

4.2.3. Connecting Attractive Fixpoints to Maximum Entropy Configurations. Now we are ready
to prove Theorem 4.2.

Proor oF THEOREM 4.2. Let S be the linear subspace defined by (56) (note that (58)
together with (59) define the same subspace). The constraint for the fixpoint to be
Jacobian attractive is that (A — 1)L on S has spectral radius less than 1. The constraint
for the critical point to be Hessian maximum is that the eigenvalues of (I + L)((A —
1)L —I) on S are negative (see Eq. (57)).
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Note that L is a symmetric 2 x 2 block matrix (each of the blocks has dimension g x q)
with zero blocks on the diagonal. From this, we conclude® that L has symmetric real
spectrum (symmetry means that if ¢ # 0 is an eigenvalue then so is —a by the same
multiplicity). Note that S is invariant under L and hence the spectrum of L on S is a
subset of the spectrum of L (it is still symmetric real; the restriction wiped out a pair
of eigenvalues —1 and 1).

The constraint for the fixpoint to be Jacobian attractive, in terms of eigenvalues, is:
for each eigenvalue x of L on S

—1<(A-1Dx <1. (67)

The constraint for the critical point to be Hessian maximum, in terms of eigenvalues,
is: for each eigenvalue x of L on S

Q4+x)((A-—Dx—-1) <0 and (1-x)(—(A-1x—-1) <0, (68)

where the second constraint comes from the symmetry of the spectrum (thus —x is an
eigenvalue). Note that conditions (67) and (68) are equivalent (since (1+x)((A —1)x —1)
is negative for -1 <x < 1/(A—1)). O

5. REDUCTION FOR COLORINGS

In this section, we outline our proof of Theorem 1.1. We start by reviewing the main
components of the reduction for 2-spin systems (as carried out in Sly [2010] and Sly
and Sun [2012]) and in particular the hard-core model. This will allow us to isolate
the parts of the argument which do not extend to the multispin case and motivate
our reduction scheme. The first step is a reduction from max-cut to a so-called phase
labeling problem that we introduce. To present the main ideas of this particular key
reduction, we first present it in this section in the simplified setting of the colorings
problem (see Lemma 5.1).

We begin by reviewing the reduction for the hard-core model. The basic gadget in
the reduction is a bipartite random graph, which we denote by G. The sides of the
bipartition have an equal number of vertices, and the sides are labeled with + and —.
Most vertices in G have degree A but there is also a small number of degree A — 1
vertices (to allow to make connections between gadgets without creating degree A + 1
vertices). For s = {+, —}, let the vertices in the s-side be U® U W* where the vertices in
U = Ut UU~ have degree A and the vertices in W = Wt U W~ have degree A — 1.
The phase of an independent set I is + (respectively —) if I has more vertices in U+
(respectively U ). Note that the phase depends only on the spins of the “large” portion
of the graph, that is, the spins of vertices in U.

In nonuniqueness regimes, the gadget G has two important properties (both of which
can be obtained by building on the second moment analysis of Section 3). First, the
phase of a random independent set I is equal to 4+ or — with probability roughly equal
to 1/2. Second, conditioned on the phase of a random independent set I, the spins of
the vertices in W are approximately independent, that is, the marginal distribution
on W is close to a product distribution. In this product distribution if the phase is +
(respectively —), a vertex in W+ is in I with probability p*™ (respectively p~), while a
vertex in W~ is in I with probability p~ (respectively p*). The values p* correspond

SWrite L = [IV?T 1:)'[1 where M is a g x ¢ matrix. Let a # 0 be an eigenvalue of L with corresponding eigenvector
v. Note that v has dimension 2q. Let v1, vo be the g-dimensional vectors obtained by the first ¢ and the last
q coordinates of v, respectively. It holds that Mvy = av; and MTv; = avy. Let v/ be the (2¢)-dimensional
vector whose first g coordinates are given by the coordinates of —v; and the last g coordinates are given by
the coordinates of vy. Note that v’ is an eigenvector of L with corresponding eigenvalue -a. Finally, observe
that the map v — v’ as defined here preserves the linear independence of the eigenvectors corresponding to
a (this is relevant if @ has multiplicity greater than 1).
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to maxima of the function ¥; and, crucially (as we shall demonstrate shortly), they
satisfy p™ # p~.

The conditional independence property is important in that it allows to quantify the
effect of using vertices of W as terminals to make connections between copies of the
gadget G. For example, consider the following type of connection, which we refer to as
parallel. Let v* € W, v~ € W~ and consider two copies of the gadget G, say G1, Gs.
Fori = 1, 2, denote by v;", v; the copies of v, v~ in G;, respectively. Now add the edges
(v],vy) and (v],v,) and denote the final graph by Gis. Thus, a parallel connection
corresponds to joining the +, + and —, — sides of two copies of the gadget.

Random independent sets of G5 can be sampled from the hard-core measure by
first sampling random independent sets I1, I, from the hard-core measure of Gy, G
respectively and keeping I; U L if it is a valid independent set in Gi3. We thus
have that the partition function of Giz is equal to (Zg)? times the probability that
vf, vf are not simultaneously in the independent set I; U I,. The latter quantity
can easily be computed if we condition on the phases of the independent sets I, I in
G4, Go respectively. In particular, if the phases agree the desired quantity is given by
1 - (p")2)(1 — (p)?), otherwise by (1 — p* p~)2.

Crucially, since p™ # p~, observe that under a parallel connection neighboring gad-
gets prefer to have different phases, that is,

A1-(@EHHA-(p )P <1-pp ) (69)

As we shall describe next, this property together with the fact that there are exactly
two phases suffices to show hardness (i.e., using only parallel connections between
gadgets in the reduction). In particular, assume that H is an instance of Max-Cur and
replace each vertex in H by a copy of the gadget G. Then, for each edge of H, connect the
respective gadgets in parallel. The partition function of the final graph is dominated
from phase assignments which correspond to large cuts in H. This intuition is the basis
of the reduction in Sly [2010] and Sly and Sun [2012].

We now switch to the k-colorings model and describe the most significant obstacles
for carrying out the previous reduction. First, let us describe the properties of the
gadget G (defined identically as before). Using the second moment analysis of Section 3
and in particular Theorem 1.4, we can analyze the phases of a random coloring of G
in the semitranslation nonuniqueness regime (the precise statement of the gadget’s
properties are given in Lemma 6.9). The main difference from the hard-core model
is that now the number of phases is much greater than two (equal to the number of
maximizers of the function ¥, see Theorem 1.6). In particular, for £ even, the phase
of a coloring is determined by the dominant set of k2/2 colors on U™, that is, the k/2
colors with largest frequencies among vertices of U ™. Each of the ( k%) phases appears

with roughly equal probability and given the phase, the marginal distribution on W is
close to a product distribution, which we now describe. We can compute explicit values

@ =a/(k, A), b = bk, A) such that for a phase T' € () the probability mass function x

of a vertex in W has its ith entry equal to o’ if i € T and equal to &' ifi ¢ T'. Similarly,
the probability mass function y of a vertex in W~ has its ith entry equal to &' ifi € T
and equal to o’ if i ¢ T. (The values a’, b’ correspond to the values a, b described in
Item 2 of Theorem 1.6, the correspondence is obtained using (23) in Theorem 4.1.%)
Let Q be the union of the pairs (x,y) over all dominant phases. Hereafter, we will
identify the phases with elements of Q. Note that if (x,y) € O, then (y, x) € O as well.
We also denote by Q' the union of unordered elements of Q. Elements of Q' are called

4In particular, o/, b’ can be readily obtained from a, b using the relations a = a’2/271/8, b = a/2/2-1/8,
1(a'+b) =1, where S := §(@2/271 + pra/A-1),
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unordered phases (we use p to denote unordered phases). Given a phase p = {Xx, y}
an ordering of the pair will be called “assigning spin to the phase”. The two ordered
phases corresponding to the unordered phase p will be denoted by p* and p~.

In our reduction, we will again use parallel connections between disjoint copies of the
gadget (though we will need later to also consider other types of connections). Recall
that the graph G2 is obtained by adding a parallel connection between two disjoint
copies of G and that the edges (vf, v; ) and (v, v, ) realize the connection between the
+ sides and — sides of the gadgets, respectively. We next quantify the effect of a parallel
connection, and here we will use the conditional independence of vertices in W+ U W~
(conditioned on the phase). To do this, observe that random colorings of Gy can be
generated by first generating random colorings of G, Go and keeping the resulting

coloring if vy, vy have different colors. We thus have that the partition function of

G1z is equal to (Zg)? times the probability that vf, 1)2i have different colors in random
colorings of G1, G5. The latter quantity can easily be computed if we condition on the
phases (X1, y1), (X2, y2) of the colorings in Gy, Gz, and is equal to (1 — X{Xo)(1 — y]y2).

By taking logarithms, we can assume a parallel connection between gadgets with

phases (X1, y1) and (Xg, y2) incurs an (additive) weight
wy((X1, ¥1), (X2, y2)) = In (1 — X]x5) +1In (1 — y]y2).

Let p = {x,y} € O be an arbitrary unordered phase and recall that (in the non-
uniqueness regime) we have x # y. Using this, the forthcoming Lemma 6.3 shows (in
a more general setting) that the weight function w,(-, -) satisfies

wy(P, P =w,(p7,p7) < wy(pt,p). (70)

(We encountered an instance of (70) in the earlier discussion for the hard-core model,
see (69).) Intuitively, (70) says that for two gadgets connected in parallel and which are
assigned the same unordered phase p, the optimal “spin” (or ordering) assignment is
to give the gadgets opposite assignments p*, p~ (or vice versa).

For the colorings model, simply using parallel connections to reduce from Max-CuT no
longer suffices. A short calculation shows that the optimal configuration for a triangle
of gadgets connected in parallel is to give all three gadgets different phases. To bypass
this entanglement, we need to introduce some sort of ferromagnetism in the reduction
to enforce gadgets corresponding to vertices of H to use a single (unordered) phase.
To achieve this, we use symmetric connections, which correspond to having not only
(+, +), (—, —) connections of the gadgets, but also (+, —) and (—, +). Thus, a symmetric
connection whose endpoints have phases (x1, y1), (X2, y2) incurs (additive) weight

ws((X1, y1), (X2, ¥2)) = wp((X1, y1), (X2, ¥2)) + wp((X1, y1), (¥2, X2)).

Symmetric connections will allow us to enforce a single unordered phase to all gadgets,
while parallel connections will allow us to recover a maximum-cut partition. To have
some modularity in our construction, rather than reducing from Max-Cur directly, we
use the following “phase labeling problem”.

CoLoRINGS PHASE LABELING PrROBLEM(B, Q)
INPUT: undirected edge-weighted multigraph H = (V, E) and a partition of the edges
{Ep, Eg}.

OUTPUT: MaxLwtr(H) := maxy Lwrg()), where the maximization is over all possible
phase labelings YV : V — Q and

Lwtar() = ) wV@), Y+ D wy(Vw), V().

{u.v}eE; {u,v}€E,
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Edges in E, (respectively E;) correspond to parallel (respectively symmetric) con-
nections and we shall refer to them as parallel (respectively symmetric) edges. The
arguments in Sly and Sun [2012], which we sketched earlier, can easily be adapted to
show that an algorithm for approximating the partition function to an arbitrarily small
exponential factor yields a PTAS for the phase labeling problem, see Lemma 6.1 and
its proof in Section 6.4. It then remains to prove that a PTAS for the phase labeling
problem yields a PTAS for Max-Curt on 3-regular graphs. This is the scope of the next
lemma, which we focus on proving in the remainder of this section.

LemMa 5.1. A (randomized) algorithm that approximates the solution to the COLOR-
INGS PHASE LABELING PROBLEM(B, Q) on bounded degree graphs within a factor of 1 —o(1)
yields a (randomized) algorithm that approximates MaxCut on 3-regular graphs within
a factor of 1 — o(1).

Our reduction relies on the following construction of a gadget (Lemma 5.2) which
“prefers” the unordered phase of two distinguished vertices u and v to agree. The key
idea is that for the complete graph on |Q’| vertices (recall that |Q’| is the number of
unordered phases) and whose edges are all symmetric, the optimal phase assignment
is to give each vertex a distinct unordered phase (note that, in this graph, the “spins”
of the phases do not matter since all of its edges are symmetric). Now, consider the
complete graph on |Q'| 4+ 1 vertices, all of whose edges are symmetric, where one edge,
say (u, v), is removed. Vertices u, v now “prefer” to have the same unordered phase,
that is, the optimal phase assignment in the resulting graph is to give u, v the same
unordered phase p and the remaining vertices a distinct unordered phase from Q'\{p}.
(A modification of this gadget will also work for general antiferromagnetic B.)

We will use the following notation: for a phase assignment ) with ordered phases,
we denote by )’ the respective phase assignment with unordered phases.

LEmMMA 5.2. A constant sized gadget J1 with two distinguished vertices u, v can be
constructed with the following property: all edges of J1 are symmetric and the following
is true:

max Lwr;(Y) > e+ max Lwry()), (71)
;Y=Y (v) V; V' (w#Y' (v)

where g1 > 0 is a constant depending only on k and A.
We give the proof of the critical Lemma 5.2 after the (simpler) proof of Lemma 5.1.

Proor oF LEMMA 5.1. Let &1 be as in Lemma 5.2 and

¢ := 2[(max wp(p1, P2) — min wy(p1, p2))/e1].
P1,P2 P1,P2

Given a 3-regular instance H = (V, E) of Max-Cur, we first declare all edges of H
to be parallel. Moreover, for every edge (v, v') of H, take ¢ copies of gadget J; from
Lemma 5.2, identify (merge) their u vertices with «/, and identify (merge) their v
vertices with v'. Let H' be the final graph.

To find the optimal phase labeling of H’, we may focus on the phase assignment
restricted to vertices in H, since each gadget /; can be independently set to its optimal
value conditioned on the phases for its distinguished vertices u and v. We claim that

MaxLwt(H') = Ci1MaxCur(H) + (Cs + C3t)|E|, (72)

for constants C1, Cs, C3 to be specified later (depending only on &, A). Using the bound
MaxCur(H) > |E|/2 = 3|V |/4, the lemma follows easily from (72). We thus focus on
proving (72).
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The key idea is that for any phase labeling V : V — Q, changing the unordered
phases of vertices in H to the same unordered phase p € Q’, while keeping the spins, can
only increase the weight of the labeling. Indeed, for (u, v) € E such that )'(u) = )'(v),
no change in the weight of the labeling occurs by the symmetry of the phases. For
(u, v) € E such that )'(u) # Y'(v), the potential (weight) loss from the parallel edge
(u, v) is compensated by the gain on the ¢ copies of J; by (71) and the choice of ¢.

For phase labelings which assign vertices of H the same unordered phase p (but
perhaps different spins), to attain the maximum weight for a phase labeling, we only
need to choose the spins, in order to maximize the contribution from parallel edges (the
edges of H). By the same argument we discussed for the hard-core model, (70) yields
that the optimal choice of spins to the phases induces a maximum-cut partition of H. For
such a spin assignment, the contribution from parallel edges is C1MaxCut(H) + Cs|E|,
where

Ci:=w,(p",p7) —wy(p ., p ) and Cy := wy(p~, p ).
The contribution from symmetric edges is Cst|E|, where

Cs:= max Lwry, (D).
V; V' (w=Y' (v)=p

This proves (72). O
We conclude this section by giving the proof of Lemma 5.2.

Proor oF LEMMa 5.2. Let Q' := {p1, ..., pg} be the collection of all unordered phases
and set p; := {x;, y;} fori € [@]. Denote by K the multigraph on & vertices b1, ba, ..., bg
with the following symmetric edges: self-loop on b; for i € [@] and two edges between b;
and b; for everyi, j € [@] withi # j. We first prove that the optimal phase assignments
Y of K are those which assign each vertex b; a distinct phase from Q' (note that the
spins of the phases do not matter since all edges of K are symmetric). The desired
gadget J; will be constructed afterwards.

Let Y be a phase labeling of K and s; be the number of vertices assigned phase p;.
Denote by s the vector (sq, ..., s¢)7. Note that 17s = ¢, where 1 is the all one vector
with dimension . Then

Lwig(V) = > sisjws(p;. p;) = s As,
i,jel@]
where A is the @ x @ matrix whose (i, j) entry equals w(p;, pj). Note that A is

symmetric and 1 is an eigenvector of A (because of the transitive symmetry of phases).
Moreover, if we let s’ = s — 1, then 17s’ = 0. It follows that

sTAs = 17A1l + (s')TAS'. (73)

If A is negative definite, Eq. (73) shows that the all ones labeling, that is, s = 1, is
(strictly) better than any other labeling. Hence, the result will follow if we prove that
A is negative definite.

Letz,...,zg:=X1,...,X¢@,y1,...,Yg and let A be the ® x @ matrix whose ij-entry
is In(1 — z[z;). Using the definition of the weights w;(-, -), it is easy to check that for
any vector s it holds that

sTAs = (s, s)TA(s, s),

so it suffices to prove that A i§ negative definite. We will show here that A is negative
semi-definite; the proof that A is nonsingular (and hence negative definite) is trickier
and is given in the proof of the more general Lemma 6.5. Note that the entries of A
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are obtained by applying z — In(1 — z) to each entry of the Gram matrix of the vectors
Z1,...,2q. Since, for |z| < 1, we have In(1 —2) = —z — 22/2 — 23/3 — ..., by Schur’s
product theorem (see Corollary 7.5.9 in Horn and Johnson [2013]) we obtain that A is
negative semidefinite, as desired.

To construct the gadget J;, we overlay two copies of K as follows. Let K, (respectively
K,) be a copy of K, where the image of bg is renamed to u (respectively v). Overlay
K,, K, by identifying the images of b1, ..., bg_1 in the two copies. Thus, the resulting
graph J; has two self loops on b; for i € [@ — 1], four edges between b; and b; for every
i,j € [@ —1] with i # j, two edges between u and b; for i € [ — 1], two edges between
vand b; fori € [ — 1] and a self loop on u, v.

Note that, for every phase labeling ) of 1, we have Lwt, () = Lwtg, () + Lwtg, (D)
and hence MaxLwt(cJ;) < 2MaxLwt(K). Using that the optimal phase labelings for K are
those which assign each vertex a distinct phase from Q’, we obtain that the inequality
holds at equality for those (and only those) phase labelings which assign u, v a common
phase p € Q' and vertices b1, ..., bg_1 a distinct phase from Q' — {p}. This yields the
£1 in the statement of the lemma. Note that ¢; depends only on @', which in turn is
completely determined by k£, A. O

6. GENERAL REDUCTION
6.1. Phase Labeling Problem

We first introduce the phase labeling problem for a general antiferromagnetic spin
system (which satisfies the hypotheses of Theorem 1.5). As in the case for the colorings
model (see Section 5), we let Q' be the union of {x, y} over all dominant phases, that is,

Q ={{x1,y1}..... {X@. yq1}

Henceforth, we will refer to elements of Q' as unordered phases. Note that for fixed
g, A, B the global maxima of W; correspond to fixpoints of (22) and hence can be
approximated to any desired polynomial accuracy of their values. The values of x,y
may then be recovered using (23) (see Footnote 4 for an explicit description of the
correspondence in the case of colorings). The assumption of Theorem 1.5 translates
intox; #y; foralli € [@].

Given an unordered phase {X, y} an ordering of the pair will be called “assigning spin
to the phase”. Let

Q={x1,y1)....,Xq ¥

be the collection of ordered phases. Note that @ = 2@'. We will denote unordered
phases using p; the two ordered phases corresponding to the unordered phase p will
be denoted by p* and p~. Given a graph H with vertex set V, we will assign ordered
phases to its vertices—the labeling (also called phase assignment) will be denoted by
Y : V — Q. The corresponding labeling by unordered phases (where the ordering is
removed) will be denoted by ).

Now we define the weight of a phase assignment. We will have two types of edges in
H: parallel or symmetric; the type of an edge will only impact the weight of a phase
assignment. In particular, a parallel edge whose endpoints have labels (x1,y:) and
(X9, y2) incurs weight

wp((X1, ¥1), (X2, ¥2)) = In (x] Bx) + In (y] By2),
while a symmetric edge incurs weight
ws((X1, y1), (X2, ¥2)) = wp((X1, y1), (X2, y2)) + wp((X1, y1), (y2. X2)).

Note that if we flip (x1, y1), that is, replace it by (y1, X1), the weight of the symmetric
edge does not change.
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We will use the following problem in our reduction.

Prase LABELING ProBLEM(B, Q)

INPUT: undirected edge-weighted multigraph H = (V, E) and a partition of the edges
(E,, E,).

OUTPUT: MaxILwtr(H) := maxy Lwry()), where the maximization is over all possible
phase labelings YV : V — Q and

LwtgV) = Y wV@), Y+ > wy(Vw), V().

{u,v}ekE; {u,v}eE,

The motivation for the PHASE LABELING PrROBLEM is the following lemma. The proof
roughly follows the lines of Sly and Sun [2012] and is given in Section 6.4.

LemMmA 6.1. In the setting of Theorem 1.5, the following holds. A (randomized) algo-
rithm that approximates the partition function on triangle free A-regular graphs within
an arbitrarily small exponential factor yields a (randomized) algorithm that approx-
imates the solution to the Phase Labeling Problem with parameters B, Q on bounded
degree graphs within a factor of 1 — o(1).

The following lemma requires more work in our setting and is proved in Section 6.3.

LEmmA 6.2. A (randomized) algorithm that approximates the solution to the phase
labeling problem with parameters B, Q on bounded degree graphs within a factor of
1—-o0(1) yields a (randomized) algorithm that approximates MaxCut on 3-regular graphs
within a factor of 1 — o(1).

Using Lemmas 6.1 and 6.2, we obtain Theorem 1.5.

Proor orF THEOREM 1.5. Suppose that there exists a (randomized) algorithm to ap-
proximate the partition function on A-regular graphs with interaction matrix B up to
an arbitrarily small exponential factor. Then, combinining Lemmas 6.1 and 6.2, we
obtain a (randomized) algorithm to approximate MaxCurt on 3-regular graphs within a
factor of 1 — o(1). This contradicts the result of Alimonti and Kann [1997]. O

6.2. Properties of Antiferromagnetic Spin Systems
In this section, we prove two basic properties of antiferromagnetic systems that will be
used in our general reductions.

As a consequence of the Perron-Frobenius theorem and the antiferromagnetism def-
inition (cf., Definition 1.3), we may decompose the interaction matrix B of an antifer-
romagnetic model as

B=uu” - PP, (74)

where the vector u has positive entries and P is a square matrix. In (74), u corre-
sponds to the Perron-Frobenius eigenvector of the matrix B and P is the Cholesky
decomposition of uu™ — B (which is positive semidefinite by the assumption that B is
antiferromagnetic). Using the decomposition (74), we prove the following two lemmas
which are used in the reduction.

LemmA 6.3. For antiferromagnetic B, and vectors z1, zg € Rio with ||z1); = |22l =
1, we have

(z]Bz1)(z3Bz3) < (z{Bzz)2.
Equality holds iff z1 = zo.



50:32 A. Galanis et al.

Proor. Set wi = Pz, wy = Pzy, a1 = uTz1, ag = u'zy. Then
z]Bz, = al — wiwi, z)Bzy = as — wiwsy, z2]Bzy = aj00 — W]ws.

Since B,z1,z2 have nonnegative entries, these equalities imply a? — w]wy, a2 —
Wi W, a1as — wiwy > 0. The inequality reduces to

(af — wiw) (@3 — wiws) < (@az — w]ws)”.

This is known as Aczél’s inequality. The fastest proof goes as follows: set b% = a% —Wwi

and b2 = a2 — wwy, so that by Cauchy-Schwarz aias > b1bs + W] wy, implying the

inequality.

Equality can only hold if a; = Aas and w; = Aws, yielding uT(z; — Azg) = 0 and
P(z, — 1z3) = 0. We easily obtain B(z; — Az3) = 0 and since B is invertible, z; = Azs.
The assumption ||z1]|; = ||z2]|; = 1 implies A = 1, as wanted. O

CoROLLARY 6.4. By plugging in the inequality of Lemma 6.3, the vectors with a
single 1 in the positions i and j respectively, we obtain that any two spins i, j induce an
antiferromagnetic two-spin system.

LEMMA 6.5. Let z1,...,2z, € R? be a collection of distinct nonnegative vectors such
that ||z;|l1 = 1fori € [n]. Let a; = z]w, where wis as in (74). Let A’ be the n x n matrix
whose ijth entry is In(z] Bz;) — In(a;) — In(a;). Then A’ is negative definite.

Proor. Let w; = G%Pzi and let W be the ¢ x n matrix whose columns are wy, ..., w,.

We first argue w; # w; for i # j. Suppose w; = w;. Let z = (%zi — %zj. We have
i j

Pz=w;, —w; =0andu’z =1-1= 0 and hence Bz = 0. Since B is nonsingular, we
have z = 0. Thus, 0 = z71 = a—ll — a—lj which implies @; = a; which in turn implies z; = z;,
a contradiction. Thus, w; # w; for i # j.
Note that we have
In (1 — WiTWj) =In (aiaj — ziTPTsz) — In(gaj) = A;]

Thus the ijth entry in A’ is obtained by applying z — In(1 — z) to each entry of the
Gramm matrix WTW. Note that for |z| < 1 we have In(1 —2) = —z —2%2/2 —23/3 — ...
and hence by Schur product theorem A’ is negative semidefinite (see Corollary 7.5.9
in Horn and Johnson [2013]).

Now we argue that A’ is nonsingular (and hence negative definite). We have

o0
1
A=) ZWIW,, (75)
k=1
where W}, is the ¢* xn matrix whose columns are wf’k, el w;‘?k. Note thatif A’ is singular

then there exists a nonzero vector v such that vTA'v = 0 and for this to happen, we
would have to have

W,v=0 (76)
for all 2 > 1 (the terms on the right-hand side of (75) are nonnegative and if even one
of them is positive then vTA'v < 0).

There exists a vector r € R? such that o; = r"w;,i = 1,...,n are distinct real
numbers (the w;’s are distinct and hence for any i # j the measure of r € [0, 1]7 such
that r"w; = r'w; is zero). Note that (r®)TW, is (&%, ..., %). From (76) we obtain that
for every integer £ > 1 we have (%, ...,a¢®)v = 0 and hence v = 0 (by considering
the Vandermonde matrix {af}), a contradiction. Hence A’ is nonsingular and negative
definite. O
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6.3. Reducing MAXCuT to PHASE LABELING
In this section, we prove Lemma 6.2.

6.3.1. An Intermediate Gadget. We will use the following gadget which, among the set of
all ordered phase assignments, “prefers” the unordered phase of two vertices to agree.

LEmMMA 6.6. A constant sized gadget J1 with two distinguished vertices u, v can be
constructed with the following property: all edges of J; are symmetric and the following
is true,

max Lwr;()) >e+ max Lwr, (), 77
V; V' (w)=Y'(v) V; V' (w)#Y' (v)

where ¢1 > 0 is a constant depending only on the spin model and A.

Note that Lemma 5.2, which was proved in Section 5, is a special case of Lemma 6.6
in the case of the colorings model. The proof of Lemma 6.6 follows roughly the same
lines with slightly more intricate technical details.

Proor or LEMMA 6.6. Let z1,...,2¢9 :=X1,...,Xg,¥1..... Y- Let u be defined as in
Eq. (74). In Section 6.2, Lemma 6.5, it is proved that the @ x @ matrix A whose ijth
entry is In(z] Bz;) — In(z/u) — ln(z}u) is negative definite. Let A’ be the @ x € matrix

obtained by the following “folding” of A:
A=A +Aq;+Aijq+Aig e

We have that A’ is also negative definite (since xTA'x = yTAy/, where yT = (xT, xT)).
Note that

A} = w((x, 1), (x5, ¥7) —a; —a},

where ¢/ := 2In(x/u) + 21In(yw).
Let A1 be largest eigenvalue of —A’ and let A5 be the smallest eigenvalue of —A’. Note
that 0 < A2 < A1. Define A to be the @ x @ matrix with 4;; = A/, +a] +a; and consider

the following maximization problem

max X'TAx. (78)

x;x71=1,x>0
Note that, for x with x71 = 1, we have
xTAx = 2a’Tx + xTA'x, (79)

where A’ is negative definite. Note that, if x and y are distinct optimal solutions of (78),
then (x + y)/2 satisfies all the constraints, and from (79) and negative definiteness of
A’ we have

(x+y)/2)TA(x +y)/2) > (xTAx + yTAy) /2,

a contradiction (with optimality of both x and y). Thus, (78) has a unique maximum,;
let x* be the value of x achieving it. Note, by the method of Lagrange multipliers, the
local optimality of x* implies that the coordinates of a'T + (x*)TA’ are identical, that is,
aT + (x*)TA’ = p1T7 for some p € R. Let O* be (x*)TAx*. Let S be the set of nonzero
coordinates in x*.

Let y € R? be such that y'1 = 0 and y is zero on coordinates outside S. Then, from
(local) optimality of x*, we have

X" +y)TAX* +y) = 0" +2@7 + (x)TA)y +yTA'y = O* +y"A'y > O* — A4|ly|3, (80)
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where, in the second equality, we used that a'T + (x*)TA’ is a vector whose coordinates
are identical and yT1 = 0. Equation (80) tells us that moving slightly from the optimum
the objective decreases at most quadratically in the length of y.

Let y € R? be such that y'1 = 0 and y is nonnegative on coordinates outside S.
Then, from (local) optimality of x*, we have

x*+y)TAX* +y) = O* +2(@7 +(x)TA)y +y'A'y = O* +y"A'y < O* — x2|lyl3. (81)

Equation (81) tells us that moving slightly from the optimum the objective decreases
at least quadratically in the length of y.
Let Z > (4Qx1/22)?. Note that Z is a constant depending only on the model

and A. Let z1/z,...,2¢/z be the optimal simultaneous Diophantine approximation
of xj, ..., xa with z1,...,2¢,2z € Z and 1 < z < Z. By Dirichlet’s theorem, we have

|lexf — 2| < Z7Y9 < 1. (82)
Note that (82) implies

ifx¥ =0, thenz =0. (83)

Also note that

Q Q Q
Sext - a| = Yl -5l < @209 <1
i=1 i=1 i=1
and since z and z;’s are integers and (x*)T1 = 1, we have
Q

2
Z == 1. (84)

i=1

From (83) and (84), we have that, for y := (z1/z, ..., zg/z) — x*, we can apply (80) and
hence

(21/2,...,2¢/2)A(z1/2, ..., 2¢ /2)T > OF — A4 Q’Z’Z/Qz’z. (85)
Now we are ready to construct the gadget oJ;. First, let K be the multigraph on z vertices
b1, be, ..., b, with the following symmetric edges: self-loop on b; for i € [z] and two edges

between b; and b; for every i, j € [z] with i # j. To obtain J;, we overlay two copies
of K as follows. Let K, (respectively K,) be a copy of K, where the copy of b, in K, is
renamed to u (respectively v). Overlay K,, K, by identifying the copies of b1, ..., 5,1 in
the two copies. Thus, the resulting graph J; has z + 1 vertices and the following edges:
two self loops on b; for i € [z — 1], four edges between b; and b; for every i, j € [ — 1]
with i # j, two edges between u and b; for i € [z — 1], two edges between v and b; for
i € [z— 1] and a self loop on u, v. Note that the weight of a phase assignment on o/; is
the sum of the induced phase assignments on K, and K,.

Consider an assignment of phases ), such that in each complete graph z; vertices
get the unordered phase i (note that this forces the phases of u and v to be the same).
The weight of the phase assignment ), is

Lwry, (V) =81 :=2(21, ..., 29)A(z1, ..., 29)T = 2220* — 2A1QZ_2/Q. (86)

Now suppose that we have a phase assignment ) for ; where the unordered phases
of u and v are different. Let @ be the vector with #; counting the number of vertices
with phase i in K, and define similarly v. Note that |4 — \7||§ = 2 (since 01 and v differ
in two coordinates—the phases of u and v in the assignment). By triangle inequality

we have |[i/z — x*[|s > 1/(zv/2) or |[¥/z — X*|l2 > 1/(24/2) (otherwise we would have
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G/z — ¥/zlls < +/2/z). Without loss of generality, assume that /z has the greater
distance from x*. Using (81), we obtain

Lwr,(V,) = Sg 1= aTAl + VTAV < 22(20* — 12/(22%)) = 2220* — 1y/2. (87)

By our choice of Z we have S; > Sy and hence in an optimal phase assignment for J;
we have that u and v get the same unordered phase. Note that we did not show which
phase assignment is optimal; we only found a phase assignment in which «, v have the
same unordered phase that is better than any assignment in which u, v have different
unordered phases. O

6.3.2. The Reduction. In Section 6.2, Lemma 6.3, we proved that, for a parallel edge
and any unordered phase p, we have w,(p*, p*) = w,(p~, p~) < w,(p*, p~) and hence
there exists a constant ¢ > 0 depending only on the model and A such that, for every
unordered phase p € Q’, we have

wy(P", P =wy(P.P) < wp(p*, pT) — e (88)

Combining Lemma 6.6 with Eq. (88), we can construct a gadget that “prefers” the
unordered phase of two vertices to agree and also “prefers” the spin assignment to
disagree.

LEmMA 6.7. A constant sized gadget Jy can be constructed with two distinguished
vertices u, v and the following property: there exists a phase p € Q' satisfying simulta-
neously all of the following:

(1) Ai1(p) = MaxLwrt(Js), where

Ai(p) := max Lwr, () = max Lwrg, (). (89)
V; Vw=p*,Y(v)=p~ V; Yw=p~,Y(w)=p*

(2) Among p that satisfy Item 1, p maximizes

A(p) = max Lwrt,,(Y) = max Lwr,z, (). (90)
V; Y@)=p*,Y(v)=p* Vi Yw)=p~,Y(v)=p~
(3) The following inequalities hold
Ai(p) > As(p) +e3 and Ax(p) >e3+ max Lwry (), 91D
VYV (WY (v)

where g3 > 0 is a constant (depending only on the model and A).

Proor. To construct o, we take ¢ := 3[(maxp, p, wy(P1, P2) — Ming, p, wWp(P1, P2))/€1]
copies of gadget J; from Lemma 6.6, identify (merge) their u vertices, and identify
(merge) their v vertices. Finally we add a parallel edge between u and v.

Let p be the unordered phase that is the common value of )’(z) and )’'(v) for which
the maximum on the left-hand side of (77) is achieved (note that p is not unique; we
just take one such p). Let

Ay = max Lwr;,()) and As;:= max Lwr,;,(Q).
Y; YV (w)=p.Y (v)=p YV V(w#Y (v)

Then, applying (77) on each copy of <J; in Jo we obtain
Ay > As + 2(max wpy(p1, p2) — min w,(p1, P2)). (92)
P1,P2 P1,P2
Thus, the maximizer of maxy Lwt,()) happens for Y with V' (v) = )'(v). Only the
parallel edge is influenced by the spin and hence, by (88), we have

max Lwr,()) = max max Lwrg, (D). (93)
Y P YV:Vw=ptYVw)=p~
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Let p be the maximizer on the right-hand side of (93) that (secondarily) maximizes the
second expression in (90). Note that p satisfies the first and second conditions of the
lemma. The first part of the third condition is satisfied for any ¢3 < g2 (using the fact
that the edges of J; are symmetric and inequality (88)). Recall that ¢ > 0. The second
part of the third condition is satisfied for e3 < maxp, p, w,(P1, P2) — Ming, p, wy(P1, P2).
Recall that maxy, p, wp(P1, P2) — ming, p, wy(P1, P2) > 0. Thus, we can take g5 > 0 to
be the smaller of the two upper bounds (each of which is a constant depending on the
model and A only). O

LEmMMA 6.8. Let B be the interaction matrix of an antiferromagnetic spin model.
Let Ay, As be the constants defined in Lemma 6.7. There exists constants Dy, Do, D3
depending only on the model and A such that the following is true. Given a cubic
graph H, we can, in polynomial-time, construct a max-degree- Dy graph G with |V(G)| <
D, |V (H)| such that

MaxIwr(G) = (A; — A2)MaxCur(H) + Ag|E(H)| + A1 D3|V (H)|.

We can now go back and prove the inapproximability result for the phase labeling
problem.

Proor oF LEMMA 6.2. Let H be a cubic graph which is an input to MaxCut. We have
the standard bound MaxCut(H) > 1/2|E(H)| = 3/4|V(H)|. We apply Lemma 6.8. Since
A1, Ag, D3 are constants depending only on the model and A, we obtain the result. O

Proor or LEMMA 6.8. Let H = (V, E) be a cubic graph which is an input to Max-Cur.
We construct the graph G as follows. For every edge (v, v') of H, take a copy of the
gadget Jo from Lemma 5.2, identify (merge) its u vertex with «/, and identify (merge)
its v vertex with v'. Also, for an integer D3 > 0 which we will determine shortly, for each
vertex w € V(H) add Ds; new vertices wi, ..., wp, and add a gadget > between w and
w; for i € [Ds] (i.e., identify the distinguished vertices u, v of J2 with w, w; respectively).

The purpose of the D3 copies of <J; is to force phase p (from Lemma 6.7) to be assigned
on all vertices in V(H) in a labeling of G with maximum weight. A phase r # p can
have

£1(r) = max Lwrt,,(Y) — max Lwrt,,(Y) > 0, (94)
V; Yw)=r*,Y(v)=rt V; V(w)=p*t,Y(w)=p*
but then by the choice of p
Lo(r) = max Lwrg, () — max Lwrz(Y) > 0. (95)
V; Yw)=p*,Y(v)=p~ V; Yw=rt+,Y(v)=r"-

Let

_ 4(r)
Dy =443 [mgx 52(1_)—‘ ,

where the maximum is taken over r such that (94) is satisfied (if no such r exists, we
can take D3 = 0). Note that Ds is a constant depending on the model and A only.

Now we want to find the maximum weight labeling of G. The union of the dis-
tinguished vertices u, v of the J; gadgets in the graph G will be referred to as the
distinguished vertices of G. Note, to find the maximum weight labeling of G, we may
focus on labeling the distinguished vertices of G, since once those are fixed one just
finds the optimal labeling in each gadget (conditioned on the labels of the distinguished
vertices). Let W be a labeling of the distinguished vertices that leads to the maximum
weight labeling of G. Let W be the labeling obtained from W by changing the phase of
each distinguished vertex to p while (1) keeping the original spin on the vertices of H,
and (2) making the spin of wy, ..., wp, the opposite of the spin of w (for each w € V(H)).



Inapproximability for Antiferromagnetic Spin Systems in the Tree Nonuniqueness Region 50:37

Now we compare W and W for each o, gadget corresponding to an edge of H:

—if in W the unordered phases of u and v were different, then W has greater weight
than W on the gadget, using (91);

—if in VY the unordered phases of © and v are the same but the spins are different,
then W has greater or equal weight than W on the gadget, using (89);

—if in W the unordered phases of u and v are the same and the spins are the same,
then the loss of W on the gadget (compared to W) is ¢1(r) (where r is the phase of u,
vin W).

For the J; gadgets connecting w to wy, ..., wp,, we have

—if the (unordered) phase of w in W was r such that ¢;(r) > 0, then the gain of W on
each gadget (compared to W) is at least ¢5(r);
—otherwise, by (89), then W has greater or equal weight than W on the gadget.

For each vertex whose phase in W was r such that ¢;(r) > 0, there are three edges
where W can lose ¢1(r) (compared to W) but there are Ds edges where W gains £o(r)
(compared to W). Since Dsfs(r) > 3¢1(r), we have that W has at least as large weight
as W (and hence is also optimal).

Now we just argue how the spins should be assigned. The largest number of </,
gadgets with opposite spins on the distinguished vertices arises when we take the
max-cut of H and assign the spin according to the cut. O

6.4. Connection between Approximating the Partition Function
and the Phase Labeling Problem

In this section, we prove Lemma 6.1.

Let H = (V, E) be an instance of the phase labeling problem, where {E,, E;} is a
partition of the edges of H. Let |[V| = m. The degree of a vertex v € V will be defined as
2d; +d, +4l;+21,, where d;, d, are the numbers of symmetric and parallel edges joining
v to a distinct vertex u and /s, [, are the numbers of symmetric and parallel loops from
v to itself. The bounded degree assumption means there is an absolute constant D (not
depending on m) which bounds the degree of any v € V.

To approximate the phase labeling problem on H with parameters B, Q, we will
replace each vertex in the graph H by a suitable graph in a family of gadgets F. The
construction has a parameter & which roughly controls the accuracy of the approxima-
tion we want to achieve. The family F will be of the form {G%}4c|p; and the gadget for a
vertex v will be G? where d is the degree of v. Note that the cardinality of  is bounded
by the absolute constant D. The gadgets G¢ are selected from a graph distribution G*
for some appropriate n to be specified later. For integer r, n satisfying n > r > 0, we
next describe the graph distribution G, := G/(A).

(1) G}, is supported on bipartite graphs. The two parts of the bipartite graph are labeled
by +, — and each is partitioned as U U W* where |U®| = n, |W*| =r for s = {+, —}.
U denotes the set Ut U U™~ and similarly W denotes the set WU W—.

(2) To sample G ~ GI, sample uniformly and independently A matchings: (i) (A — 1)
perfect matchings between U™ U W+ and U~ U W—, (ii) a n-matching between U+
and U~. The edge set of G is the union of the A matchings. Thus, vertices in U
have degree A, while vertices in W have degree A — 1.

Note that, in the special case r = 0, the distribution G/ is identical to the graph
distribution G, defined in Section 2.
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Before further specifying the family F, we first describe the properties that a gadget
in F should have. We assume throughout that r is an arbitrarily large constant (inde-
pendent of n). Let G ~ G, and denote by g the Gibbs distribution on G with interaction
matrix B. Note that G is a random graph on 2(n + r) vertices.

Foro : UUW — [q], the footprint of ¢ is a pair of g-dimensional vectors («,, 8,). The
ith entry of o, (respectively B, )is equal to |o (i) N U*|/n (respectively |c ") N U ~|/n).
Let p € Q and recall that p corresponds to a dominant phase («, 8) of ¥;. The phase of
a configuration o : U UW — [q] will be denoted by Y (o) and equals p if the closest®
dominant phase to the footprint («,, B,) of o is (&, 8). Note that the phase of o depends
only on the spins of vertices in U.

We shall display shortly that, conditioned on Y (¢c) = p, the marginal distribution of
e on the vertices in W can be well approximated by an appropriate product measure
vf?(«). To do this, recall that every phase p € Q corresponds to a fixpoint of the tree

recursions (22). Let (Rl, e Rq) be a scaled version of (R, ..., R;) so that }_; Ri =1

(and define similarly C’l, el C'q). We now define a product measure vf?(-) on the space
of spin assignments to vertices in W. Forn: W — [ql and p € Q, let
V{?(U) — H(Ri)\nﬂ(i)ﬁwﬂ H(Cvj)m—l(j)mW*l. (96)
iclql Jelql

Foro : UUW — [q], denote by ow the restriction of o to vertices in W.

LEMMA 6.9. Let r be an arbitrarily large constant. In the setting of Theorem 1.5, for
every ¢ > 0, there exists N(¢) such that for n > N, a random graph G ~ G, satisfies with
positive probability the following.

(1) The graph G is simple.

(2) Foreachp e Q, (1 —2¢)/19| < ug(Y(o) =p) < (1 +¢)/|Q|. That is, the phases in Q
appear with roughly equal probability.

(3) Let 0 ~ ug. Then, uglow =n|Y (o) = p)/vff’(n) ell—el1+4¢lforalln: W — [ql.
That is, conditioned on the phase p of the configuration, the spins of the vertices in
W are roughly independent and the marginal distribution on them can be approxi-
mated by the distribution vy (-).

(4) There is no edge between W+ and W~. Moreover, there is no vertex in G which has
two neighbors in WH U W—.

Lemma 6.9 is proved in Section 6.4.1. An immediate consequence of Lemma 6.9 is
the following.

COROLLARY 6.10. Let k be an arbitrarily large constant. For d € [D), let G* ~ G* and
set F = {G%qeipy. Then, for all sufficiently large n, G satisfies Items (1), (2), (3), and (4)
of Lemma 6.9 with positive probability for every d € [D].

Corollary 6.10 also yields a trivial randomized algorithm to construct the family F
for an arbitrary constant k. In fact, since all the parameters are constants, one can
construct the family F by brute force search. With the family F in our hands, we can
now give the details of the construction.

The first step consists of replacing each vertex v € H with degree d with a distinct
copy of the gadget G? € F. We will denote the gadget corresponding to vertex v by G,
and the images of the sets W, W=, U* in G, by W,, W, U . Further, denote by H the
graph obtained by the disconnected copies of the gadgets.

5See Appendix B, Eq. (161) for the precise definition.
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The second step consists of encoding the edges of H in H, that is, making connections
between the gadgets. The final graph will be denoted by Hr. The edges we are going
to place will form a perfect matching on U,.g W, and as a result Hr will be A-regular.
Every parallel edge of H corresponds to 2% edges in Hy, while every symmetric to 4k%.
Roughly, parallel and symmetric indicate which parts of two gadgets get connected
(recall that the gadgets are bipartite). Loops in H connect distinct vertices in H.

In detail, let (i, v) be an edge e of H. Suppose first that u # v. If e is parallel, place
k edges between W; and W for s € {4+, —}. If e is symmetric, place k edges between W
and W and % edges between W; and W for s € {+, —}. Suppose now that u = v. Ife
is parallel, place % edges between distinct vertices in W' and % edges between distinct
vertices in W . If e is symmetric, place 2k edges between W, and W, k edges between
distinct vertices in W' and % edges between distinct vertices in W,.

The first step of the construction guarantees that the second step can be done in a
(deterministic) way so that Hr is A-regular. Moreover, by Corollary 6.10 and item 4 of
Lemma 6.9, Hr is a simple, triangle-free graph.

Proor oF LEmMA 6.1. Using Corollary 6.10 and specifically items (2) and (3) of
Lemma 6.9, the argument in Sly and Sun [2012, Lemma 4.3] almost verbatim gives

(1—g)?m < Zy, | Zg
|Qm exp(k - MaxLwt(H)) —

This can be rearranged into

<@+

Zy, > _%[2 log(1—¢)—log|QJ]. (97)
Zp

1 Zy,
A log< Zn ) A log(1+4¢) < MaxLwr(H) < A log(
The argument in Sly and Sun [2012, Proof of Theorems 1 and 2] gives the desired
result. We give the short details. The graph H consists of m disconnected subgraphs,
each of constant size. Hence, we can compute Zz exactly in polynomial time. Assume
now that Zy, can be approximated within a factor 0£ exp(c|H|) in polynomial time for
any ¢ > 0. Since log(Zy,) is bounded ibove by O(|H|), the ratio log(Zy,/Zz) can be
approximated within an additive O(c|H|) = Olem(n + kD)] = O(cnm) since n > kD.
Thus, by (97), we obtain upper and lower bounds for MaxLwt(H ) which differ by Ol(cn +
1)m/k]. A random phase labeling yields the lower bound MaxLwt(H) > Q(m). Thus, the
final approximation is within a multiplicative factor Ol(cn + 1)/k] of MaxLwt(H). To
make the multiplicative factor arbitrarily small, we need to take % large. This might
increase n, but we can compensate by taking ¢ small. This concludes the proof. O

6.4.1. Proof of Lemma 6.9. Let G ~ G!.. To get a handle on Items 2 and 3 of Lemma 6.9,
we first define the partition functions conditioned on a phase p € Q. Similar definitions
appear in [Sly 2010]. Let QP be the configurations o € Q2 whose phase Y (o) equals p,
that is,

QP ={0eQ|Y(o)=p} (98)
Similarly, for a configuration n : W — [q], let
QP ={c €Q|Y(0)=p,ow =n}. (99)

Note that QP = U, QP() and = Upcg Q2P. The conditioned partition functions Zg and
Zg(n) are defined as

Zgm) = > welo), Z&:= Y wglo)= > Zap. (100)

oeQP(n) geQpP n:W—lql
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The following equalities display the relevance of these quantities to Lemma 6.9.

72 Zg(n)
nweY(o)=p) = Z—ng, uglow =n1Y (o) =p) = Zg . (101)
pe

Note that the definition of Zg also makes sense in the case r = 0. Note that forr = 0,
there are no vertices of degree A — 1 (and hence no set W), so the graph distribution
GY is identical to the graph distribution G, defined in Section 2.

To start, we are going to show that Items (2) and (3) of Lemma 6.9 hold in expectation.
This is the scope of the following lemma which expresses E¢ [Z7], Eg; [Z7(n)] in terms

of Eg, [ZF]. Note that o(1) refers to quantities that tend to 0 as n — oo.

LEmMMA 6.11. Let r be a fixed constant and let p be a phase, that is, p € Q. There
exists a constant C(p) such that for every n : W — [ql, it holds that

P
Eg [Z8(n)] = (1 +o()CvE(Eg, [ 28], and thus max Eo;|Ze(n)]

—® =o0(1).
NI 7 I A R

(102)
Moreover, when the phases Q are permutation symmetric, Eg,[Zg] = (14+0(1)Eg, [Z}] for
any two phases p, p’ € Q and the constant C in (102) does not depend on the particular
phase p. Consequently, for p,p’ € Q

/ E; [Z2] 1
Eo[Z2] = 1 + o(1)Ea [Z2 ], and thus ——2-G1 __ — (1 +0(1))—. (103)
gn[ G] gn[ G] ZngEgZ[Zg] 10

Proor. The second equalities in each of (102) and (103) follow immediately from

the first. The equality Eg, [Zg] =1+ o(1)Eg, [Zg] for permutation symmetric phases
follows from Eq. (193) in the Appendix (see also Lemma A.4). Thus, the first equality
in (103) follows by adding the first equality in (102) over all configurations 5. The first
equality in (102) may be proved by explicit calculations following the same arguments
as in Sly [2010, Lemma 3.3]. The details can be found in Appendix D.1, see Lemma D.1
(where also the explicit value of the constant C is given).

It is worthy to note that (102) holds even if the phases are not permutation symmetric,
which is not in general true for (103). O

In light of Eqs. (101), (102), and (103), the path to obtain Items (2) and (3) of
Lemma (6.9) is now paved: it suffices to show that the conditioned partition func-
tions Zg(n) are (with positive probability) arbitrarily close to their expectations for
large n. Note that we want this to be simultaneously true for all p and 7, that is, for
the same graph G. This in turn requires using in full strength a theorem by Janson
[1995], which is an extension of the small subgraph conditioning method introduced
by Robinson and Wormald [1994].

We do an exposition of these theorems and their application in Appendix A. For satis-
fying the reader who is more interested in the proof of Lemma 6.9, the following lemma
is a distilled version of the results in Appendix A, yet at the same point containing
some important bits which will allow us to motivate it.

LEmMMA 6.12. Let G ~ G and denote by Xin, i = 1,2, ..., the number of cycles of length
2i in G. There exist random variables Wk, a deterministic function of Xin, Xon, - . ., Xoms
such that for every ¢ > 0

ZP
lim lim sup Prg, (U U [ Gln) > 5:|) = 0. (104)

[ CAN R v 74
EgZ5)] ™
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There also exists a positive constant ¢ > 0 such that Wk, > c uniformly in m, n. Moreover,
when the phases Q are permutation symmetric, the random variables Wh, do not depend
on the phase p.

Lemma 6.12 provides a straightforward proof of Lemma 6.9, so we shall elucidate
its most important aspects in an attempt to demystify its rather unintuitive state-
ment. Equation (104) says that for all sufficiently large m, n the random variables
Zp(n)/Eq [ Z&(n)] are well approximated by the variables Wy, with large probability.
To get a feeling about this statement, it is a well-known fact that a random A-regular
graph is locally tree-like and its girth diverges as n — oo. That is, as n grows large, for
any positive integer ¢, for all but o(n) vertices, the #-depth neighborhood of a vertex is
isomorphic to the first ¢ levels of the infinite A-regular tree. This is in alignment with
the fact that Eg [Z7.(n)] is determined by the Gibbs measure on the infinite A-regular
tree associated to the phase p. On the other hand, a graph G ~ G, does have o(n) ver-
tices which are contained in constant sized cycles. Thus, it is reasonable to expect that
Zg(n) fluctuates from its expectation. It is equally reasonable to expect the fluctuations
to depend on the presence of small cycles which occur with small but nonzero proba-
bility. Equation (104) thus provides an explicit handle on these fluctuations, given by
the variables W5, which are a deterministic function of the small cycle counts in G.
Crucially for our proof of Lemma 6.9, when the phases are permutation symmetric,
the fluctuations from the expectation are captured by a single random variable, which
allows us to control them uniformly over all the phases p and configurations 7.

We should point out that the notation W%, should not be confused by any means to
the labeling of the degree A — 1 vertices in G, that is, the set of vertices W.

Proor oF LEMMA 6.9. We assume that the ¢ in the statement of the lemma is fixed.
Let ¢/ > 0 be sufficiently small, to be picked later.

By Lemma 6.12, we have that for all m, n sufficiently large the random variables
Zp(n)/Eq [ Z8(n)] are well approximated by Wy, with large probability. That is, there
exist M(¢’), N(¢') such that for m > M and n > N, it holds with probability 1 — &’ over
the choice of the graph G that, for every phase p and every configuration n : W — [q],

ZE(n) = (WB, £ ")Eg [ Z2(n)]. (105)

We will show that whenever this is the case, Items (2) and (3) hold. To do this, sum
(105) over 7 to obtain that for each phase p, it holds

78 = (W2, + £ \Eq,[Z2]. (106)

Using the positive constant ¢ in Lemma 6.12, we obtain that for ¢’ sufficiently smaller
than c, the ratio Zg(n)/Zg, is within a multiplicative (1 £ ¢) from Eg [Z7(n)]/Eqg [Z7].
This gives Item (3) of the lemma, when used in conjuction with (101) and (102). Note
that this part of the argument did not use that the phases p are permutation symmetric.

To obtain Item (2), we have to use that the phases p are permutation symmetric.
Then W5, =: W,,, by the last assertion in Lemma 6.12. Thus, a summation of (106)
over p € Q gives Zg = (W, = ¢))Eg [Zg]. Exactly the same reasoning as before (using
now (101) and (103)) yields the thesis.

It is a standard union bound to show that Item (4) holds with probability 1 — O(1/n)
over the choice of the graph G, essentially because G is an expander. Perhaps the second
assertion there requires a brief proof sketch. Let v be a vertex in the part of G labeled
+, that is, v € U™ U W, and consider two vertices w1, wg € W~. Fori = 1, 2, let E; be
the event that (v, w;) is an edge of G. The events E;, Es are negatively correlated since
v has a fixed number of edges incident to it, either A or A — 1. It is also easy to see that
Prg (E;) <1-(1-1/n)* = O(1/n), so that Prg;(E; N E3) = O(1/n?). A union bound over
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the roughly (n +7r)r? = O(n) possibilities for the selection of the vertices v, wi, ws gives
the desired bound.

Thus, a graph G ~ ], satisfies Items (2), (3), and (4) with large probability for
all sufficiently large n. The first assertion in Item (1) of Lemma 6.12 can hence be
guaranteed by contiguity, see Janson [1995, Section 2]. O

7. DOMINANT PHASES FOR POTTS MODEL AND COLORINGS
7.1. Proof Outline

In this section, we prove Theorem 1.6 which establishes the hypotheses of Theorem 1.5
for the dominant phases of the antiferromagnetic Potts and colorings models on random
A-regular bipartite graphs (and, as we showed in Section 1.2.3, Theorems 1.1 and 1.2
follow as corollaries).

Recall, the interaction matrix B for the Potts model is completely determined by
a parameter B, which is equal to exp(—B) where 8 is the inverse temperature in the
standard notation for the Potts model. The antiferromagnetic regime corresponds to
0 < B < 1. The coloring model is the zero temperature limit of the Potts model and
corresponds to the particular case B = 0 in what follows. We should note that in
Statistical Physics terms, the arguments of this section are closely related to the phase
diagrams of the models.

By Theorem 4.1 specialized to the antiferromagnetic Potts and colorings models,
studying the global maxima of ¥ is equivalent to studying the global maxima of ®.
Moreover, the global maxima of ® and W; occur at their critical points. Since there is
a one-to-one correspondence between the critical points of ® and the critical points of
U, (given by (23)), we will freely interchange our focus between critical points of ® and
vy,

The critical points of ®, by the first part of Theorem 4.1, are given by fixpoints of the
tree recursions (22), which for the Potts model read as

R (BC+¥,.C) . o (BR+YR) (107)

where i, j = 1,...,q and d is the notational convenient substitution d := A — 1 > 2.
Given a fixpoint of the tree recursions (107), we will classify whether it is a Hessian
local maximum of ¥; using Theorem 4.2.

Once we find the global maxima of W1, it will be simple to prove that they are Hessian
and permutation symmetric. Finding however the global maxima of ¥, is going to
be more intricate, mainly because the number of local maxima varies according to
the value of B. We will thus have to compare the values of ¥; at the critical points.
Rather than doing this directly (which seems to be a difficult task), we solve a relaxed
optimisation problem, which for g even can be tied to the maximization of ¥;. We next
give the details.

We begin our considerations by examining when a fixpoint (107) is ¢translation in-
variant, that is, satisfies R; « C; for every i € [q].

LEmMa 7.1. Let 0 < B < 1 and A > 3. If a solution of (107) satisfies R; « C; for
i € lql, then it holds that Ry =--- =R, and C; = --- = C,,.

Proor oF LEmMA 7.1. By the symmetries of the model, we may assume an arbitrary
ordering of the R;’s. Since 0 < B < 1, (107) easily implies the reverse ordering of the
C;’s. Thus, R; « C; for every i € [q] yields that the ordering must be trivial, that is,
Ri=---=R;andC;=---=C,. O

CoroLLARY 7.2. Translation-invariant fixpoints of (107) always exist and are unique
up to scaling.
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We next explore in which regimes of B, the critical points of ® consist solely of
translation-invariant fixpoints. In this regime, we immediately obtain by Theorem 4.1
that the global maximum of ¥, (and hence the global maximum of ® as well) is achieved
at a translation-invariant fixpoint.

LemmAa 7.3. Let0<B<1landq,A > 3. When B> %, the solution of the system of
Eq. (107) satisfies Ri = --- = Ryand C1 = --- = C,.

The proof of Lemma 7.3 is an extension of an argument in Brightwell and Winkler
[2002] for colorings and is given in Appendix C. The next lemma states that in the
complementary regime of Lemma 7.3, the translation-invariant fixpoint does not cor-
respond to a local maximum of ¥; and hence, by Theorem 4.1, the global maximum of
W occurs at a fixpoint of (107) which is not translation invariant. In particular, in this
regime, we have semitranslational nonuniqueness.

Lemma 7.4. For 0 < B < %, the global maximum of V1 is not achieved at the
translation-invariant fixpoint.

Proor or LEMMa 7.4. We apply Theorem 4.2 by showing that the translation-
invariant fixpoint is Jacobian unstable and hence not a local maximum of ¥;. By
Lemma 4.16, for a general interaction matrix B, the condition for Jacobian stability of
a fixpoint of the tree recursions is related to the spectrum of L = [ ‘3], where A is
the ¢ x ¢ matrix whose (i, j)-entry is given by A;; = B;;R,;C;/,/a;8; and «;, B; are given
by (29). Recall that +1 are eigenvalues of L and the condition for Jacobian stability is
that all the other eigenvalues have absolute value less than 1/(A — 1) (for details, see
the proof of Theorem 4.2 in Section 4.2.3).

In the setting of the lemma, the matrix A for the translation-invariant fixpoint has
off-diagonal entries equal to 1/(B + q — 1) and diagonal entries equal to B/(B+ g — 1).
It follows that the eigenvalues of L are 1 by multiplicity 1 and +(1 — B)/(B+¢q — 1) by
multiplicity ¢ — 1. The absolute value of the latter is greater than ﬁ for0 < B< %,
as claimed. O

We summarize these results into the following corollary.

CoroLLARY 7.5. Let 0 < B < 1and q,A > 3. When B > %, W, has a unique
global maximum for a1 = --- = g = p1 = --- = By = 1/q or, in other words, the
global maximum of V1 is achieved by the fixpoint which corresponds to the (unique)
translation-invariant Gibbs measure. In the complementary regime 0 < B < %, the
maximum of W1 is not achieved at the translation-invariant fixpoint, and hence it is
achieved at a semitranslation-invariant fixpoint which is not translation invariant.

Corollary 7.5 is not sufficient to obtain Theorems 1.1 and 1.2, since we need to
verify that the global maxima of W; in semitranslational nonuniqueness are Hessian
and permutation symmetric. We do this by identifying the critical points which are
maxima of ;.

To state the result, we first need the following structural statement for the solutions
of Eq. (107), namely that solutions of (107) are supported on at most three values for
the R;’s and similarly for the C;’s.

LeMMA 7.6. Let (R, ..., Ry, Cy, ..., Cy) be a positive solution of the system (107). Let
tr be the number of values on which the R;’s are supported and define similarly tc. Then
tr.tc <3anditgr =tc =:t.

The proof of Lemma 7.6 is given in Section 7.5. Lemma 7.6 motivates the following
definition.
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Definition 7.7. From Lemma 7.6, the R;’s and C;’s of a fixpoint of (107) attain
at most ¢ < 3 different values. Let Ry, ..., R, and C4, ..., C, be their values and let
q1,...,q; > 1 be their multiplicities. When ¢ = 1, dgﬁne qo = g3 = 0; when ¢t = 2,
define g3 = 0; when g; = 0, define the values of R;, C; to be zero. The corresponding
solution of (107) or equivalently the fixpoint of the tree recursions is then defined to
be of type (g1, q2, q3). Note that q1 + g2 + g3 = ¢ and the g;’s are nonnegative integers.
Call a (q1, g2, q3)-type fixpoint to be ¢-supported if the number of g;’s which are nonzero
equals ¢.

Finding the types of fixpoints which correspond (via (23)) to global maxima of ¥, is
a nontrivial task. While 2-supported fixpoints are simple to handle for all ¢ > 2, this is
not the case for 3-supported fixpoints (this is the only reason we obtain Theorems 1.1
and 1.2 for even % and ¢, respectively). The main lemma we prove is the following,
which identifies the type of fixpoints maximizing ;.

LEmma 7.8. For0 < B < % and even q > 3, the maximum of V1 over (q1, gz, q3)-type
fixpoints of (107) is attained (uniquely) at fixpoints of type (q/2,q/2,0).

The final piece is to show that fixpoints of type (¢/2, q/2, 0) correspond to Hessian
maxima of W; and are permutation symmetric. This is the scope of the next lemma,
whose proof is given in Section 7.5.

LEmma 7.9. For 0 < B < % and even q > 3, fixpoints of type (q/2,q/2,0) are
Jacobian stable and hence correspond to Hessian local maxima of V1. The values of R;’s
and C’s for fixpoints of type (q/2, q/2, 0) are unique up to scaling and permutations of
the colors.

We are now ready to prove Theorem 1.6.

Proor oF THEOREM 1.6. Item (1) follows from Corollary 7.5 (see also Lemmas 7.3
and 7.4). Item (2) follows from Lemmas 7.8 and 7.9, after using the correspondence
between fixpoints of the tree recursions (107) and dominant phases of Theorem 4.1
(Eq. (23)). O

7.2. Proof of Lemma 7.8
In this section, we outline the proof of Lemma 7.8. We need to find the type(s) of the
fixpoints of (107) which maximize ;.

Let q = (g1, 92, g3) specify the type of a fixpoint of (107) and let r = (Ry, Ry, R3), ¢ =
(C1, Cq, C3) be the respective values of the R;’s and C;’s, see Definition 7.7. Henceforth,
we will use for simplicity the notation r = (R;, Ry, R3), ¢ = (C1, Cg, C3). Note that the
g;’s are nonnegative integers satisfying q; + q2 +q3s =q.

Using Theorem 4.1, we obtain that the value of Wq(e, 8) corresponding to such a

fixpoint of (107) is given by the value of the function ®5, where
@S5(q,r,¢):=(d+1ln (Z?:l q; R; Z?:l q;C; +(B-1Y, QiRiCi>
() - i (5 40,05

andd = A —1. We remark here that in the derivation of (108), we used that if a solution
of (107) satisfies R; = R; for some i, j then also C; = C; (and vice-versa).
It is a nontrivial task to directly compare the values of ®$ over fixpoints of (107).

Instead, we will solve a relaxed version of the problem, seeking to maximize ®S over
nonnegative g;’s which satisfy q; + g2 + g3 = g. If this maximum happens to occur for

(108)
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integer ¢ and the respective values of R;’s and C;’s satisfy (107), then we have also
found the solution to the original maximization problem. It turns out that all of these
conditions are satisfied if and only if ¢ is even.

To formalize the argument, for nonnegative g;’s such that g; + g2 + g3 = ¢, define

D(q) := max dS(q, r, ©), (109)
r,C

where the maximum is over r = (R, Ry, R3)7, ¢ = (Cy1, Cq, C3)T which satisfy

Z?:l qiR; Z§=1 q;Cj+(B— 1)25;1 qiRiC; > 0, (110)
R, Ry, R3,C1,C3,C3 > 0.

It is simple to see that @5 is well defined in the region (110). It is not completely

immediate that the maximum in (109) is well defined since the region (110) is not

compact. Nevertheless, the maximum turns out to be well defined as a consequence of

the following scale-free property of @S with respect to r and c:

for every c1, co > 0 it holds that @(q, c1r, C2C) = @(q, r,c). (111)
Using (111), it is simple to obtain the following (see Section 7.5).

LemMa 7.10. Let B> 0and q > 2. For all q1, g2, q3 > 0 which satisfy g1 +q2+q3 =q,
the maximum in (109) is well defined. Moreover, the maximum of ®(q1, q2, q3) over all
such q1, q2, q3 is attained.

We next seek to connect the maximizers of (109) with solutions of (107). To do this,
we first need to consider whether the maximum in (109) happens on the boundary of
the region (110); it turns out that the maximum can happen at the boundary R; = 0 or
C; = 0 if g; is close to zero. While the boundary cases are an artifact of allowing g;’s to
be noninteger, we will need to treat them explicitly to find the maximum of ®.

Definition 7.11. A triple q = (g1, g2, q3) is good if the r, ¢ which achieve the maxi-
mum in (109) satisfy: fori = 1, 2, 3, ¢; > 0 implies R;, C; > 0. A triple q = (q1, 92, q3) is
bad if it is not good.

To complete the connection, we need to further restrict the set of triples q. To motivate
this restriction, note that if we consider the region (110) in the subspace R; = R; and
C1 = Cq, we obtain ®(q; + qs, g3, 0) < ®(q1, g2, q3). To avoid degenerate cases, roughly,
we consider only triples q where such simple inequalities do not hold at equality.

Definition 7.12. Let¢ = 2 or 3. A triple q = (q1, g, q3) is called -maximal if exactly
t of the ¢;’s are nonzero and there exist r = (R;, Re, R3) and ¢ = (C1, Cg, C3) which
achieve the maximum in (109) such that, for all distinct ¢, j € {1, 2, 3} with ¢;q; > 0, it
holds that Ri #* Rj and Ci #* Cj.

Remark 7.13. In general, determining whether a triple q = (g1, g2, ¢3) is maximal
is a difficult task. For example, if the g;’s are positive integers, it is conceivable that
q being maximal relates to whether a 3-supported fixpoint of (107) of type (q1, g2, q3)
exists. Our use of the notion of maximality is going to be roughly along the following
lines: if for some g, B it holds that max¥; = max ® and a fixpoint of (107) of type
(g1, g2, q3) is assumed to maximize Wi, then the triple (g1, g2, g3) has to be maximal.
(Recall that for g even, we will be able to show that max ¥; = max ®.)

Our interest is in maximal good triples q = (g1, g2, g3). This is justified by the follow-
ing lemma, whose proof is given in Section 7.5.
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LEmMma 7.14. Suppose that q1, qe, g3 are nonnegative integers and the triple q =
(g1, qe, q3) is t-maximal and good. Then, there exist r, ¢ which achieve the maximum in
(109) and specify a t-supported fixpoint of (107) of type (q1, qe, q3).

Roughly, to prove Lemma 7.8, it will suffice to prove that the triple (g/2,q/2,0) is
2-maximal and good and that the maximum of ®(q) is achieved at (¢/2, q/2, 0). B

The next lemma examines which maximal good triples can be maximizers of ®
(proved in Section 7.3).

Lemma 7.15. Let g > 3 and 0 < B < 1. There do not exist 3-maximal good triples
q which maximize ®(q). The only 2-maximal good triples q where a maximum of ®(q)
can occur are (q/2,q/2,0) or its permutations.

Lemma 7.15 is not sufficient to yield Lemma 7.8 because the maximum of ®(q) can
occur at a bad triple q. This possibility is excluded by the following lemma (proved in
Section 7.4).

LEMMA 7.16. Let g > 3and 0 < B < %. There do not exist bad triples q which
maximize ®(q).

We will also need the following property of good triples (proved in Section 7.5).

LEmma 7.17. Let q = (g1, g2, q3) be a good triple and suppose that i, j € {1, 2, 3} are
such that q;,q; > 0. Let r = (Ry, Ry, R3), ¢ = (C1, Cy, C3) achieve the maximum in (109).
Then R; = R; iff C; = C;.

Using Lemmas 7.15, 7.16, and 7.17, we can now give the proof of Lemma 7.8.

Proor or LEMMA 7.8. Let g be an even integer > 4 and 0 < B < %. Recall that the
maximizers of W7 correspond to a fixpoint of (107). Recall that for a fixpoint r, ¢ of type
q = (g1, g2, g3), the corresponding value of ¥y is given by @Lq, r,c).

Let MAX := maxq ®(q) (recall that the maximum of ®(q) over triples q is at-
tained by Lemma 7.10). Since ®(q) = max, . F(q, r,c), we also have that MAX =
maxgrc @(q, r, ¢). It follows that MAX > max ;.

Let q := (¢/2,q/2,0). We will show that®
MAX = ®(q) and q is 2-maximal and good. 112)

Assuming (112) for the moment, let us conclude the lemma. Since q is 2-maximal and
good, by Lemma 7.14, there exist T, € such that ®(q) = ®5(q, T, ¢) and T, ¢ specify a
2-supported fixpoint of (107) of type q (here we used that g is even). It follows that
MAX = max V.

Now, let r*, ¢* be a t-supported fixpoint of type q* (cf., Definition 7.7) which achieves
the maximum of ¥; (note that the entries of q* are integers). Since MAX = max ¥y,
we have that q* also achieves the maximum of ®(q) and r*, ¢* achieve the maximum
of ®5(q*, r, ¢). It follows that the triple q* is both good (Lemma 7.16) and ¢-maximal
(by definition, using the maximizers r*, ¢*). By Lemma 7.14, it must be the case that
q* =(q/2,q/2,0) and hence the only fixpoints of (107) which correspond to maximizers
of W are of type (q/2, q/2, 0), yielding the statement of the lemma. B

It remains to prove (112). The following hold for any maximizer q* of ®(q).

61n fact, the proof of (112) holds for all integer ¢ > 3 (not just even).
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(1) q* is a good triple. This is an immediate consequence of Lemma 7.16.

(2) q* has at least two positive entries, thatis, q* # (g, 0, 0), and thus MAX > &(q, 0, 0).
Otherwise, MAX = ®(q, 0, 0), in which case the global maximum of ¥; is achieved
at a translation-invariant fixpoint which is excluded by Lemma 7.4 (in the regime
0 < B< 29).

(3) If g* has exactly two nonzero entries, then q* is 2-maximal. For the sake of contra-
diction, assume that this is not the case for some q* = (g1, g2, 0) with ¢q1,q92 > 0.
Consider a maximizer r*, ¢* of ®S(q*, r, ¢). Since q* is not 2-maximal, it holds ei-
ther that Ry = Ry or C1 = Cs. Since q* is good (by Item (1)), from Lemma 7.17, we
can in fact conclude that B; = Ry and C; = Cs. It follows that ®(q*) = ®(q, 0, 0)
and hence MAX = ®(q, 0, 0), contradicting Item 2.

(4) If g* has exactly two nonzero entries, then q* = (¢/2, q/2, 0). We have that q* is
good (by Item 1) and q* is 2-maximal (by Item 3). By the second part of Lemma 7.15,
we obtain that q* = (¢/2, ¢/2, 0).

(5) If all the entries of q* are positive, then q* is not 3-maximal. Since q* is good (by
Item (1)), this follows by the first part of Lemma 7.15.

(6) If all the entries of q* are positive, then ®(q*) = ®(g/2, ¢/2, 0). To see this, note
that q* is good (by Item 1) and not 3-maximal (by Item (5)). Consider a maximizer
r*, ¢* of ®5(q*, r, ¢). By the argument used in Item (3), we can conclude that there
exist distinct indices 7, j such that R, = R; and C; = C;. Let k be the remaining
index, that is, £ € {1,2,3} with & # i, j. Let q' := (¢; + qj,qz, 0), ¥’ := (R;, R, 0)
and ¢ := (C;, Cy, 0). We have that ®(q*) = ®5(q*, r*, ¢*) = 5(q/, v, ¢/) < ®(q') for
some q' which has exactly two nonzero entries. Since q* is a maximizer of ®, we
have that q' is also a maximizer of ®. It follows by Item (4) that q' = (¢/2,q/2, 0)
and hence ®(q*) = ®(gq/2,q/2,0).

(7 o(q*) = MAX = ®(q/2, q/2,0). This follows by combining Items (2), (4), and (6).

By Item (7), we have that the triple q = (¢/2,q/2,0) maximizes ® and thus all
Items (1)—(7) apply for q* = q. In particular, by Items (1) and (3), we obtain that
(q/2,q/2,0) is good and 2-maximal. This proves (112), thus finishing the proof of
Lemma 7.8. O

For the proofs of Lemmas 7.15 and 7.16, we will often perturb the values of ¢;’s. The
following lemma, proved in Section 7.5, will be very helpful (holds for any triple q).

Lemma 7.18. Let q = (q1,92,q3) and I = {i|q; > 0}. Suppose that r, ¢ achieve the
maximum in (109). Then, for i € I it holds that

E(q ro) R ;q;Ci+Ci) ;qiR;+(d—1)1 - BRC; (113)
dq; qujRj ZjCIjCj+(B_ I)ZjQJRjCj
Moreover, if there exist i, j € I such that % — % # 0, the maximum of ® is not achieved

at the triple q.

7.3. Good Triples: Proof of Lemma 7.15

We first prove the statement of the lemma for 3-maximal good triples q = (g1, g2, q3),
the proof for 2-maximal good triples will be easily inferred by appropriately modifying
the arguments in the special case g2 = 0.

Let q = (g1, g2, q3) be a 3-maximal good triple. Since q is 3-maximal all of the g;’s
are positive. Moreover, q is good, and hence the maximum in (109) for q is attained

at positive R;’s and C;’s. Thus, the R;’s and C;’s satisfy 8@/8& = 3@/8Cj =0
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which give
R’ o q1C1+q2C2 +qsCs + (B—1)C;.  C;'* ccqiRy +q2Ry +qsRs + (B— DR, (114)

Since q is 3-maximal, we may choose r, ¢ such that R; # R; and C; # C; for all ¢ # j.
Thus, we may assume a strict ordering of the R;’s, which by (114) implies the reverse
ordering of the C;’s. Without loss of generality, we will use the following ordering:

R1>R2>R3>0 and O<Cl<Cz<C3. (115)

The following lemma, together with the second part of Lemma 7.18, establishes that
the maximum of ® cannot occur at a 3-maximal triple.

LemMA 7.19. Suppose that R;’s and Cj’s satisfy (114) and (115). If R1/Rs # Cs/Cj,

then 29 — 2% 4 0. If Ry /Ry = Cy/Ch, then 42° — 995 4,

We next give the proof of Lemma 7.19. We will utilize Lemma 7.18 by specifying a
particular scaling of the R;’s and C;’s which will be beneficial. To do this, set

r¢ = Ri/Rs,ry = Ry/R3,cd = Cy/C1,cd = C3/C1. (116)
The R;’s and C;’s may be recovered from r;’s, ¢;’s using
R; x rf, Ry x rg, Rsx1, and C;x1, Cy cg, Cs; x cg. 17
Translating (115) into rq, re, o, c3 gives
ri>ro>1landcs >co > 1. (118)

Moreover, dividing appropriate pairs of (114), we also obtain

B+qi—1+qec§+qsci  B+qs—1+qory +qurf

g1 +aed+Brgs—Ded T gtard+ Brai—
Q1+ (B+qz—1c§+qsci gz +(B+qa— Dry +qurt
G1+qed+ (B+gs— e 7 gs+qurd+ (B+aqr— rd

ra =

(119)

ro =

As we shall display shortly, the system of Eq. (119) (together with (118)) gives

(1—Bf(r1.cs) + P (c§ —cgrg) (L= B)fles,r1) + P (rf — r{c)
o — s = (120)
P (rfe§ — 1) P(ries —1)
ry ricd —1—cd(ry — 1) = rics =1 —co(rf — 1)7 (121)
c3 -1 cg—1
Flx, y) i a8yl pdydtl _pdil fod 0 1 P (ry — Des — 1) > 0.
We first show (121). Using the expressions for r, ol = 9=

ro—1 cg 7023
and solving for ry gives the first equation in (121). Similarly, using the expressions for

d
cs—1 _ ri—-1 . d . . .
g s and solving for r2 gives the second equation in

C2,

d
3—1 r1

C
2—1 7 r

ylelds also the expression co =

d.. _1_,d — . . . .
%. To derive (120), we plug this expression for co as well as the expression
1
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for ro in (121) in the last two equations in (119). This yields the following two equations:
rici —1—c§r1— 1) q1+(B+q2 — g +gscd

cg—1 T g1+l + (B+gz— et
ries —1—rdez — 1) g3+ (B+qe — Drd + qir
rd—1 9 +qerd + (B+q1 — Drl’

By clearing denominators, this pair of equations yields a linear system in terms of
q1, qs. Solving this system, yields the expressions for ¢1, g3 in (120).

Having established (120) and (121), we show the following lemma which will be
important for the proof of Lemma 7.19.

Lemma 7.20. Assume that q1,q2,qs3, 11,2, C2, c3 satisfy (118), (120), and (121). If
r1 = cs, then ro = co and q1 = qs.

Proor or LEMMaA 7.20. We prove that r; = c3 implies ry = ¢o. Once this is done, (120)
easily gives that r; = c3 implies q; = q3 as well, thus proving the lemma.

So, suppose that z = r; = c3 and for the sake of contradiction assume ry # co. From
(118), we have that ro, co € (1, z). Eliminating ro from (121) we obtain that ¢, (and, by
a symmetric argument, o) satisfies

A 1oz - 1D\ s - 1) - (- 1)
gls) = 2d —1 + z—1

In fact, g(1) = g(z) = 0 as well, so that g has at least four distinct roots in [1, z]. It
follows that g’(s) = 0 has at least three distinct solutions in [1, z], say s; fori = 1, 2, 3.
As a consequence of g'(s;) = 0, we easily obtain that the s;’s satisfy A(s;) = ¢ where
h(s) := (2% — 1)s — s%1(z — 1) and ¢ is a constant which depends only on z, d. Thus,
h'(s) = 0 has at least two distinct solutions in [1, z] which is clearly absurd. O

=0.

Proor or LEMMA 7.19. Set
adS  JdS adS  JdS
DIFy 3= —— - ——,  DIFjg:= — — —.
g1 g3 001 RLop)

Our goal is to check when DIF; 3 = 0 or DIF; 3 = 0. To do this, we will write DIF; 5
and DIF in terms of the r;’s and c¢;’s. Note that the expressions in (113) for the

derivatives 22 q ® are scale-free with respect to R;’s and C,’s, so we just need to make the
substitutions (117). For DIF 3, we obtain

1
DIFy 5 = <[(r{ = 1)(a1 + gact +gsc5)

= (§ = 1)(qur{ +qorg +gs) + (d— DA = B)(r{ - c5)].

(122)

where S := (qlr1 + qgr2 +q3)(q1 + chz + Q3c3) + (B - 1)(q1r‘1i + qgr2 02 + Q3c3) Note that
S > 0 because of (110).

To prove the first part of the lemma, we eliminate g1, g3 from the expression (122)
for DIF; 3 using (120) (one does not need to worry about S). This substitution has
the beneficial effect of eliminating gs, 72, ¢3 from the final expression. In particular, we
obtain the following:

(1 - B)g(ry, c3) where
Sy — Dles — 1)’ (123)
glri, c3) i= (r1 —e3)(r{ — 1)(c§ — 1) — d(r1 — 1)cz — D(r{ — ).

DIF; 3 = —
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Observe that if r; = c3, then g(rq, c3) = 0. If r1 # c3, we have

d-1_; ~~d-1 d—i d-1_; d—i
g(ry, c3) _ 2o 2izoC | izo™i% -0
d?(ry — 1)(cs — )(rq — c3) d d d ’
where in the last inequality we used Chebyshevs sum inequality: since r; > 1 and
c3 > 1 from (118), the sequence r1 (respectlvely, %) is strictly increasing (respectively,

decreasing) with i. It follows that g(r;,c3) = 0 1ff r1 = cg iff Ry/Rs = C3/C1, which
yields the first part of the lemma.
We next prove the second part of the lemma. Since R;/Rs = C3/C;, we have r; = c3
and by Lemma 7.20, r; = ¢3 and g1 = g3. Using these, (120) and (121) simplify to
(1—B)(r{™" — 1) — qord(ry — D, M -1-rfei -1 124)
(7‘1—1)(r1+1) 1—1

Moreover, using the substitutions (117) and g; = g3, we obtain

Q1=

1
DIFy s = Sl(avr{ +qor§ + @1) (r = 25 + 1) + (d = DA = B)(r{ - 57)]

_B
- _(il — 1)29 [(d— DGy — Dry? + 2rg (r{! = 1) — (r{™ + dr{™t —dr{ - 1)),

where in the second equality we substituted the value of ¢; from (124). Observe that
the numerator is a quadratic polynomial in rg and, by inspection, for r; > 1, its roots

are of opposite sign. Thus, DIF; o = 0 iff rg = p1, where
VD - it —1)
d—-1r1—-1)

For the sake of contradiction, suppose that rg" = p1. Then, (124) gives that ro = pg,
where

p1(r1) := and D := (dré*! —(d — Drf — 1) (r{™ +(d — Dry — d).

dr{™-1)-vD
d-D(r¢-1) °

p2(ry) =

Thus, p1 = pg. We obtain a contradiction by showing that for every r; > 1, it holds
that ,ogZ < p1 or equivalently d1ln ps < In p;. It is easy to see that in the limit r; | 1
the inequality is satisfied at equality, thus it suffices to prove that the derivative
of the right-hand side with respect to r; is greater than the respective derivative of
the left-hand side for r; > 1.
This differentiation is cumbersome but otherwise straightforward. The final result is
18p1  dapp (d + 1)g(r)h(ry) (125)
LT P20 oGy — 1) (- 1) (VD - (71 - 1)) (Al - 1) - VD)

g(r) =12 — P 4 2@ — Drd — P 41,
h(ry) == d+ D(r{™ = 1) - d - D(r{ — 1) —2VD.

Note that the denominator in the right-hand side of (125) is positive for ; > 1: the

terms involving +/D are positive since they are the numerators of p;, ps. The final
part of the proof consists of proving that g(r;) > 0 and A(ry) > 0 for r; > 1.

The polynomial g has four sign changes and hence, by the Descartes’ rule of signs
has at most four positive roots. In fact, a tedious calculation shows that r; = 1is a
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root by multiplicity 4, thus proving that g(r;) > 0 for r; > 1. To prove that h(r;) > 0 for
r1 > 1, note the identity

[+ DEH —1) = d - D — )] —4D = (d — D21 — D2(r{ — 1)°.
This completes the proof of Lemma 7.19. O
To prove the second part of Lemma 7.15, assume that q = (q1, g9, ¢3) is a 2-maximal

good triple. Since q is 2-maximal, without loss of generality, we may assume that g, = 0.

Note that the values of Ry, Cs do not affect the value of the derivatives Ba/ aq1, 8@/ 9qs3
when g9 = 0. Similarly, (120) continues to hold even when gy = 0. Thus, the proof of the
first part of Lemma 7.19 carries through verbatim. In particular, if R; /R3 # C3/C1, then

dDS /dg1 — DS /dgs # 0. By the second part of Lemma 7.18, it follows that q = (g1, 0, g3)
cannot be a maximum unless R;/R3 = C3/C;. In this case, (120) gives q; = g3. Since
q1 + q3 = q, we obtain that the only 2-maximal good triples where the maximum of ®
may occur are (q/2,q/2,0) or its permutations, as desired.

This concludes the proof of Lemma 7.15.

7.4. Bad Triples: Proof of Lemma 7.16

To get a handle on bad triples, we first give necessary conditions so that the maximum in
(109) happens at the boundary. The proof of the following lemma is given in Section 7.5.

Lemma 7.21. Let 0 < B < 1. For a triple q = (q1, q2, q3), let v, ¢ achieve the maximum
in (109). Then, if q; > 0, the following implications hold:

R =0=3%,9,C;i<(1-BC;, Ci=0=},q;R; <(1-BR,.
In particular, if g; > 1 — B, it holds that R;, C; > 0. Hence, for every q > 3, there exists
1 €{1,2,3} such that R;, C; > 0.

We next examine bad triples. Note that a bad triple q = (g1, g2, ¢3), by the second
part of Lemma 7.21, must have at least two positive entries. We consider cases whether
the triple q has two or three positive entries. We start with the case where exactly two
of the g;’s are positive. We assume throughout the rest of the section that r, ¢ achieve
the maximum in (109).

Let q = (g1, g2, 0) be a bad triple where q1, g2 > 0. Since q is bad, we may assume
that at least one of R;, Ry, C1, Cs is zero. Without loss of generality, we may assume
Cs = 0. By the second part of Lemma 7.21, it follows that R;, C; > 0. There are two
cases to consider.

(I) Re =0,D R > 0. (126)

Case (1) is straightforward. By the first part of Lemma 7.18, we trivially have % >0
and % = 0, so that the second part of Lemma 7.18 yields that q does not maximize ®.

Case (II). Since @S is scale_—free (see (El)), we may assume that C; = 1. Since R;, Ry
are positive, it holds that 9®S/0R; = 99S/9Ry = 0, yielding (analogously to (114))

Ry «y?, Ry 1, where y = (g1 + B—1)/q:.
%serve that q1y%*! + g2 = g2 + (q1 + B — 1)y?. Substituting the values of R;’s, C,’s in
&S, we obtain the value of ®(q):
®(q) = (d+ DIn ((quy* + g2)q1 + (B— Dg1y?) — dIn (q1y*"! + q2) —dInq
=1In(q1(g2 + (g1 + B— 1)y")).
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In terms of y, we have that ¢; = (1 — B)/(1 —y)andgo =q —q1 =q — (1 — B)/(1 — y),
so we obtain
(1-B)(g(1—y)— (1 - B)(1 -y

1 —y)2 '
Let I be the interval [0, (g+B—1)/q]. Note that for any y € I, there exists a nonnegative
q1 € [0, gl such that y = (g1 + B — 1)/q1. Obviously, if q maximizes @, it must be the
case that y maximizes A(y) in the interval I. We compute A'(y).
1-Bry)

(1—y)p3

It is immediate to see that r(y) is convex for y € [0, 1]. Since r(0) = ¢ —2(1— B) > 0 and
r(1) = 0, we obtain that either

@(q) = InA(y), where h(y) :=

H(y) = , where r(y) := q(1 — y) — (1 — B)(d — Dy**! —(d + D)y? + 2).

{i)r(y) >0forally eI, or
(i) 3y, € I: r(y,) =0, r(y) > 0iff y < y,.

In case (i), h(y) is increasing and hence A(y) is maximized at y = (¢ + B— 1)/q. This
value of y corresponds to g; = ¢ and thus ®(q) = ®(q, 0, 0).

In case (ii), we have h(y) < h(y,). The value of ¢; corresponding to y, is q, := (1 —
B)/(1 —y,). We will show that the maximum in (109) does not happen at the boundary
Cy = 0 when q = (g,, ¢ — g0, 0), implying that h(y,) does not equal ®(q) and hence the
maximum of ® as well. To prove the former, we utilize the first part of Lemma 7.21. In
particular, we prove that

20yd +(q —q,) > (1 - B). 127

Note that r(y,) = 0 yields ¢ = (1 — B)((d — DyZ*! — (d + 1)y¢ + 2) /(1 — y,). Plugging this
expression into (127), we only need to show that

(d—1yg™t —dyg +1
1- Yo
which holds by the AM-GM inequality for any positive y, # 1.
Let q = (q1, g2, g3) be a bad triple where all of the g;’s are positive. Since q is bad, we
may assume that at least one of the R;’s and C;’s is zero. Without loss of generality, we

may assume Cy = 0. Moreover, by the second part of Lemma 7.21, we may also assume
that R;, C; > 0. There are four cases to consider.

(I) Rg = 0, (II) RQ, R3 > 0, C3 = 0, (III) Rz, R3, Cg > 0, (IV) Rz, Cg > 0, R3 =0.
We omitted the case Ry > 0 and R3 = C3 = 0, which is identical to Case (I) after
renaming the g;’s. L

Case (I) is straightforward. Since R = C2 = 0, (113) gives 9®5/dg2 = 0. Since

Ry, Cy > 0, (113) also gives that aﬁ/aql > 0, so the second part of Lemma 7.18 yields
that q does not maximize .

Case (I1). Sinﬁ @S is sc_ale—free (s_ee (111)), we may substitute C; = 1. Setting the
derivatives of d®S/9 Ry, dPS/d Ry, 39S /9 R3 equal to zero, we obtain

Ry (g1 +B—-1Y/q¢, Ry x1, R3 x 1.

>lor(d—1y¢+1>dyt?, (128)

It follows that ®(q) = ®(q1, g2 + g3, 0) and hence the maximum of ® does not occur at
q by the argument for Case (II) in (126).
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Case (III). The partial derivatives of @S with respect to Ry, Ry, R3, C1, C3 must vanish
so we obtain

R® o q1C1 +q2C3 — (1 — B)C1, Ry'® o< q1C1 +q3C5, Ry o< q1C1 +q5C3 — (1 — B)Cs,

C{'* o«cq1Ry + q2Rz + q3R3 — (1 — B)Ry, C§/d o q1R1 +q2Rs +q3R3 — (1 — B)Rs.
(129)

If C; = Cs, then R = R; and thus we obtain ®(q1,q2,q3) = ®(q1 + g3, 92, 0).
For the sake of contradiction, suppose that the maximum of ® was attained at
q = (g1,92,g3). Then, it must also be attained by q := (q1 + g3, g2, 0), that is,
®(q) = max d = ®(q'). Note that the same r, ¢ which achieve the maximum in (109)
for q = (g1, q2, q3) must also achieve the maximum in (109) for q' = (g1 +4g3, g2, 0) (since
®S(q/,r, ¢) = ?5(q, r, ¢) = ®(q) = max ® = d(q))). We can thus apply the argument for
Case (IT) in (126) to show that the maximum of ® is not attained at q' = (q1 + g3, g2, 0)
and hence not at q = (q1, g2, g3) as well.

Thus, we may assume that C; # C3 and, without loss of generality, we may further
assume that C; < Cs. By (129), this yields

R2 > R1 > R3, Cl < C3. (130)

We have the following analogue of Lemma 7.19, which proves that the maximum cannot
occur at q by the second part in Lemma 7.18.

LemMMA 7.22. Suppose that R;’s and Cj’s satisfy (129) and (130). If Ri/R3 # C3/Cy,
then 125 — 995 - 0, If Ry /Ry = Cy/C, then 225 — 28° 2 ¢,

oq dgs aq1 g2

Proor or LEMMaA 7.22. The proof is analogous to the proof of Lemma 7.19, we high-
light the main differences. Let rf = Ri1/Rs, rg = Ry/Rs3, cg = C3/C;. The R;’s and C;’s
may be recovered by the r;’s and ¢;’s by

R « rii, Ry x rg, R3x1, and C; «x 1,C3 « cg. (131)

By (130), we have
ro >ry > landecs > 1.

The expressions for ry,rg, cg in (119) are exactly the same after substituting ¢z = 0.
The same is true for (120) and (121) (our derivation for re in (121) holds as is; for (120),
one needs to view the expressions for r1, c3 in (119) as a system of g1, g3 and solve it).
It follows that the proof for the first part of Lemma 7.19 holds verbatim in this case
as well (note that the ordering of 1, ry is different here but that part of the argument
does not use the ordering).

While the proof for the second part of Lemma 7.19 does not carry through as simply,
the changes are minor. We assume that ;1 = c3 and set DIF; o := % — %. Plugging
r1 = csg and ce = 0 in (120) and (121) (recall that only the expression for ry in (121) is

valid) yields, with T' := (r‘li - 1)(rf+1 -1,

(1 - B)T — go(ry — Drirg (1— BT +qa(r — rd |
= N - ) ro = .
« ri—1 (rfd - 1) 4 ri—1) (rfd — 1) 2 rld -1

(132)
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We then use the expressions for 8031 , 3 glven in Lemma 7.18 together with the sub-

stitutions for R;’s and C;’s in (131) (and C5 = 0). We obtain

1
DIF, 5 = §[(rf —19)(q1 + gsc§) — (qur + qor§ +qs) + (d — 1)1 — Byr{]

d+1

(1 — B)h(r1) 2d+1 d+1 d (’"fm - 1)
_ DB here h(ry) = (R 4 @r®t —gpd — 1y V1T
S =1 where A(ry) := (r;*" +dr{ r{ ) (ri‘l—l)d ,

where S := (qlr1 + q2r2 +q3)(q1 + qgc3) +(B-— 1)(q1rf + qgc3) (recall that S > 0 because
of (110)). To obtain the second equality, one first substitutes the values of g1, g3 from
(132) and c3 = ry; this results in g9 being eliminated, and then it remains to substitute
the value of ry given in (132).

By a first derivative argument, the function

( pd+1 1)d+1
gr) :=log ( d_ 1\ 2d1+1 a1 _ o d )
(rf =) (" +dr{ —drf - 1)

is strictly increasing for r; > 1. Indeed, by a direct differentiation, we obtain
d+ Dré(rdd — 2riftt 4 2(d? — 1)rd — &% + 1)

(r{ =) 7" - 1) (rp™* +dr{ ™ —drf — 1)
The denominator of this last expression is positive for r; > 1. To prove that the numera—
tor is also positive forr; > 1, it suffices to show that 72 —d?r{ ™ +-2(d?— Dr¢ —d?rd 41 >
0 forr; > 1. This has been proved earlier, see (125) and the argument thereafter Hence,
we can conclude that g is an increasing function of r; in the interval [1, +00). It follows

that g(r1) < g(+00) = 0, so that A(r;) > 0 for all r; > 1. This proves that DIF; s # 0, as
desired. O

gr) =

Case (IV). The partial derivatives of @S with respect to R;, Re, C1, C3 must vanish
so we obtain

R x ¢1C1 +q3C3 — (1 — BIC1, RY* o ¢1C1 + q3Cs,
C'" « q1 Ry + qaRy — (1 — B)Ry, C3'* « 1Ry + g2 Ry.

Note that we have R; < Ry and C; < Cs.
Lemma 7.23. If Ry/Ry # Cs3/C, then either M _ 908 # 0 or 995 _ 93 # 0. If

9gs3 0q1 9g2
Ry/R; = C3/C; and "aqq’s 395 _ () then the maximum in (109) does not happen at the

gz
boundary Ce = 0.

(133)

Proor or LEMMA 7.23. The approach for the first part is similar to the proof of
Lemma 7.19. Set rg = Ry/R; and cg = C3/C4, so that r1, c3 > 1. Dividing appropriate
pairs in (133), we obtain

d d
ry = g1+ gqscs o= q1 + Qqerg ~ (134)
(@1 + B—1) +q3c (g1 + B—1) + qor
It follows that
— (@1 +B—1es _@1—-(@+B-Dry

(135)

rd(cs — 1) ’ cdro — 1)



Inapproximability for Antiferromagnetic Spin Systems in the Tree Nonuniqueness Region 50:55

Using these, we obtain

IS 90S d+1
O 2% _ 0= flry) = flcs), where f(x) = ——, (136)
dq2 g3 x—1
®S oS
g - & =0= rg+1(03 — 1) —(d+ Drocs +drg +c3)—(d—1)=0. (137)
g1 9g2
From (137), we obtain
d+1 d d—1
cs = g(ry). where g(ry) := 2 ra ¥ ) (138)

r¢tt —(d+ Drp+d
It follows that ro = c3 is equivalent to
rétl = (d+ Drg — (d - D). (139)

A standard first derivative argument shows that (139) has exactly one solution for
re > 1, say ro = x. Using the expression for c3 from (138), (136) gives

(rdt —dry + (d — 1)
(& —d+ Dy +d)?

Lengthy calculations show that 4 is strictly increasing for ro > 1 (and every d > 2), see
Appendix D.3 for the details. Moreover, it holds that A(x) = 0, so that (136) and (137)
can only hold simultaneously when rp = c3, which yields the first part of the lemma.
For the second part, we have that ro = c¢3 and % - % = 0, and hence from (137),
we obtain that ry also satisfies (139). To prove that the maximum does not happen at

the boundary Cy = 0, we use the first part of Lemma 7.21. It suffices to prove that
q1 +qor§ > (1 - Brry. (140)

Since ry = c3, Eq. (135) gives g2 = q3 = (¢ — q1)/2 (using also that g1 + g2 + g3 = q), so
(134) gives

h(ry) = 0, where h(rg) := rg“ —

_q(rg+1—rg)—2r2(1—B) __q-rlg+B-1)
Nn= (ro — 1)(rg -2) > REBSE (ro — 1)(rg -2) ’
Since ry satisfies (139), we have that rg > 2 (otherwise, rgH <2ry <(d+1Dro—(d—-1)).
Plugging (141) into (140) thus yields the equivalent inequality
a- B)(rg +r9 — rgH
ro — 1

(141)

)>0.

To see the latter, use (139) to obtain
rgl +ry — r;”l = rg +(d—1) —drg > 0, for all /o > 1 by the AM-GM inequality.
This completes the proof. O

7.5. Remaining Proofs

Proor oF LEMMA 7.6. Without loss of generality, we may assume that the scaling
factors in (107) are equal to 1. Let R, =7, C; = c¢,r = YL ;ré,andc = }7_, c?. We
have

ri=c—(1—B)cld and cizr—(l—B)rid,
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It is clear from this equation that R; = R; iff C; = C; and hence also ¢tz = {c. We also
obtain that fori =1,...,q,

r,=c—(1-B)r— (- Brir. (142)

Since r is the sum of rid and the r; are positive, we have (1 — B)rid < r. Fix the values
of ,c and let I be the interval where (1 — B)x? < r. Using (142), we shall prove that
tr < 3 by arguing that f(x) =c — (1 — B)r — (1 — B)x%)? — x has at most three positive
roots in the interval I, counted by multiplicities. We have
d—2
fx) =1 - B2d?(r — (1 — B 1xdt -1 = (Zg(x)") (gx) — 1),
i=0
where
gx) = (1 - B4V — (1 - Bx?)x.

Note that g(x) > 0 in the interval I and hence all roots of f’(x) in this interval come
from g(x) — 1. The polynomial g(x) — 1 has at most two positive roots by Descartes’ rule
of signs, hence f’(x) has at most two positive roots in I. Thus, f(x) has at most three
positive roots in I, all roots counted by their multiplicities. This concludes the proof. O

Proor oF LEMMA 7.9. Let ¢’ = q/2. Recall from Theorem 4.1 that the maxima of ¥,
are in one-to-one correspondence with fixpoints of the tree recursions (107). To better
align with the results of Section 7.3, let us assume that the fixpoint is of type (¢’, 0, ¢’)
(note, by Lemma 7.8, such a fixpoint corresponds to a maximum of ;). In Section 7.3,
we proved that this can be the case only if R;/R3 = C3/C; or (in the parameterization
of Section 7.3) r; = ¢3 =: x where x > 1. Equation (119) for g = 0, g1 = q3 = q’ gives
that x satisfies

_ B+q' - 14 q'x?
T+ (Brqg - ad
where recall that d = A — 1. We first prove that (143) has exactly one solution x > 1 for
all0 < B< %. We can rewrite (143) as

(143)

px):=(B+q —Dx¥! —gx+qgx —(B+q —1)=0.

We have p(1) = 0 and p'(1) = (d+ 1)(B+q' — 1) — (d — 1)9’ < 0, where in the last
inequality we used that B < (A —q)/A. Thus, p(x) is negative for some x > 1 and since
p(x) is positive for large x, we can conclude that a root p with p > 1 exists. Note that
1/p,1, p are three distinct roots of p(x). Applying Descartes’ rule of signs, we obtain
that these must be the only roots and hence p is the only positive root of p(x) greater
than 1, as wanted.

The values of Ry, C1, R3, C3 may be recovered by (117), which in the case g3 = 0 give

R; xx% Rs x1and C; « 1,C5 o x%.

This proves the second part of Lemma 7.9.

For the first part, to check Jacobian stability of the fixpoint (Ry, ..., Ry, C1,...,Cy)
with type (¢’, ¢’, 0), we proceed as in the proof of Lemma 7.4. Note that a fixpoint of type
(@',q',0) has Ry = --- = Ry and Ry11 = -+ = Ryy (and similarly for the Cjs). Recall
that the condition for Jacobian stability is related to the spectrum of L = [ ‘8] where
A is the g x ¢ matrix whose (i, j)-entry is given by B;; R;C;/,/o; 8; and «;, B; are given by
(29). Moreover, 1 and —1 are eigenvalues of L and the condition for Jacobian stability
is that all the other eigenvalues have absolute value less than 1/(A — 1). Finally, recall
that the spectrum of L is symmetric with respect to 0, see footnote 3.
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The eigenvalues of the matrix L in this case (with the specific matrix B and the values
of R;’s and C}’s) can be computed as follows. Let i # j be such that R; = R;, we then
have C; = Cj, o; = «; and B; = B; as well. The (2q)-dimensional vector whose nonzero
entries are 1’s at the positions of R;, C; (i.e., the ith and (i + ¢)-th coordinate) and —1’s
at the positions of R}, C; is an eigenvector of L; also the vector with 1’s at the positions
of R;, C; and —1’s at the positions of E;, C; (and zero elsewhere) is an eigenvector of L.
This gives us the eigenvalues £A; each with multiplicity 29" — 2 = g — 2, where

Rlcl _ (1 — B)xd/2
VBt g +B+q — DxHB+q —1+qx%)

Denote by +X the remaining eigenvalues of L. We can compute X by consider-
ing the determinant of L. We have Det(L) = (—1)?(Det(A))?. Note that Det(A) =

Det(B)]_[i%_]—[j %, so Det(A) = (=17 11 — B 1(B + q — 1)(-2& R101 )q We thus

obtain

1:=10-B)

R C 2((]—2) R C 2q
X21_B2(q—2)< 1 1) — (B _121_32(11—1)( 1 1) ,
( ) o (B+q — 1% ) o

and hence the eigenvalues of L are given by +1 by multiplicity 1, £4; by multiplicity
q — 2 and £22152 by multiplicity 1.

To prove that the absolute values of the eigenvalues different from 1 are less than
1/d, it suffices to prove that A1 < 1/d (since 22! < d for B < ZH1o -74). Use (143) to
solve for ¢’ and plug the value into the expression for A;. This yields that A1 1s equal to

x@V2(x — 1)/(x% — 1), which by the AM-GM inequality is less than 1/d for x > 1. O

Proor or LEMMA 7.10. For nonnegative q = (q1, g2, g3) with g1 +q2 + g3 = q, consider
the function

F(q) = n]lf%xF(q, r,c), where F(q,r, c) := Zf’:l q; R; Z?‘:l q;C; +(B— 1)2?:1 q; R;C;,
(144)
and the maximum is over the compact region (by restricting to R; = C; = 0 whenever
q; =0)
Ry, Ry, R3,Cy1,Cq,C3 > 0.

(145)

Note that F(q) > 0, since we can set all of the R;’s and C i’s equal to x, where qx'dtid —
1. We have that ®(q) > (d + 1)In F(q) since for the r, ¢ which achieve the maximum
in (144) we have @(q, r,c) > (d + 1) InF(q). Also, since @(q, r, c¢) is scale-free with
respect to r and ¢ (see (111)), we may scale r, ¢ to satisfy (145) and hence ®(q) =
Sup, ¢ @(q, r,c) < (d+1)In F(q), proving that ®(q) = (d+ 1) In F(q) and consequently
the supremum is attained.

To prove that sup, ®(q) is attained, it suffices to prove that L := supq F(q)is attained.
This can be accomplished by using variants of Berge’s Maximum Theorem and showing
that the function F(q) is upper semicontinuous. We give a more direct argument, which
is similar to the proof of Berge’s Maximum Theorem and can also easily be adapted to
show that F(q) is upper semicontinuous.

Note first that L < oo by a simple application of Holder’s inequality. Let q,, n =
1,2, ... be a sequence such that F(q,) 1 L. Since the q, lie in a compact region, by
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restricting to a subsequence we may assume that q, — q. Let r,, ¢,, be maximizers for
F(q,) in (144).

Suppose first that g has positive entries. Then, for sufficiently large n, the maximizers
r,, ¢, lie in a compact set and hence a standard diagonalisation argument yields a
convergent subsequence (q,,, ¥y, ;) — (q,r,c¢). By continuity, r, ¢ must lie in the
region (145) defined by q and moreover F(q,,) = F(qy,, ¥, ¢,) — F(q,r, c). Thus,
L = F(q,r, ¢) and the supremum is attained.

Suppose now that q has an entry equal to zero, say g1, so that g1, — 0 (with the
natural notation for entries of the subsequences). In this setting, Ry, C1, might escape
to infinity, so assume that Rj,, C1, 1 oo, by restricting to a subsequence if neces-
sary. (145) implies qlnR(fle)/ d, qlnC;‘ffl)/ d < 1 and hence ¢1,R1,, ¢1,C1, — 0. Note that
g1, R1,C1, — 0 as well; otherwise there exists a subsequence with qlnlenkCInk >e>0.
This contradicts that Iy, Cp, maximize F(qy,, -, ), since setting R;,, = Ci, = 0
would maintain feasibility in (145) and achieve a bigger value of F for all sufﬁmently
large & (recall that B < 1). Thus, q1,R1,, ¢1,.C1n, @12 R1,.C1» — 0, yielding once again
L=F(q,r,c). O

Proor orF LEMMAS 7.14, 7.17 anD 7.18. We first prove Lemma 7.18. Recall that I =
{i € [8]1qi > 0}. Let Ig = {i € I | R; > 0} and define analogously Ic (note that it may be
that Ir # I¢). For i € Ig, it must hold that d®5/9R; = 0. Since q; > 0 for i € I, it follows
that

R’ x Y ;q;C;—(1—B)XC; forallice Iy, (146)
and hence
RV « Ry(X,¢;C; — (1 - B)C;) for alli e 1.
Thus, for i € I, it holds that
RV R(Y;9;C; — (1 - BX;)

>, q; RV T Y 4R Y, ¢,C+(B-1DY,q;R,C;’ (4D
and an analogous argument for the C;’s gives
Ci(d+1)/d _ Ci(X;q;Rj — (1 - BR)) . (148)
Y g O 4R 295C + (B=1)) ;4 RiC;
Moreover, by a direct calculation we have
905 (d+1(R: Y;9;C;+Ci Y q;R; + (B— DR,C:)
dq; > 4R > ;4;Ci+(B-1)3;q;R;C;
defd+1)/d dC§d+1)/d (149)

- d+Djd — @+nyjd"
qujRj / qujci /

Plugging (147) and (148) in (149) proves the first part of Lemma 7.18.
For the second part of Lemma 7.18, assume without loss of generality, that g1, g2 > 0

and i‘;’f % > 0. For ¢ > 0, consider q' = (g1 + €, q2 — ¢, g3). Since q1, g2 are positive,

for small enough ¢, q’ has positive entries which sum to q. Moreover, for small enough ¢
the value of ®S increases, while still maintaining feasibility in the region (110). Hence,
q does not maximize @, as desired.

Lemma 7.14 and Lemma 7.17 follow from our earlier considerations. In the setting of
Lemma 7.17, we have the extra assumption that q is good, which means that for every
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maximizer r, ¢ it holds that I = Ir = I¢. Let i, j be such that g;,g; > 0, thatis, i, j € I.
We have that i, j € Iz and hence the desired equivalence R; = R; iff C; = C; follows
from (146). In the setting of Lemma 7.14, in addition to q being good, we have that q
is maximal and that the g;’s are nonnegative integers. By maximality of q, there exists
a maximizer r, ¢ such that, for every two distinct indices i, j € I, it holds that R; # R;
and C; # C;. Now just use (146) and the fact that g1, g2, g3 are nonnegative integers to
obtain that this maximizer r, ¢ specifies a fixpoint of (107) of type (g1, g2,q3). O

Proor or LEMMA 7.21. Suppose that g; > 0 and Zj q;C; > (1 — B)C;. We look at the
derivative 8@/ OR; evaluated at R, = 0:

3@ _ d+ 1)(]i((]1C1 + QQCZ + Q3C3 —-(1- B)Cl)
oR: Y qiR;Y; q;Ci+(B-13; q;iR;C;

Thus, increasing the value of R; by a sufficiently small amount, increases the value of

®S. Hence, the maximum cannot be obtained at the boundary R; = 0.

The second part of the lemma follows easily from the first part. Suppose that ¢; >
1 — B. Since the C’s are nonnegative, we have that ) i q iCj = (1 — B)C; with equality
only if g;C; = 0 for all j € [3]. This is excluded from (110). Thus, by the first part of the
lemma, we may conclude that R; > 0 and, similarly, C; > 0.

To derive that there always exists an index i € [3] with R;, C; > 0 whenever g > 3,
note that q1 + g2 + g3 = q implies that the largest ¢; is > q¢/3 > 1 > 1 — B. Equality
can only hold when B=0,qg = 3 and q; = q2 = q3 = 1. This (very) special case can be
handled as follows. From (110), at least one of the C;’s has to be positive, say C; > 0. We
may assume that R; = 0, otherwise we are done. Since R =0 and g2 = g3 =1 > 0, by
the first part of the lemma, we obtain that Co = C3 = 0. By the same token, Co = C5 =0
implies that Ry = R3 = 0. Thus, Ry = Ry = R3 = 0, which is excluded from (110). O

> 0.

ELECTRONIC APPENDIX
The electronic appendix for this article can be accessed in the ACM Digital Library.
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