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Abstract. We consider the problem of sampling from the Potts model on random regular
graphs. It is conjectured that sampling is possible when the temperature of the model is in the so-
called uniqueness regime of the regular tree, but positive algorithmic results have been for the most
part elusive. In this paper, for all integers ¢ > 3 and A > 3, we develop algorithms that produce
samples within error o(1) from the g-state Potts model on random A-regular graphs, whenever
the temperature is in uniqueness, for both the ferromagnetic and antiferromagnetic cases. The
algorithm for the antiferromagnetic Potts model is based on iteratively adding the edges of the
graph and resampling a bichromatic class that contains the endpoints of the newly added edge.
Key to the algorithm is how to perform the resampling step efficiently since bichromatic classes
can potentially induce linear-sized components. To this end, we exploit the tree uniqueness to
show that the average growth of bichromatic components is typically small, which allows us to use
correlation decay algorithms for the resampling step. While the precise uniqueness threshold on
the tree is not known for general values of ¢ and A in the antiferromagnetic case, our algorithm
works throughout uniqueness regardless of its value. In the case of the ferromagnetic Potts model,
we are able to simplify the algorithm significantly by utilizing the random-cluster representation of
the model. In particular, we demonstrate that a percolation-type algorithm succeeds in sampling
from the random-cluster model with parameters p,q on random A-regular graphs for all values of
g > 1 and p < pc(q,A), where pe(g, A) corresponds to a uniqueness threshold for the model on
the A-regular tree. When restricted to integer values of g, this yields a simplified algorithm for the
ferromagnetic Potts model on random A-regular graphs.

Key words. sampling, Potts model, random regular graphs, phase transitions

1. Introduction. Random constraint satisfaction problems have been thor-
oughly studied in computer science in an effort to analyze the limits of satisfiability
algorithms and understand the structure of hard instances. Analogously, understand-
ing spin systems on random graphs [27, 28, 34, 4, 26, 6, 13, 8, 9] gives insights about
the complexity of counting and the efficiency of approximate sampling algorithms.
In this paper, we design approximate sampling algorithms for the Potts model on
random regular graphs.
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The Potts model is a fundamental spin system studied in statistical physics and
computer science. The model has two parameters: an integer ¢ > 3, which represents
the number of states/colors of the model, and a real parameter B > 0, which corre-
sponds to the so-called temperature. We denote the set of colors by [¢] := {1,...,q}.
For a graph G = (V, E), configurations of the model are all possible assignments
of colors to the vertices of the graph. Each assignment o : V' — [¢] has a weight
wg (o) which is determined by the number m(c) of monochromatic edges under o,
namely, wg(o) = B™). The Gibbs distribution ug is defined on the space of all
configurations ¢ and is given by

pe(o) = B™?) [Zg, where Zg =Y B™).

g

We also refer to pug as the Potts distribution; the quantity Zg is known as the partition
function. Well-known models closely related to the Potts model are the Ising and
colorings models. The Ising model is the special case ¢ = 2 of the Potts model, while
the g-colorings model is the “zero-temperature” case B = 0 of the Potts model, where
the distribution is supported on the set of proper g-colorings.

The behavior of the Potts model has significant differences depending on whether
Bisless or larger than 1. When B < 1, configurations where most neighboring vertices
have different colors have large weight and the model is called antiferromagnetic;
in contrast, when B > 1, configurations where most neighboring vertices have the
same colors have large weight and the model is called ferromagnetic. One difference
between the two cases that will be relevant later is that the ferromagnetic Potts model
admits a random-cluster representation—the details of this representation are given
in section 2.1.

Sampling from the Potts model is a problem that is frequently encountered in
running simulations in statistical physics or inference tasks in computer science. To
determine the efficiency and accuracy of sampling methods, it is relevant to consider
the underlying phase transitions, which signify abrupt changes in the properties of the
Gibbs distribution when the underlying parameter changes. The so-called uniqueness
phase transition captures the sensitivity of the state of a vertex to fixing far-away
boundary conditions. As an example, in the case of the ferromagnetic Potts model
on the A-regular tree, uniqueness holds when root-to-leaves correlations in the Potts
distribution vanish as the height of the tree goes to infinity; it is known that this holds
iff B < Bc(q,A), where B.(g, A) is the “uniqueness threshold” (cf. (2.2) for its value).
Connecting the uniqueness phase transition with the performance of algorithms is a
difficult task that is largely under development. This connection is well-understood
on the grid, where it is known that the mixing time of local Markov chains, such as
the Glauber dynamics, switches from polynomial to exponential at the corresponding
uniqueness threshold; see, for example, [23, 22, 32, 1, 24, 2].

For random A-regular graphs or, more generally, graphs with maximum degree A,
the uniqueness threshold on the A-regular tree becomes relevant. For certain two-state
models, such as the ferromagnetic Ising model and the hard-core model, it has been
proved that Glauber dynamics mixes rapidly when the underlying parameter is in the
uniqueness regime of the regular tree, and that the dynamics mixes slowly otherwise
(see [27, 28, 9]). The same picture is conjectured to hold for the Potts model as well,
but this remains open. For the ferromagnetic case in particular, Bordewich, Greenbhill,
and Patel [4] prove rapid and slow mixing results for Glauber dynamics on random
regular graphs and graphs with maximum degree A when the parameter B is within
a constant factor from the uniqueness threshold on the regular tree. More generally,
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there has been significant progress in recent years in understanding the complexity of
sampling from the Gibbs distribution in two-state systems, but for multistate systems
progress has been slower, especially on the algorithmic side.

In this paper, for all integers ¢ > 3 and A > 3, we design approximate sam-
pling algorithms for the g-state Potts model on random A-regular graphs (regular
graphs with n vertices chosen uniformly at random), when the parameter B lies in
the uniqueness regime of the regular tree, for both the ferromagnetic and antifer-
romagnetic cases. Our algorithms are not based on a Markov chain approach but
proceed by iteratively adding the edges of the graph and performing a resampling
step at each stage. As such, our algorithms can produce samples that are within error
1/n’® from the Potts distribution for some fixed constant § > 0 (which depends on
B,q,A).

Remark 1.1. There are certain “bad” A-regular graphs where the algorithms will
fail to produce samples with the desired accuracy; saying that the algorithms work
on random A-regular graphs means that the number of these “bad” graphs with n
vertices is a vanishing fraction of all A-regular graphs with n vertices for large n.
Moreover, we can recognize the “good” graphs (where our algorithms will successfully
produce samples with the desired accuracy) in polynomial time.

Our approach is inspired by Efthymiou’s algorithm [7, 8] for sampling g-colorings
on G(n,d/n); the algorithm there also proceeds by iteratively adding the edges of
the graph and exploits the uniqueness on the tree to show that the sampling error is
small. However, for the antiferromagnetic Potts model, the resampling step turns out
to be significantly more involved and we need a substantial amount of work to ensure
that it can be carried out efficiently, as we explain in detail in section 3. Nevertheless,
for the ferromagnetic case, we manage to give a far simpler algorithm by utilizing the
random-cluster representation of the model (see section 2.1). In particular, we demon-
strate that a percolation-type algorithm succeeds in sampling approximately from the
random-cluster model with parameters p, ¢ on random A-regular graphs for all values
of ¢ > 1 and p < p.(q,A), where p.(q,A) corresponds to a uniqueness threshold for
the model on the A-regular tree. When restricted to integer values of ¢, this yields a
simple algorithm for the ferromagnetic Potts model on random A-regular graphs.

To conclude this introductory section, we remark that, for many antiferromag-
netic spin systems on random graphs, typical configurations in the Gibbs distribution
display absence of long-range correlations even beyond the uniqueness threshold, up
to the so-called reconstruction threshold [25, 14]. Note that uniqueness guarantees
the absence of long-range correlations under a “worst-case” boundary, while non-
reconstruction only asserts the absence of long-range correlations under “typical”
boundaries; it is widely open whether this weaker notion is in fact sufficient for sam-
pling on random graphs. On an analogous note, for the ferromagnetic Potts model
on random regular graphs, the structure of typical configurations can be fairly well-
understood using probabilistic arguments for all temperatures (see, e.g., [6, 13]) and it
would be very interesting to exploit this structure for the design of sampling algorithms
beyond the uniqueness threshold. In this direction, Jenssen, Keevash, and Perkins [19]
very recently designed such an algorithm for all sufficiently large B that works more
generally on expander graphs (see also [17] for similar-flavored results on the grid).

2. Definitions and main results. We first review in section 2.1 the definition
of the random-cluster model. In section 2.2, we state results from the literature about
uniqueness on the regular tree for the Potts and random-cluster models. Then, in
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section 2.3, we state our algorithmic results for the ferromagnetic Potts and random-
cluster models, and, in section 2.4, we state our result for the antiferromagnetic Potts
model.

2.1. The random-cluster model. The random-cluster model has two param-
eters p € [0,1] and ¢ > 0; note that ¢ in this case can take noninteger values. For
a graph G = (V, E), we denote the random-cluster distribution on G by ¢¢; this
distribution is supported on the set of all edge subsets. In particular, for S C F,
let k(S) be the number of connected components in the graph G’ = (V,.5) (isolated
vertices do count). Then, the weight of the configuration S is given by wg(S) =
pl81(1 — p)lE\SIgR(S) and

va(S) = wa(S)/ZE, where Zi§ = > wa(S) = Y pl*I(1—p)F\51ghS),
SCE SCE
Following standard terminology, each edge in .S will be called open, while each edge
in E\S closed.
For integer values of ¢, there is a well-known connection between the random-
cluster and ferromagnetic Potts models, as detailed below.

LEMMA 2.1 (see, e.g., [15]). Let g > 2 be an integer, B > 1, and p=1—1/B.
Then, the following hold for any graph G = (V, E):

o Let S C E be distributed according to the random-cluster distribution pg
with parameters p,q. Consider the configuration o obtained from S by as-
signing each component in the graph (V,S) a random color from [q] inde-
pendently. Then, o is distributed according to the Potts distribution pg with
parameter B.

e Conversely, suppose that o : V. — [q] is distributed according to the Potts
distribution pg with parameter B. Consider S C E obtained by adding to S
each monochromatic edge under o with probability p independently. Then, S
is distributed according to the random-cluster distribution o with parameters
P, q-

Lemma 2.1 allows us to translate our sampling algorithm for the random-cluster
model to a sampling algorithm for the ferromagnetic Potts model. The benefit of work-
ing with the random-cluster model (instead of the Potts model) is that the random-
cluster distribution satisfies certain monotonicity properties (cf. Lemma 5.3), which
simplifies significantly the analysis of the algorithm.

2.2. Uniqueness for Potts and random-cluster models on the tree. In
this section, we review uniqueness on the tree for the Potts and random-cluster models.
We start with the Potts model.

For a configuration o and a set U, we denote by oy the restriction of o to the
set U; in the case of a single vertex u, we simply write o, to denote the color of u.
Denote by Ta the infinite (A — 1)-ary tree with root vertex p and, for an integer
h > 0, denote by T}, the subtree of Ta induced by the vertices at distance < h from
p. Let Lj, be the set of leaves of Tj,.

DEFINITION 2.2. Let B > 0 and q,A > 3 be integers. The q-state Potts model
with parameter B > 0 has uniqueness on the infinite (A — 1)-ary tree if, for all colors
¢ € [q], it holds that

(2.1) limsup max ‘HT;L (o, =clop, =7)— f‘ =0.
h—oo TiLn—[q]

It has nonuniqueness otherwise.
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For the ferromagnetic g-state Potts model (B > 1), it is known that uniqueness
holds on the (A — 1)-ary tree iff B < B.(q,A), where

(y—1)(y> 1 +q-1)
yAl—y

(2.2) Be(g, A) =1+ inf h(y), where h(y) :=
Yy

For the antiferromagnetic Potts model (B < 1), the uniqueness threshold on the
tree is not yet known in full generality. It is a folklore conjecture that the model has
uniqueness iff ¢ > A and B € (0,1), or ¢ < A and B > %. It is known that the
model has nonuniqueness when B < % [12]. Establishing the uniqueness side of the
conjecture is more difficult; this has been established recently in [11] for small values
of g and A. In the case ¢ = 3, [11] also established the uniqueness threshold for all A:
for A > 4, uniqueness holds iff B € [(A —3)/A, 1), and for A = 3, uniqueness holds
iff B € (0,1). For the g-colorings model (B = 0), Jonasson [21], building on work of
Brightwell and Winkler [5], established that the model has uniqueness iff ¢ > A.

Remark 2.3. To summarize the above, a necessary condition for uniqueness on
Ta in the antiferromagnetic g-state Potts model with parameter B € (0,1) is that
B > (A —q)/A. Tt is also conjectured that this condition is sufficient but this has
only been established for g = 3.

Uniqueness for the random-cluster model on the tree is less straightforward to
define. Haggstrom [16] studied uniqueness of random-cluster measures on the infinite
(A —1)-ary tree where all infinite components are connected “at infinity” —we review
his results in more detail in section 7.1. He showed that, for all ¢ > 1, a sufficient
condition for uniqueness is that p < p.(g, A), where the critical value p.(gq, A) is given
by!

1 (y-—D> ' +g-1)

where h(y) :=

2.3 (@A) =1 - ——————,
( ) Db (q ) 1+ 1ny>1 h(y) yA—l -y

Note that the critical values in (2.2) and (2.3) are connected for integer values of ¢
via pe(q,A) =1 — m. Héggstrom [16] also conjectured that uniqueness for the
random-cluster model holds on TA when p > q-&-A% for all ¢ > 1; this remains open

but progress has been made in [20].

Remark 2.4. Using that h(y) — x%5 as y | 1, we obtain that p.(¢, A) <
for all ¢ > 1. Tt can further be shown that p.(¢, A) = iff g < 2.

q
q+A—2
q
qg+A-2

We should note here that the bounds appearing in Remarks 2.3 and 2.4 will be
useful to simplify some of our arguments. However, the stronger assumption that
the parameters are in the uniqueness region of the A-regular tree is crucial for the
analysis of our algorithm and, in particular, the proofs of the upcoming Lemmas 5.2
and 6.6 hinge on this assumption.

2.3. Sampling ferro Potts and random-cluster models on random
regular graphs. We begin by stating our result for the random-cluster model on
random regular graphs.

THEOREM 2.5. Let A >3, q>1, and p < p.(q,A). Then, there exists a constant
0 > 0 such that, as n — oo, the following holds with probability 1 — o(1) over the
choice of a random A-regular graph G = (V, E) with n vertices.

n [16], pc(g, A) is defined in a different way, but the two definitions are equivalent for all ¢ > 1.
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There is a polynomial-time algorithm which, on input the graph G, outputs a
random set S C E whose distribution vg is within total variation distance O(1/n?)
from the random-cluster distribution pg with parameters p,q, i.e., ||vs — oqllpy =
O(1/n?%).

We remark that a simple implementation of the algorithm in Theorem 2.5 runs in
time O*(n%/%); see Figure 1 in section 5 for details. The constant § > 0 that controls
the error of the algorithm depends on p, ¢, A and gets smaller as p approaches p.(q, A).

For integer values of ¢, Theorem 2.5 combined with the translation between the
random-cluster and Potts models (cf. Lemma 2.1) yields a sampling algorithm for
the ferromagnetic g-state Potts model on random regular graphs. Since uniqueness
for the ferromagnetic Potts model holds iff B < B.(q,A) and p.(¢,A) =1 — m,
we therefore have the following corollary of Theorem 2.5.

COROLLARY 2.6. Let A > 3, ¢ > 3 and B > 1 be in the uniqueness regime of
the (A — 1)-ary tree. Then, there exists a constant 6 > 0 such that, as n — oo, the
following holds with probability 1 — o(1) over the choice of a random A-regular graph
G = (V, E) with n vertices.

There is a polynomial-time algorithm which, on input the graph G, outputs a
random assignment o : V. — [q] whose distribution v, is within total variation dis-
tance O(1/n°) from the Potts distribution ug with parameter B, i.e., |y — pi|lpy =
O(1/n°).

2.4. Sampling antiferro Potts on random A-regular graphs. The algo-
rithm of Corollary 2.6 for the ferromagnetic Potts model does not extend to the an-
tiferromagnetic case since there is no analogous connection with the random-cluster
model in this case. Nevertheless, we are able to design a sampling algorithm on ran-
dom regular graphs when the parameter B is in uniqueness via a far more elaborate
approach which consists of recoloring (large) bichromatic color classes.

THEOREM 2.7. Let A >3, ¢ > 3, and B € (0,1) be in the uniqueness regime of
the (A — 1)-ary tree with B # (A — q)/A. Then, there exists a constant 6 > 0 such
that, as n — oo, the following holds with probability 1 — o(1) over the choice of a
random A-regular graph G = (V, E) with n vertices.

There is a polynomial-time algorithm which, on input the graph G, outputs a
random assignment o : V — [q] whose distribution v, is within total variation distance
O(1/n%) from the Potts distribution ug with parameter B, i.e.,

e = nellpy = O(1/n).

Note that the sampling algorithm in the antiferromagnetic case works throughout
uniqueness apart from the point (A —¢)/A, where uniqueness on the tree is expected
to hold but the model is conjectured to be at criticality. In particular, for all B #
(A = q)/A which are in the uniqueness regime of Ta, it can be shown that the decay
on the tree is exponentially small in its height. In contrast, even if uniqueness on the
tree holds for B = (A — ¢)/A, it can be shown that the decay on the tree is only
polynomial in its height.

We remark here that the algorithm for the antiferromagnetic case uses as a black-
box a subroutine for sampling from the antiferromagnetic Ising model. The running
time of this subroutine, which is based on correlation decay methods, is n¢ for some
constant ¢ = ¢(gq, B, A) > 0; it is an open question whether there is a faster algorithm
for the Ising model. Finally, the constant ¢ that controls the error of the algorithm
depends on B, ¢, A and gets smaller as B decreases.
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3. Proof approach. In this section, we outline the main idea behind the algo-
rithms of Theorems 2.5 and 2.7 and the key obstacles that we have to address. We
focus on the antiferromagnetic Potts model where the details are much more com-
plex and discuss how we get the simplification for the ferromagnetic case via the
random-cluster model later.

DEFINITION 3.1. For an n-vertex graph G = (V, E) with maximum degree A, a
cycle is short if its length is at most %logA_l n and is long otherwise.

Let G be a random A-regular graph with n vertices. Following the approach of
Efthymiou [8], our algorithm starts from the subgraph of G consisting of all short
cycles, which we denote by G’. It is fairly standard to show that, with probability
1 — o(1) over the choice of G, the subgraph G’ is a disjoint union of short cycles; see
Lemma 4.1. It is therefore possible to sample a configuration ¢’ on G’ which is dis-
tributed according to the Potts distribution ugs (exactly). This can be accomplished
in several ways; in fact, since the cycles are disjoint and each cycle has logarithmic
length, this initial sampling step can even be done via brute force in polynomial time
(though it is not hard to come up with much faster algorithms).

After this initial preprocessing, the algorithm then proceeds by adding sequen-
tially the edges that do not belong to short cycles. At each step, the current configura-
tion is updated with the aim to preserve its distribution close to the Potts distribution
of the new graph (with the edge that we just added). Key to this update procedure is
a resampling step which is performed only when the endpoints of a newly added edge
{u,v} happen to have the same colors under the current configuration; intuitively,
some action is required in this case because the weight of the current configuration
reduces by a factor of B < 1 in the new graph (because of the added edge). The
resampling step consists of recoloring a bichromatic class, where the latter is defined
as follows.

DEFINITION 3.2. Let G = (V, E) be a graph and o : V. — [q] be a configuration.
For colors c1,co € [q], let 071 (c1,ca) be the set of vertices that have either color ¢y or
color co under o.

For distinct colors c1,co € [q], we say that U = o7 (c1,c2) is the (c1,c2)-color-
class of o and that U is a bichromatic class under o. We refer to a connected com-
ponent of G[U] as a bichromatic component.

In the proper colorings case (B = 0), Efthymiou [8] demonstrated that the resam-
pling step when adding an edge e = {u,v} can be done by just flipping the colors of
a bichromatic component chosen uniformly at random among those containing one of
the vertices u and v (say, u). The rough idea there is that when the colorings model
is in uniqueness, the bichromatic components on a random graph are typically small
in size. At the same time, by the initial preprocessing step, the edge e = {u, v} does
not belong to a short cycle and therefore u and v are far away in the graph without
e. Hence, u and v are unlikely to belong to the same bichromatic component and the
flipping step will succeed in giving u and v different colors with good probability.

Unfortunately, this flipping method does not work for the antiferromagnetic Potts
model. It turns out that when ¢ < A and even when the Potts model is in uniqueness,
bichromatic components can be large and therefore u and v potentially belong to the
same bichromatic component. To make matters worse, these bichromatic components
can be quite complicated (with many short/long cycles). This necessitates a more
elaborate approach in our setting to succeed in giving v and v different colors without
introducing significant bias to the sampler.
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The key to overcoming these obstacles lies in the observation that the assign-
ment of the two colors in a bichromatic component follows the Ising distribution;
see Observation 6.1 for the precise formulation. Hence we can hope to use an approx-
imate sampling algorithm for the Ising model in the resampling step. The natural
implementation of this idea, however, fails: known algorithms for the antiferromag-
netic Ising model, based on correlation decay, work as long as B > %, where A is
the maximum degree of the graph [30, 35]. In general, this inequality is not satisfied
for us, i.e., there exist B in the uniqueness regime for Potts such that B < %.

Fortunately, we can employ fairly recent technology for two-state models [27, 31,
29] which demonstrates that the graph parameter that matters is not actually the
maximum degree of the graph but rather the “average growth” of the graph. While
we cannot apply any of the existing results in the literature directly, adapting these
ideas to the antiferromagnetic Ising model is fairly straightforward, using results from
Mossel and Sly [27]. The more difficult part in our setting is proving that the average
growth of the bichromatic components that we consider for resampling is indeed small
for “typical” configurations o (note that in the worst case, the whole graph can be a
bichromatic class which has large average growth for our purposes, so a probability
estimate over ¢ is indeed due). Let us first formalize the notion of average growth
that we use.

DEFINITION 3.3. Let M,b be positive constants and G = (V, E) be a graph with
n wvertices. We say that G has average growth b up to depth L = [Mlogn] if for
all vertices v € V the total number of paths with L wvertices starting from v is less
than br.

The notion of average growth is similar to the notion of connective constant for
finite graphs used in [31, 29]; the reason for the slightly different definition is that
we will need an explicit handle on the constant M controlling the depth. Note that,
since we only consider paths with a fixed logarithmic length, this places a lower bound
on the accuracy of the sampling algorithm. Nevertheless, by choosing the constant
M sufficiently large, this will still be sufficient to make the error of our sampler
polynomially small. In particular, as long as the inequality b%jr—g < 1is satisfied, using
results from [27], we obtain an approximate sampler for the antiferromagnetic Ising
model with parameter B on graphs of average growth b up to depth L = [M logn];
see Theorem 6.3 for details.

We give a few more technical details on how we bound the average growth of
bichromatic classes. Here, we utilize the tree uniqueness and the tree-like structure of
random A-regular graphs (cf. Lemma 4.4) to provide an upper bound on the number
of bichromatic paths. For paths of logarithmic length L, we show in Lemma 6.6 that
the probability that a path is bichromatic is < K*, where K is roughly (1+ B)/(B +
q—1). Since there are at most A(A —1)£=2 paths with L vertices, we therefore obtain
that the average growth b of bichromatic components is bounded above by (A —1)K.
When B is in uniqueness, we have that B > (A — ¢)/A, and therefore the inequality
b%;—g < 1 that is required for the Ising sampler is satisfied.

The final technical piece is to bound the error that is introduced by the resampling
steps. The placement of a new edge {u, v} reweights the probability that u and v have
different colors and introduces an error in our sampling algorithm that is captured by
the correlation between the colors of u and v (see Lemma 6.9). The main idea at this
point is that, in the graph without the edge {u,v}, u and v are far apart (since the
edge {u,v} does not belong to a short cycle of G) which can be used to show that the
correlation between the colors of u and v is relatively small. In Lemma 6.4, we show
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that the correlation between u and v can in fact be upper bounded as a weighted sum
over paths connecting v and v. This allows us to bound the aggregate sampling error
of the algorithm as a weighted sum over short cycles of the random graph G, which
can in turn be bounded using a simple expectation argument.

The algorithm that we described for the antiferromagnetic Potts model can actu-
ally be adapted to the ferromagnetic case as well. However, as mentioned earlier, we
follow a different (and surprisingly simpler) route using the random-cluster represen-
tation of the model. At a very rough level, the reason behind the simplification is that
the components in the random-cluster model provide a much better grip on capturing
the properties of the Potts distribution than the bichromatic-component proxy we
used earlier. Indeed, just as we described in the antiferromagnetic case, bichromatic
components for the ferromagnetic Potts model can also be linear-sized. However,
once we translate the Potts configuration to its random-cluster representation (cf.
Lemma 2.1), the components in the latter are small in size (when the model is in the
uniqueness region p < p.(q, A)) and therefore vertices that are far away do not belong
to the same component. This allows us to perform the resampling step in the random-
cluster model by a simple percolation procedure. The details can be found in section 5.

3.1. Organization. In section 4, we give the properties of random regular
graphs that we are going to use in the analysis of our sampling algorithms. In section
5, we give the algorithm for the random-cluster model and conclude Theorem 2.5
(assuming the upcoming Lemma 5.2). In section 6, we give the algorithm for the
antiferromagnetic Potts model and conclude Theorem 2.7 (assuming the upcoming
Theorem 6.3 and Lemmas 6.4 and 6.6). In sections 7 and 8, we analyze the random-
cluster and antiferromagnetic Potts models on “tree-like” graphs and give the proofs
of Lemmas 5.2 and 6.6. Finally, in section 9, we prove Theorem 6.3 and Lemma 6.4,
which are about correlation decay and sampling for the antiferromagnetic Ising model
on graphs of small average growth.

4. Properties of random regular graphs. In this section, we state and prove
structural properties of random A-regular graphs which ensure that our algorithms
for the random-cluster and Potts models have the desired accuracy (cf. Remark 1.1).
While the exact statements of the properties that we need do not seem to appear in
the literature, their proofs follow fairly standard techniques in the area.

We will work in the configuration model; see [18, Chapter 9] for more details.
Precisely, for An even, let G := G,, o denote the uniform distribution on A-regular
graphs which is obtained by taking a perfect matching of the set [n] x [A] and collaps-
ing for each u € [n] the elements (u, 1),..., (u, A) into a single vertex u; the elements
of the set [n] x [A] are called points. Technically, the distribution G is supported on
multigraphs but it can be shown that the probability that G ~ G is simple is asymp-
totically a positive constant as n — oco; conditioned on that event, G is uniformly
distributed over A-regular graphs with n vertices, and therefore any event that holds
with probability 1 —o(1) in G, A also holds with probability 1 —o(1) over the uniform
distribution on A-regular graphs with n vertices.

The following lemma guarantees that short cycles are disjoint in a random A-
regular graph.

LEMMA 4.1. Let A > 3 be an integer. Then, with probability 1 — o(1) over the
choice of a uniformly random A-regular graph with n vertices, any two distinct cycles
of length < %logAA n are disjoint, i.e., they do not share any common vertices or
edges.
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Proof. For convenience, let ¢ := L% loga_4 nJ and G := G, A. Let G ~ G and &
be the event that G contains two distinct cycles of length < ¢ which are not disjoint.
Let also F be the event that, for some integer k € [1,2/], G contains a subgraph with
k vertices and k + 1 edges such that each vertex has at least two incident multiedges
(in the subgraph); we call such a subgraph bad. When &£ occurs, we obtain that F
also occurs, so it suffices to upper bound the probability of the latter.

To bound Prg(F), we will use a union over all possible bad subgraphs with
k vertices with k € [1,2¢]. Consider an arbitrary integer k € [1,2¢]. There are

k
(}) < ()" ways to choose the vertices in the subgraph, at most (g‘) (Ak)? ways

to choose the points that are going to be paired, and then ((ki(lf)ile,\))!l < 10(2k/e)F+1

ways to pair the points. The probablhty of a particular pairing of 2(k + 1) points
occuring is equal to x5 (An_(2k+1)) (An)kﬂ (using that k < 20 = o(n'/?)). We
therefore obtain that

) (2k/e)k+1

60A &
Prg(F <QOZ< ) A = KA1
k=1

A3
< P20 (a1 = o),
n
as needed. This finishes the proof. 0

The following lemma guarantees that certain weighted sums over cycles are small;
this bound will be used to show that the aggregate error of our samplers is small (cf.
section 3).

LEMMA 4.2. Let A > 3. Then, for any constant W > A — 1 and any constant

Ly > 0, there exists a constant 6 > 0 such that the following holds with probability
— O(1/n%) over the choice of G ~ G, a. Let C; denote the number of cycles of

length £. Then,
LCy
Z WS 1/(2n).
>4 logn

Proof. Let w := (A —1)/W < 1 and § := 1{ylog(1/w) > 0. We will show that,
for all sufficiently large n, it holds that

1 LC,y
£>L logn
Once we show (4.1), the result follows from Markov’s inequality.
Fix an arbitrary integer ¢ € [n]; we will calculate Eg[Cy]. In the configura-
tion model, a cycle with ¢ vertices corresponds to an ordered 2¢-tuple of points

(uy,i1), (ug,92), ..., (ug, i20—1), (ug,io¢) where uq,...,u, are distinct elements of [n]
and i1,...,49 € [A] such that (u;,is;) is paired to (uj41,42541) for all j € [f] (with
the convention that us11 = uy and 911 = i7).

There are (!(’)) ways to choose and order uy,...,u; and (A(A — 1))* ways to

choose i1,. .., iz for a total of £!()(A(A — 1))* possible tuples; this overcounts the
number of tuples corresponding to distinct cycles by a factor of 2¢ (the number of
ways to root and orient the 2¢-tuple). Now, the pairing corresponding to a tuple
occurs with probability (Anfl)(An%)l__(Anf(ﬂfl)). Since

2(An —1)(An—3)--- (An— (20— 1)) > A'n(n — 1)+ (n — £+ 1)
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for all £ € [1,n] and A > 3, it follows that Eg[Cy] < (A — 1)’/¢ and hence

Eg[X] — Z wt Swfologn/(l_w),
>0 logn

which proves (4.1) and therefore concludes the proof. O

Our next lemma captures the tree-like structure of random A-regular graphs that
will be relevant for us. In particular, we give a description of the neighborhood
structure around a path. To do this accurately, we will need a few definitions. Let
G = (V, E) be a graph. For a vertex v € V and integer h > 0, we denote by T',(G,v)
the set of vertices at distance < h from wv.

DEFINITION 4.3. Let G be a graph and P be a path in G with vertices uq, ..., ug.
Let G\P be the graph obtained from G by removing the edges of the path P. Then,
for an integer h > 0, the h-graph-neighborhood of the path P is the subgraph of G\ P
induced by the vertex set ;i T'n(G\P,ui).

A connected component of the h-graph-neighborhood will be called isolated if it
contains exactly one of the vertices uy, ..., uy.

LEMMA 4.4. Let A > 3. Then, for any constant integer h > 0 and any ¢ > 0,
there exists a constant €1 > 0 such that the following holds.

With probability 1 — O(1/n?) over the choice of G ~ G A, every path P in G
with ¢ vertices with {1 < £ < n%1° has an h-graph-neighborhood with at least (1—e)
isolated tree components.

We will use the following version of the well-known Chernoff/Hoeffding inequality.

LEMMA 4.5 (see, e.g., [10, Theorem 21.6 and Corollary 21.9]). Suppose that
Sp = X144+ Xy, where {X;}icpn 45 a collection of independent random variables
such that 0 < X; <1 and E[X;] = p; fori=1,...,n. Let p = p1 + -+ + pn. Then,
for any ¢ > 1,

Pr(S, > cp) < exp ( — culog(c/e)).

Proof of Lemma 4.4. Fix an arbitrary integer A > 0 and constant ¢ > 0. We will
show that the lemma holds with ¢; := 200/e.

In the configuration model, a path P with ¢ vertices corresponds to an or-
dered 2(¢—1)-tuple of points (u1,11), (uz,i2), (u2,43), ..., (we—1,I2(4—2)), (Ue—1,%20-3),
(we,ig(e—1y) where uy, ..., u, are distinct elements of [n] and i1, ...,i9—1) € [A] such
that (uj,42;-1) is paired to (uj41,425) for all j € [¢ —1]. Fix any such path P with
{ vertices uq,...,uy and condition on the event that P appears in G. We will next
reveal the h-graph-neighborhood of P in a breadth-first search manner, as follows:

1. Let Uy = {uy,...,us}. Initialize Uy, ..., Up, Uy to be empty sets of vertices.
2. Fort=0,1,...,h:
Order the vertices in Uy in lexicographic order.
For k=1,...,0A%

Pick the kth vertex in Uy, say, u (if k& > |Uy|, set u = 0).

Fori=1,..., A:

If u # 0 and the point (u,4) is not already paired,
Pair (u,4) with a point not already paired chosen uniformly, say,

©T R NS T w

IfU¢U1U"'UUtUUt+1,add’UtOUH_l.
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By induction, we have that, for all ¢ > 0, U; consists of the set of vertices at
distance ¢ from a vertex in {u1, ..., us}. Note also that |U;| < ¢A*. Now, fix arbitrary
t € {0,1,...,h}, k € [(A?], and i € [A]. Let F;x,; be the pairings that we have
revealed about the graph G just before executing lines 7-9. Similarly, let S 1 ; be the
set of vertices we have encountered just before executing lines 7-9 (i.e., the union of
Un,...,U; together with the current set Upy1). Let also Qx,; be the event that in
lines 7-8 all of the following happen: (i) in line 7, u # 0 and the point (u, ) is not
paired, and (ii) in line 8, (u, %) gets paired to a point in S; 1, ; X [A]. There are at least
A(n — |St.k,:|) points that have not been paired, so

|Semil 20A+2

42 Pr(@eps V= )
(4.2) 1(Qt ki | Ftok,i) n— | Skl n

i

where in the last inequality we used that
ISt kil < |Uo|+ -+ |Upsr| < LA™ <UAM2 and n — (A" T2 > /2

for all sufficiently large n (using that ¢; < ¢ < n%10). Using (4.2), we obtain that
the number of events {Qy ;} that occur is dominated above by a binomial random

variable (r.v.) X, ~ Bin(¢Al2, %). By Lemma 4.5, we have that

en

Pr(X, > e/2] < o208/, where ¢ = ey

Since £ < n%/1°, we have ¢; > en'/?° for all sufficiently large n and hence
Pr[X, > el] < e a0l logn

It follows that for any path P with £ vertices, with probability > 1 — e—0¢t logn 4t
most €f/2 of the events {Q¢ . ;} occur, i.e., the h-graph-neighborhood of P contains
at least (1 — €)¢ isolated tree components (every event @y, that occurs decreases
the number of isolated tree components by at most two—on the other hand, if Q¢ ;
does not occur, then the number of isolated tree components stays the same). Since
there are at most nA¢ paths with ¢ vertices, we obtain by a union bound that the
probability that there exists a path whose h-graph-neighborhood contains less than
(1 — €)¢ isolated tree components is upper bounded by

n9/10
_ L
E elogn+€logA s€llogn _ O(l/n2),
£=[200/€]

where the last bound follows by observing that, for all sufficiently large n, the

summands are decreasing functions of ¢ and that for ¢ = [200/e] we have
elogn+llog A—Jsellogn _ 0(1/77/3)
This concludes the proof of Lemma 4.4. 0

To conclude this section, we clarify a small point relevant to Remark 1.1. We will
only utilize Lemma 4.4 for paths of logarithmic length (although the lemma is stated
for convenience for much longer paths) and therefore the property can be checked
in polynomial time. Analogously, the sum in Lemma 4.2 will only be considered
for cycles of logarithmic length and therefore the (restricted) inequality can also be
checked in polynomial time.
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5. Algorithm for the random-cluster model. In this section, we prove The-
orem 2.5. In section 5.1, we first describe the algorithm and analyze how to update a
random-cluster configuration when we add a new edge. In section 5.2, we show how
to control the aggregate error of our sampling algorithm on random regular graphs.
Finally, in section 5.3, we combine these pieces to conclude Theorem 2.5.

5.1. The algorithm. To prove Theorem 2.5, we will consider a simple percola-
tion algorithm for sampling an random-cluster configuration on a random A-regular
graph G. The algorithm is given in Figure 1 and in section 5.3 we will detail its
performance when the input is a random regular graph.

Prior to that, let us first motivate the algorithm SAMPLERC, by demonstrating
how to update an random-cluster configuration when we add a single edge {u,v}. To
control the effect of adding an edge, it will be relevant to consider the event that
there is an open path between u and v (for a path P in G and an random-cluster
configuration S C E, we say that P is open in S if all of its edges belong to S); we
denote this event by u <> v.

LEMMA 5.1. Let p € (0,1) and g > 1, and consider arbitrary € € (0,1/q).

Let G = (V,E) be a graph and u,v be two vertices such that {u,v} ¢ E and
va(u < v) < e. Consider the graph G' = (V,E') obtained from G by adding the
edge {u,v}. Sample a random subset of edges Y C E’ as follows: first, sample a
subset of edges X C FE according to the random-cluster distribution pg and, then, set
Y = X U{e} with probability p/(p + (1 — p)q), and Y = X otherwise.

Then, the distribution of Y, denoted by vy, is within total variation distance 2qe
from the random-cluster distribution pg on G’ with parameters p, q, i.e.,

lvy = ¢ llpy < 2ge.

Proof. Fix an arbitrary € € (0,1/q).

Let o}, be the set of subsets S C E such that in the graph (V,S), v and v are
connected by an open path and let Q. = 27\Q,,. For S C E, denote for convenience
by S. the set S U {e}. Observe that

Algorithm SAMPLERC(G)

parameters: reals p € (0,1) and ¢ > 1

Input: Graph G = (V, E)
Output: Either FAIL or aset S C FE

E':={e € E | e belongs to a short cycle}

if G’ = (V, E’) has a component which is neither a cycle nor an isolated vertex

then FaAIL
else

Sample an random-cluster configuration S’ C E’ on G’ (according to pgr);
Add to S’ each edge in E\E’ independently with probability p/(p+ (1 —p)q);
Output the resulting set S C E.

Fic. 1. Algorithm for sampling a random-cluster configuration. Note that since G’ is a disjoint
union of short cycles, the initial configuration S’ in the algorithm can be obtained quickly in various
ways (e.g., even brute force takes time O* (n6/5) since each cycle has length < élogA_l n and there
are at most n cycles).
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(5.1) VS E€Qu:  we(S.) = ng(S), wer (S) = (1 - plwa(S),
(5.2) VS € Qop - wer (Se) = pwa(S), wa (S) = (1 —p)wa(S).
Note also that for any S C E, we have

wy(8) = W=PpalS) _ (= puc(S)

vy (S.) = pec(S) _ qwe(S)
e p+all-p) (E+1-p)Zc

S ptal-p)  (E+1-p)Zc

Using (5.1), (5.2), and the assumption g (u <> v) < €, we will also show the following
for the partition functions Zg, Z;:

(2+1-p)Zc
ZG/

(5.3) |M| < ge, where M := —1.

Let us conclude the proof assuming, for now, (5.3). To do this, we decompose
vy —earllpy as

1 1
(5.4) Iy = vellry =5 > I (S) = e ()] + 3 > v (Se) = ¢ (Se)l.
SCE SCE

For S C E, we have

vy (8) = e (9)] = | M]

(L-puwa(S)  (1-puwg(s) ‘ _ (1-pu(s)

C+1-pZc  Zo (E+1-p)Za

< [Mpa(9),

and therefore we can bound the first sum in (5.4) as

(5.5) S v (8) — v (8)] < M) < ge.
SCE

To bound the second sum in (5.4), we consider whether S € Qg or S € Q,. For
S € Q., we have

Pwg(9) Pwa(S) Pwg(S)

S.) —va (Se)] = 4 -4 = 4 M| <|M S),
|VY( ) SOG( )| (§+1_p)ZG ZG’ ’ (§+1_p)ZG‘ |—| |¢G( )
while for S € €, we have

Pwg(S) pwea(S) Lwg(S)
Se) — @ar(Se)| = 2 - =1 M+ (g—1
<2qpc(9),

where the last inequality follows from [¢M + (¢ — 1)| < ¢(|M] + 1) < 2¢ (using that
|M| < ge <1 from (5.3)). Hence

(5.6) > [ (Se) — e (Se)l < IM]@a(Qa) + 2006 (Qep) < |M] + 2ge < 3ge.
SCE

Plugging (5.5) and (5.6) into (5.4), we obtain that ||vy — par ||y < 2¢€ as wanted.
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To complete the proof, it only remains to show (5.3). Let

ZG,op = Z wa(S), Zga= Z we (S5),

SEQup SEQq

so that Zg = Zg,op + Zg,a1. By assumption, we have that

Z A
<,0G(u<—>v):M <'e, so that 2<% < <.
Za g~ 1—e
Let also
Zarop= Y wer(S)+we(Se), Zora= Y wa(S)+wa(Se),
S€Q0p S€Qe

so that Zg = Zgr op + Zgr 1. Using (5.1) and (5.2), we obtain that
_ _ (P
ZG’,Op = ZG,Opa ZG’,cl = (5 +1- p) ZG,cl

and therefore

ZG,op
Zc _ ZgoptZGa Zoa 11
- — Z ,0p :
Zo'~ Zowmt lara  Gm oy (E41-7)
Since % € (0, =] and the function f(z) := m_ké%ll_p) is decreasing in x, we
obtain that f(:%) < ZZGG, < f(0) and hence the bounds
P _ P _
L+l-p S(q‘i‘l p)ZGSL
6+(1*€)(§+1*p) ZG/

The left-hand side (L.h.s.), is > 1 —ge for all p € (0,1), ¢ > 1, and € € (0,1), and
hence (5.3) follows.
This concludes the proof of Lemma 5.1. ]

5.2. Aggregating the error. To utilize Lemma 5.1, we need to upper bound
the probability that two vertices belong to the same component in an random-cluster
configuration. In turn, it suffices to bound the probability that there is an open path
between the vertices. To this end, we utilize the fact that the parameters p, g are in
the uniqueness region of the (A —1)-ary tree and the tree-like structure around paths
(cf. Definition 4.3) to show the following. The proof of the lemma is given in section 7.

LEMMA 5.2. Let A > 3 be an integer, ¢ > 1, and p < p.(q,A). There exist
constants K < 1/(A — 1) and € > 0 such that the following holds for all sufficiently
large integers £ and h.

Let G be a A-regular graph and P be a path with ¢ vertices whose h-graph-
neighborhood contains (1 —€){ isolated tree components. Let o be the random-cluster
distribution on G with parameters p,q. Then,

wa(path P is open) < K*.

Using monotonicity properties of the random-cluster distribution, we can extend
Lemma 5.2 to arbitrary subgraphs of a target graph G. In particular, suppose that
G, P are as in Lemma 5.2 and that G’ is a subgraph of G which contains the path
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P. Then it also holds that ¢¢/(P is open) < K*. We will not define the notion
of monotonic distributions in its full generality, but instead we will just state the
following property of random-cluster distributions which will be sufficient for our
purposes; see [15, sections 2.1 and 2.2] for a detailed exposition.

LEMMA 5.3 (see, e.g., [15, Chapter 2|). Let G = (V, E) be a graph and consider
the random-cluster distribution on G with parameters p € (0,1) and ¢ > 1. Then for
any subsets S, 8" C E such that S C S’, it holds that

wa(F | S open) < wg(F | S open) and @g(F | S closed) > pa(F | S closed)

for any increasing event F.?
Combining Lemmas 4.2, 4.4, and 5.2, we can now conclude the following.

LEMMA 5.4. Let A > 3 be an integer, ¢ > 1, and p < p.(q, A). Then, there exists
a constant § > 0 such that, as n — oo, the following holds with probability 1 — o(1)
over the choice of a uniformly random A-regular graph G = (V, E) with n vertices.

Let ey, ..., e be the edges of G that do not belong to short cycles. For j € [t], let
e;j ={u;,v;} and G; be the subgraph G\{ei,...,e;}. Then, it holds that

t

(5.7) Zapgj (uj < vj) < 1/n°.

Jj=1

Proof. Let K < 1/(A —1) and € > 0 be the constants in Lemma 5.2, and let
¢’ h’ > 0 be constants so that Lemma 5.2 applies for all / > ¢/ and h > h’. Fix h to be
any integer greater than h’. Let § > 0 be the constant in Lemma 4.2 corresponding
to bop = 1/(5log(A — 1)) and W = 1/K (note that W > A —1). Let ¢, > 0
be the constant in Lemma 4.4 corresponding to our choice of €. Finally, let /5 :=
max{4log(W/(A —1)),2¢}.

Taking a union bound over Lemmas 4.2 and 4.4, we have that a uniformly random
A-regular graph G = (V, E) with n vertices satisfies the following with probability
1 —o(1) over the choice of the graph:

1. ZZLZZLO f/v% < 1/(2n%), where Ly := [fologn] = [£loga_y n], Ls := [{21ogn)
and Cy is the number of cycles of length ¢ in G.
2. Every path P in G with ¢ vertices where ¢; < ¢ < Lo + 1 has an h-graph-
neighborhood with at least (1 — €)¢ isolated tree components.
We will show that for any A-regular graph G which satisfies items 1 and 2, it holds

that

t

(5.7) > wa,(uj 4 vy) < 1/n’,

j=1

where e; = {uy,v1},...,e; = {us, v} are the edges of G that do not belong to short
cycles (i.e., cycles of length < {ylogn), G; is the subgraph G\{ei,...,e;}, and pg,
is the random-cluster distribution on G; with parameters p, q. Decreasing the value
of ¢ does not affect the validity of item 1, and hence we will assume that § € (0, 1).

2An event F C 2F is increasing if, for all T C T’ C E, T € F implies that T’ € F as well. Note
also that S’ open means that every edge in S’ is open, and S’ closed means that every edge in S’ is
closed.
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For j € [t], consider the edge e; = {uj,v;} and let P, ; denote the number of
paths with ¢ vertices in G whose endpoints are u; and v;. Using the fact that G
satisfies item 2, we will show shortly that, for all j € [t], it holds that

1 Py
(5.8) v, (uj € vj) < — + > e

Let us assume (5.8) for now and conclude the proof of (5.7). Summing (5.8) over
j € [t] (and using the trivial bound ¢ < |E| < An/2), we obtain that

Lo
(5.9) Z‘PG Uuj <> vj) + Z Zy 1PM é*‘ Z %7

t=Lg - n? t=Lg

where in the last inequality we used that Z;=1 P, ; < £Cy, which follows from the ob-
servation that every path with ¢ vertices connecting the endpoints of an edge {u;, v;}
maps to a cycle of length ¢ (by adding the edge {u;,v;}) and each cycle of length ¢
can potentially arise at most ¢ times under this mapping. Using (5.9) and the fact
that G satisfies item 1, we obtain (5.7), as wanted.

To finish the proof, it only remains to prove (5.8). Since G satisfies item 2 and
W = 1/K, by Lemma 5.2, we have that for any path P in G with ¢ vertices and
¢ € [Lg, Ly + 1], it holds that

(5.10) (P is open) < 1/W*.

Since G is a subgraph of G, any path in G is also present in G. Moreover, we have
that g, is obtained by conditioning some edges of G’ to be closed (namely, ey, ..., e;).
Therefore, by Lemma 5.3, we conclude from (5.10) that, for any path P in G; with ¢
vertices and ¢ € [Lg, Lo + 1], it holds that

(5.11) ¢a, (path P is open) < 1/W*.

Since the edge {uj,v;} does not belong to a short cycle, we have that any path P
in G; connecting u; and v; has length at least {glogn. We can therefore bound the
probability of an open path between u; and v; by

(5.12) va, (uj < v;) < g, (&) + ea,; (Fj),

where &; is the event that there exists an open path P with £ vertices with Lo < £ < Lo
connecting u; and v;, whereas F; is the event that there exists an open path P with
¢ = Ly +1 vertices starting from u; (the other endpoint can be v; or any other vertex
of the graph). Using (5.11), we have by a union bound over paths that

A(A _ 1)62 logn 3
(5.13) Zwé’ T e VAL
(=L

where in the bound for g, (£;) we used that there are Py ; paths with £ vertices
connecting u; and v, while in the bound for ¢¢, (F;) we used that there are at most
A(A — 1)F271 paths in G with Ly + 1 vertices starting with u; (since G has max
degree A), the trivial inequalities ¢3logn — 1 < Ly < f3logn, and the choice of ¢5
which guarantees that {2 > 4log(W/(A — 1)).

Combining (5.12) and (5.13) yields (5.8) (since § € (0, 1)), thus completing the
proof of Lemma 5.4. O
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5.3. Combining the pieces—Proof of Theorem 2.5. We are now able
to prove the following theorem, which details the performance of the algorithm
SAMPLERC on random A-regular graphs and yields as an immediate corollary
Theorem 2.5.

THEOREM 5.5. Let A >3, q>1, and p < p.(q,A). Then, there exists a constant
0 > 0 such that, as n — oo, the following holds with probability 1 — o(1) over the
choice of a random A-regular graph G = (V, E) with n vertices.

The output of algorithm SAMPLERC(G) (cf. Figure 1) is a set S C E whose
distribution vs is within total variation distance O(1/n%) from the random-cluster
distribution pg with parameters p,q, i.e.,

lvs = ecllpy = O1/n?).

Proof. By Lemmas 4.1 and 5.4, we have by a union bound that a uniformly
random A-regular graph G with n vertices satisfies the following with probability
1—o(1):

1. any two distinct cycles of length < %log A_1n are disjoint,

2. 22:1 g, (uj < v;) < 1/n®, where e; = {ui,v1},...,e; = {us, v} are
the edges of G' that do not belong to short cycles, and G; is the subgraph
G\{e1,...,e;} (for j € [t]).

We will show that for any graph G = (V, F) that satisfies items 1 and 2, the output of
the algorithm SAMPLERC is a random set S C E whose distribution vg is within total
variation distance 1/n° from the random-cluster distribution ¢ with parameters p, ¢,
therefore proving the result.

Let Gy = (V,Ey),...,G1 = (V, Ey) be the sequence of subgraphs as in item 2
above and, for convenience, set Eg = E and let Gy = (V, Ey) (so that Go = G). Note
that Gy = G’ (where G’ is the graph considered in the algorithm SAMPLERC), i.e.,
G} is the subgraph of G where only the edges that belong to short cycles appear. By
item 1, we have that G consists of isolated vertices and disjoint cycles and hence
we can conclude that the output of the algorithm SAMPLERC is not FAIL, i.e., on
input a graph G satifying items 1 and 2, SAMPLERC outputs a random set S C F.
It therefore remains to show that the distribution vg of S satisfies

(5.14) lvs = ¢cllry = O1/n?).

Forj=t,t—1,...,0,let S; = SN E; and let vg, denote the distribution of S;. Note
that Sp = S and Sy = S’ (where S’ is the subset of edges considered in the algorithm
SAMPLERC). We have that

(6-15)  lvs = valloy = llvse = aolloy s vs, = alloy = s = parlloy = 0.

For j € [t], we have that S;_; is obtained from S; by adding the edge e; with
probability p/(q + (1 — p)g). Let S;_1 C E;_;1 be a subset of edges obtained by
sampling an random-cluster configuration from G; (according to ¢¢,) and adding the

edge e; with probability p/(¢ + (1 — p)q); denote by vg  the distribution of Si 1.
By Lemma 5.1 we have that?

HVS']H — %6, |lpy < 2006, (45 < v)).

3Note that, to apply Lemma 5.1, we need to ensure that va; (uj <+ vj) < 1/q, which is guaranteed
by item 2.
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Moreover, since in each of S;_; and S’j_l the edge e; appears independently with the
same probability p/(q + (1 — p)q), we have that

H”Sj—l - Vﬁj,lHTv = H”Sf - ‘PGJHTV'

Using the triangle inequality and induction, we obtain that for all j = 0,1,...,¢ it
holds that
t—1
vs, = ea, |y < Ivs, — e lloy +20 > va, (ujr < vj0).
Jj'=j
Writing this out for j = 0 and using (5.15), we obtain that
t—1

lvs = ecllpy <20 ea, (uj  v;) < 2q/n°,
3=0

where in the last inequality we used that the graph G satisfies item 2. This finishes
the proof of (5.14) and therefore the proof of Theorem 5.5 as well. d

6. Algorithm for the antiferromagnetic Potts model. In this section, we
give the details of our sampling algorithm for the antiferromagnetic Potts model
(outlined in section 3). The section is organized as follows. First, in section 6.1, we
formalize the connection between the Potts model on bichromatic classes and the Ising
model. Then, in section 6.2, we state the sampling algorithm for the Ising model on
graphs with small average growth that we are going to use for resampling bichromatic
classes in the Potts model; moreover, we state certain correlation decay properties for
the Ising model that will be relevant for analyzing the error of our Potts sampler. In
section 6.3, we state the key lemma that allows us to bound the average growth of
bichromatic classes in the Potts model on random regular graphs. In section 6.4, we
show an “idealized” subroutine that updates a Potts configuration when we add a new
edge {u,v}; the subroutine works by resampling an appropriately chosen bichromatic
class and it is “idealized” in the sense that it assumes that certain steps can be carried
out efficiently. In section 6.5, we modify the subroutine to make it computationally
efficient by considering the average growth of bichromatic classes that get resampled;
there, we give the complete description of the actual resampling subroutine used in
our Potts sampler. With these pieces in place, we are in position to complete the
description and analysis of the Potts sampler in section 6.6.

6.1. Connection between Potts on bichromatic classes and the Ising
model. In this section, we describe the connection between the Potts model on
bichromatic classes and the Ising model. Recall that the Ising model is the spe-
cial case ¢ = 2 of the Potts model; to distinguish between the models, we will use
7w to denote the Ising distribution on G with parameter B. Sometimes, we will need
to replace the binary set of states {1,2} in the Ising model by other binary sets to
facilitate the arguments; we use 7’ to denote the Ising distribution with binary set
of states {c1,c2} (we will have that ¢1,¢2 € [q]).

For a configuration o : V' — [g], we will denote by oy the restriction of o to the
set U. Our sampling algorithm is based on the following simple observation.

OBSERVATION 6.1. Letq >3 and B > 0. Let G = (V, E) be a graph, U be a subset
of V, and ¢,c’ be distinct colors in [q]. Then, for any configuration n: U — {c,c'}, it
holds that )

pa(ov =nlo (e d)=U) = WE;’[CU](U%
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i.e., conditioned on U being the (c,c’)-color-class in the Potts distribution ug, the
marginal distribution on U is the Ising distribution Tgu) (with set of states {c,c'}).

The following definition will be notationally convenient.

DEFINITION 6.2. Let G be a graph, u,v be vertices in G, and c,c’ be distinct colors
in [q]. We write 75, , to denote the Ising distribution on G (with set of states {c,c'})
conditioned on u taking the state ¢ and v the state c'.

6.2. Sampling the Ising model on graphs with small average growth.
Recall from section 3 that our algorithm for sampling the antiferromagnetic Potts
model with parameter B will use as a subroutine a sampling algorithm for the Ising
model with parameter B to recolor bichromatic classes. In general, these classes may
consist of large bichromatic components (with a linear number of vertices), so to carry
out this subroutine efficiently, we need to use an approximate sampling algorithm;
our leverage point will be that we can bound the average growth of bichromatic
components (cf. Definition 3.3). Adapting results of [27], we show the following in
section 9.2.

THEOREM 6.3. Let B € (0,1) and b > 0 be constants such that bﬁ—g <1, and
let A > 3 be an integer. Then, there exists My > 0 such that the following holds for
all M > M.

There is a polynomial-time algorithm that, on input an n-vertex graph G with
maximum degree at most A and average growth b up to depth L = [Mlogn], outputs
a configuration T : V — {1,2} whose distribution v, is within total variation distance
1/n'0 from the Ising distribution on G with parameter B, i.e.,

e = 6l < 1/

Moreover, the algorithm, when given as additional input two vertices u and v in G,
outputs a configuration 7 : V. — {1,2} such that 7, = 1 and 7, = 2, and whose
distribution v, satisfies

7 = 7 Ol < 1/,

where ﬂ'él?u_v is the Ising distribution on G conditioned on u having state 1 and v
having state 2.

In addition, we will use the following spatial mixing result to analyze the accu-
racy of our algorithm for the antiferromagnetic Potts model. The proof is given in
section 9.3.

LEMMA 6.4. Let B € (0,1) and b > 0 be constants such that b% < 1. Then,
there exists M{ > 0 such that the following holds for all M > M.

Let G be an n-vertex graph with average growth b up to depth L = [M logn], and
let u,v be distinct vertices in G. Then

1 & 1-B\"

where Py(G,u,v) is the number of paths with ¢ vertices in G that connect u and v.

We will also need the following crude bound.
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LEMMA 6.5. Let B € (0,1) and A > 3 be an integer. Suppose that G is a graph
of mazimum degree at most A and let u be a verter and A be a set of vertices in G
such that uw & A. Then, for every configuration 7 : A — {1,2} and s € {1,2}

BA

WSWG‘(UUZS‘O—A:T).

Proof. Without loss of generality, we assume that s = 1. Let D be the number
of neighbors of u and uy,...,uq be the neighbors of v in G \ A and note that d <
D < A. Let dg be the number of v € A such that v is u’s neighbor and 7, = 1. Let
S1y.-.,84 € {1,2} be arbitrary and let d; be the number of the s;’s that are equal to
1. Then we have that

B%

ﬂ-G(O’u:l|Ju1 =S81,...3,0uy :Sd,O'A:T):m,

where do = dop +dy < dy +d < D. Since uy,...,uqg ¢ A we have that ng(o,, =
S1y..+y0u, = 84 | oA = 7) # 0 for any choice of s1,...s4 and therefore by the law of

total probability we obtain
B
i < =1 =T).
et s o ) ST =Ll on =)

The function %];D% is decreasing for = € [0, D] (since B € (0,1)) and hence

, B BP
dze{dgl.l..r,ldﬁd} { Bd> + BD—d> } 1+ BD’

Using that B € (0,1) and D < A, we obtain the inequalities in the statement of the
lemma. 0

6.3. Average growth of bichromatic components in the Potts distribu-
tion. To utilize Theorem 6.3 and Lemma 6.4 for our sampling algorithms, we will
need to bound the average growth of bichromatic components in a typical Potts con-
figuration on a random regular graph. Our key lemma to achieve this will bound the
probability that a path is bichromatic* in uniqueness, provided that the local neigh-
borhood around the path (in the sense of Definition 4.3) has a tree-like structure.
The following lemma quantifies this probability bound and is proved in section 8.2.
The proof uses the fact that the parameter B lies in the uniqueness regime of the
(A — 1)-ary tree.

LEMMA 6.6. Let A,q > 3 be integers, and let B € (0,1) be in the uniqueness
regime of the (A — 1)-ary tree with B # (A —q)/A. Then, for any € > 0, there exists
a positive constant K < Bljzﬁl + ¢ and € > 0 such that the following holds for all
sufficiently large integers £ and h.

Let G be a graph of mazimum degree A and P be a path with { vertices whose
h-graph-neighborhood contains (1 — €)¢ isolated tree components. Let ug be the Potts

measure on G with parameter B. Then,

pe(path P is bichromatic) < K.

4Let G = (V, E) be a graph and o : V — [q]. We call a path P bichromatic under o if there exist
colors c1,c2 € [q] such that every vertex u of P satisfies 0., € {c1,c2}.
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For a random A-regular graph G, paths do have the tree-like structure of
Lemma 6.6 (cf. Lemma 4.4), and hence we can aggregate over all paths emanat-
ing from an arbitrary vertex (roughly (A — 1)¢ of them) and get a bound of roughly

(A-1K < % for the average growth of bichromatic components in a typical

configuration o. This will allow us to use the upcoming RESAMPLE subroutine for
updating a bichromatic class using the Ising sampler of section 6.2.

6.4. Analyzing an ideal RESAMPLE subroutine. In this section, we give
a preliminary description and analysis of the RESAMPLE subroutine that updates a
Potts configuration when we add a new edge {u,v}. The RESAMPLE subroutine is
inspired by the approach of Efthymiou [8] for colorings.

In fact, for the moment, we will only study an “idealized” version of RESAMPLE
which we call IDEALRESAMPLE; the subroutine is idealized in the sense that it assumes
that certain steps can be carried out efficiently. Later, we will modify the subroutine
to obtain the actual RESAMPLE subroutine whose running time will be polynomial
with respect to the size of the input graph.

The point of analyzing first IDEALRESAMPLE is to give the key ideas behind the
underlying resampling step without bothering for the moment to make the subroutine
computationally efficient. Moreover, the detour is going to be smaller than it might
appear since the analysis of the actual RESAMPLE subroutine will follow from the
analysis of IDEALRESAMPLE.

The IDEALRESAMPLE subroutine takes as inputs a graph G, two vertices u and
v of G, and a configuration ¢ on G such that o, = o,; it outputs a configuration
o’ on G by updating the configuration on an appropriately chosen bichromatic class
containing the vertices u and v. The details of the subroutine can be found in Figure 2.

Algorithm IDEALRESAMPLE(G, u,v,0)

parameters: real B € (0, 1), integer ¢ > 3
Input: Graph G = (V, E), vertices u,v € V with {u,v} ¢ E,
configuration ¢ : V — [¢] with o, = o,.

Output: A configuration ¢’ : V — [q].

Flip a coin with heads probability %'
if heads then ¢/ = ¢
else
Pick u.a.r. a colour ¢ from [¢]/{c}, where ¢ = 0, = 0.
Let U =0"1(c,d) and set H = G[U].
Sample Ising configuration 7 on H conditioned on 7, = ¢ and 7, = ¢/, i.e.:
c C/

Sample 7: U — {¢,c'} with 7, = ¢ and 7, = ¢’ so that 7 ~ TH ww

Set: o), = 7, for w € U; set o), = 0y, for w ¢ U.

return o’ : V — [q].

FiG. 2. The IDEALRESAMPLE subroutine; we will later modify this to obtain the actual
RESAMPLE subroutine used in Algorithm SAMPLEANTIPOTTS (cf. Figure 4).
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The subroutine will be used to update a Potts configuration when we add a new edge
{u,v}; see the upcoming Lemma 6.9.

To control the output distribution of the IDEALRESAMPLE subroutine, the fol-
lowing definition will be crucial.

DEFINITION 6.7. Let B > 0. Suppose that G = (V, E) is a graph and that u,v
are vertices in G. For a set U CV such that u,v € U, let

u:]-v v:]-
Corra(U.u,v) = | T (n = 1) .

TG (nu =1,n = 2)

where n denotes a configuration U — {1,2} sampled according to mgu). Note that
Corrg (U, u,v) measures the correlation between u and v in the Ising distribution with
parameter B on the subgraph G[U].

To state the main lemma of this section, we will also need the following definition
of a “random bichromatic class” containing two specific vertices v and v under a
configuration o.

DEFINITION 6.8. Let G = (V, E) be a graph, u,v be vertices in G, and o : V — [q]
be a configuration on G. We let U, C V be a bichromatic class under o which contains
u and v, chosen uniformly at random among the set of all such classes if there is more
than one.

More precisely, if o, # oy, then U, is the (c1,cq)-color-class in o where c1, ¢y
are the colors of w and v under o. If 0, = 0y, then Uy is the (¢, c’)-color-class in o,
where c is the common color of w and v under o and ¢’ is a uniformly random color

from [g]\{c}.

The following lemma will be critical for our Potts sampler. It shows how to update
a Potts configuration when we add a new edge {u, v}, based on the IDEALRESAMPLE
subroutine. It also controls the error introduced based on the “average correlation”
between u and v in a random bichromatic class that contains them.

LEMMA 6.9. Let B € (0,1) and ¢ > 3 be an integer, and consider arbitrary
e€ (0,1).

Let G = (V,E) be a graph and pg be the Potts distribution on G with parameter
B. Suppose that u,v are vertices in G such that {u,v} ¢ E and

E|[Corrg(Uy,u,v)] <e,

where the expectation is over the choice of a random configuration o ~ ug and the
choice of a random bichromatic class U, C V containing v and v under o (cf. Defi-
nition 6.8 ).

Consider the graph G' = (V,E’) obtained from G by adding the edge {u,v}.
Sample a configuration o’ : V. — [q] as follows. First, sample o : V — [q] according to
ua. Then, if oy # 0y, set ' = o; otherwise, set 0/ = IDEALRESAMPLE(G, u,v,0).
Then, the distribution of o', denoted by vy, is within total variation distance 2¢/B
from the Potts distribution pg on G’ with parameter B, i.e.,

ver — NG’”TV <2¢/B.

Proof. We begin with a few definitions that will be used throughout the proof.
Fix distinct colors ¢1,¢o € [q] and a set U C V such that u,v € U. Let Q(U, ¢1,c2) be
the set of configurations such that U is the (¢, c2)-color-class, i.e.,

QU c1,e2) ={n:V =g |U=n""(c1,c2)}.
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We will be interested in two particular types of configurations in Q(U, ¢y, ¢z), those
where u, v take the colors c¢1, co and those where u, v take the colors c¢i,c;. Namely,
let

Qneq(U,Cl,Cg) = {77 € Q(U,Cl,CQ) ‘ Nu = C1, Ty = 62};

Qeq(U, c1,¢2) = {7) e QU,cr,¢2) | Ny =c1, Ny = 01}.
Note the asymmetry in the above definitions with respect to c¢1,cs, e.g., for n €
Qeq(U, 1, ¢2), we have that n,,m, # co. For a configuration n € Q(U, ¢1, ¢2), we also
denote by
QNU, ¢1,c0) = {T € QU,c1,e2) | v\ = nV\U}
the set of configurations in Q(U, ¢1,cq) that agree with n on V\U; we define anal-
ogously the sets Q. (U, c1,ca), 2, (U, c1,c2). Using Observation 6.1 and the Ising

neq

distribution Wg[ﬁ (cf. section 6.1), we have that for any n € Q(U, ¢1, ¢2) it holds that
(6.1) pa(n) = pe(Q"(U, c1, e2)) 75t (o)
and
Q1 (U, e, c
1o (U (Us 1, c2)) :wg[ﬁ(m:n:m),
| Ve (Qn(Ua 01702))
(6.2)

| el (Qgeq (U, c1, 62)) — puc2
pa (U, c1, ¢2)) o]

Also, the assumption E[(:orrG(U(77 u, v)] < € translates into

(6.3)
Z Z (ug (Qneq(U, c1,¢2)) + qi THG (Qeq(U, 61,02))>Corrg(U,u,v) <e.

c1,e2€[ql; UCVS
ci1#cy  w,weU
To see this, for a set U C V such that u,v € U, we find how much Corrg (U, u,v)
contributes to E[Corrg(U,, u,v)]. Note that for a configuration o to have U, = U (cf.
Definition 6.8), there must exist distinct colors c1,ca € [g] such that U = 071 (cy, ¢2)
and either (i) o(u) = ¢1, o(v) = ¢, or (ii) o(u) = ¢1, o(v) = ¢;. In case (i), we have
that 0 € Qneq(U, c1,c2) and U, = U with probability 1. In case (ii), we have that
0 € Qeq(U, c1,¢2) and U, = U with probability 1/(¢ — 1). By aggregating over the
relevant o, we therefore obtain (6.3).

(Tu =C1, Ty = 62)-

We next proceed to the proof. Recalling that v, is the distribution of ¢’, our
goal is to show that

(6.4) [Vor = porllpy < 2¢/B.

Weight of configurations in v,.. For distinct colors ¢1,ca € [g] and a set
U C V such that u,v € U, we first show that

(6.5)
qB
VN € Qeq(U, c1,02) 1 vor(n) = mua(n),
(6.6)

(1- B)Wél[ﬁ,w(nu)
B+qg-1

VU € Qneq(Uv 61702) : VJ/(U) = /LG(U) + :U‘G(ng(U7 01702))'
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(Recall from Definition 6.2 that Wg[ﬁ,u,v is the conditional Ising distribution on G[U]
where u,v take the colors ¢y, ca, respectively.) To see the expression for v, (n) in (6.5),
note that we can obtain 1 € Qeq(U, ¢1, ¢2) via the subroutine IDEALRESAMPLE only
if 0 = n and the coin flip came up heads (because 1, = 1, = ¢1). Analogously, to see
the expression for v,/(n) in (6.6), note that we can obtain 7 € Qneq(U, 1, ¢2) if one of
the following happens (using that 7, = ¢; and 7, = ¢2):
e We started with the configuration o = #7; this happens with probability ua(n).
Then, we obtain n with probability 1.
e We started with a configuration ¢ such that o, = o, = ¢, 0_1(01, c) =U,
and oy\y = mnv, i.e, 0 € QF (U, ci,cz); this happens with probability
ha (QZq(U7 01,02)). Then the coin flip came tails, the color ¢’ selected was

¢’ = ¢, and the Ising configuration 7 sampled was 1. All that happens with
1-B)mg 2

probability el 1)

Using the assumption E[Corrg(Us,u,v)] < € (cf. (6.3)), we will later show the fol-
lowing bound for the ratio of the partition functions Zg, Zg::

(B+q—1)Zg

— 1.
qZg

(6.7) |M| < ¢/B, where M :=

Let us conclude the proof assuming, for now, (6.7). Then, we will prove (6.7) in Step
II below.

Step I: Proof of (6.4) (assuming (6.7)). We will decompose ||V, — par|| v

as
(6.8)
1 1
lvor = pelley = 5 > Vo (n) = e ()l = 5 > Y DU ),
n:V—[q] U; w,wel c1,c2€[q]; c17#c2
where
(6.9)
1
DU ene)= Y )o@t 3 ) - pe ).
nGQneq(U7617(52) q "]eﬂeq(chth)

To see the second equality in (6.8), fix any configuration n: V' — [q]. If n, = ¢; and
1y = ¢o for distinct colors ¢1, ca € [q], then |v,/ (1) — per(n)| appears only in one term
D(U, ¢, c2) in the summation of (6.8), namely for U = n~(cy, c2). If 5, =, = ¢; for
some color ¢; € [q], then |v,(n) — pe(n)] appears in exactly ¢ — 1 terms D(U, ¢y, ¢2)

in the summation of (6.8), once for each color ¢y # ¢; and U = n~1(c1, ¢2).

For 1] € Qeq(U, €1, ¢2), we have py () = 2g-2) = Bualn) _ aBUL st

the last equality follows from the definition of M in (6.7). Hence, by (6.5),

, where

qB

= Brg_1tem = M+ Ducln)| < [M|uc),

(6.10) [vor (1) — par (n)]

where the last inequality follows from #1(13—1 < 1 which holds for all B € (0,1).

For 1) € Qneq(U, c1, ¢2), we have pgr () = 2g — £20) — 9EL,6(n) using

again the definition of M in (6.7). Hence, by (6.6),
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1-B c1,c
Vor (n) — e (n)| = m (MG(W) - Wc;[bﬁ,um(nU)MG (ng(U, 01702>))
qM
T5 N 1NG(77)’
(6.11) < (e () = 7Gi07 w0 (o) ie (e (U, e, 02))‘ + 2| M| pc(n),

where the last inequality follows from the triangle inequality and the inequalities
Bl_‘_;ﬁl < 1, gri—1 < 2. Note that, by the definition of 71'8[’[6]77“7”('), for n €
Qneq(U, €1, ¢2) it holds that

R )
AL () = e \"
G[U]uw U 71'23[’57 (Tu = €1, Ty = C2)

and therefore, using (6.1) and (6.2), we have that

(6.12) () = 7 o 10116 (VU 1, 2)) | = i (n) Corra (U, u,v),
and hence (6.11) gives that, for all n € Qneq(U, ¢1, ¢2), it holds that

(6.13) [Vor () — per ()] < (2 M] + Corrg (U, u, v)) pe(n).

Summing (6.10) and (6.13) over the relevant configurations 7, we obtain that, for
all U C V with u,v € U and distinct colors ¢y, o € [g], it holds that

(6.14)
D(U,c1,¢2) < (2\M| + Corrg (U, u, v)) <MG (Qneq(U, c1, 02)) +

j27e (Qeq(U, Ci, CQ)) >
qg—1 '

To conclude the proof of (6.4), note that analogously to (6.8) we have that

(6'15) Z Z <MG (Qneq(Ua 01,62)) + i (Qeq(U7 01’02))> =1.

q—1
Us u,veU c1,c2€[ql; c17#c2

Now consider the expression for ||ver — per ||y from (6.8). We bound each term
D(U, ¢1,c2) using (6.14) and then apply (6.3) and (6.15) to obtain that

1
Ivor = oy < 52IMI+€) < Fhe < 2¢/B,
where the last inequality follows from |M| < e/B (cf. (6.7)). This finishes the proof
of (6.4), modulo the proof of (6.7), which is given below.
Step II: Proof of (6.7). To prove (6.7), it will be useful to define

XU, cr,c9) = Z wa(n),

NEQneq(U,c1,¢2)

Y(U,cy,c0) = Z wa(n),

NEQeq(U,c1,¢2)

1
(6.16) Z(Uv7 01702) = )(((]7 C1, CQ) + EY(U’ Ci, 62).
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Analogously to (6.8) (and (6.15)), we have that
(617) Z Z U C1, 02
c1#co Usu,welU

Using that wer (1) = wa(n) for n € Qneq(U, c1,¢2) and wer(n) = Bwg(n) for n €
Qeq(U, €1, c2), we obtain that

(6.18) Zor=> > Z'Ua,c),

c1#cs Usu,welU

where Z'(U, c¢1,c2) := X(U, ¢1,¢2) + q_ilY(U, 1, C2).
We first show that, for all U C V' with w,v € U and distinct colors ¢q, 2 € [¢], it

holds that
(B +q— 1>Z<U? 01,02)
qZ,(Ua 61762)

1
(6.19) — 1| < =Corrg(U, u,v).
q

Observe that

(620) (B+q—1)Z(U,c1,02) 1= 1-B Y(U,Cl,CQ)—X(U,Cl,CQ)

. qZ'(U,c1,¢2) q X(U701702)+%Y(U701,C2).
Observe also that (cf. (6.2)) % - 1’ = Corrg (U, u,v), which combined with
(6.20) (and ignoring the positive term qi (U, ¢1, ¢2) in the denominator of the r.h.s.

in the latter) gives (6.19), using also that B € (0,1).
Using (6.17) and (6.18), we have that

(6.21)
(B+q—1 _1_ Z Z UCl,CQ)((B+q—1)Z(U,C1,C2)_1>.

7
12 c1#cz Usu,wel qZ' (U, c1,¢2)

Since B € (0,1), we have for all U C V with u,v € U and distinct colors ¢y, co € [q]
that Z' (U, c1,c2) < Z(U, ¢1,¢2) and Zgr > BZg; therefore

Z'(U. Z(U. 1 Qeq(U, c1, ¢
(622) 2100000 (IOA) (1 (U0, ) 4 22D,

Ze BZg B g—1
Combining (6.19), (6.21), and (6.22), we obtain by the triangle inequality that (cf. (6.3))

(B+q—1)Zg

-1/ <E B<¢/B
4020 | < BlCona(Uy,u.0))/B < ¢/

thus completing the proof of (6.7) and therefore the proof of Lemma 6.9. |

6.5. The RESAMPLE subroutine. In this section, we modify the subroutine
IDEALRESAMPLE of section 6.4 to make it computationally efficient; this will give
us the actual RESAMPLE subroutine that we will use in our sampling algorithm for
the Potts model. To describe the RESAMPLE subroutine, we will need the following
definition.

DEFINITION 6.10. Let b,M > 0 be constants. Let G = (V,E) be an n-vertex
graph and let o be a configuration on G. We say that a bichromatic component in o
is (b, M)-good if it has average growth b up to depth L = [M logn]; we say that it is
(b, M)-bad otherwise. Analogously, we say that o is (b, M)-good if all bichromatic
components in o are good; otherwise, we say that o is (b, M)-bad.
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Algorithm RESAMPLE;, y (G, u,v,0)

parameters: real B € (0,1), b, M > 0 satisfying Theorem 6.3, integer ¢ > 3
Input: Graph G = (V, E), vertices u,v € V with {u,v} ¢ E,
configuration o : V' — [q] with o(u) = o(v).

Output: A configuration ¢’ : V. — [g].

Does o contain a bichromatic component which is (b, M)-bad?
if yes then return ¢’ : V — [q] selected uniformly at random.
else
Flip a coin with heads probability #fol'
if heads then return ¢’ = o
else
Pick u.a.r. a colour ¢ from [g]/{c}, where ¢ = o(u) = o(v).
Let U = 071(c,c') and set H = G[U].
Use algorithm of Theorem 6.3 to sample Ising distribution on H, i.e.:

sample 7 : U — {¢, '} with 7(u) = c and 7(v) = ¢ s.t. ||vr — 71';}?;7”” <

77/710

Set: o'(w) = 7(w) for w € U; set o' (w) = o(w) for w ¢ U.

return o’ : V — [q].

F1G. 3. The RESAMPLE subroutine used in Algorithm SAMPLEANTIPOTTS (given in Figure 4).

We are now able to describe the RESAMPLE subroutine, which takes as inputs a
graph G, two vertices u and v of G, and a configuration ¢ on G such that o(u) = o(v).
The subroutine is given in Figure 3.

6.6. Analysis of the Potts algorithm. We now have all the pieces to give our
algorithm for sampling from the antiferromagnetic Potts model; see the algorithm
SAMPLEANTIPOTTS in Figure 4. We next prove the following theorem, which details
the performance of the algorithm SAMPLEANTIPOTTS on random A-regular graphs
and yields as an immediate corollary, Theorem 2.7.

THEOREM 6.11. Let A >3, ¢ > 3, and B € (0,1) be in the uniqueness regime of
the (A —1)-ary tree. Then, there exist constants b, M, 8§ > 0 such that, as n — oo, the
following holds with probability 1 — o(1) over the choice of a random A-regular graph
G = (V, E) with n vertices.

The output of the algorithm SAMPLEANTIPOTTS(G) (cf. Figure 4) is an assign-
ment o : V. — [q] whose distribution v, is within total variation distance O(1/n?)
from the Potts distribution pug with parameter B, i.e.,

lve = nllry = O(1/n°).

Proof. Since B is in the uniqueness regime of the (A — 1)-ary tree and B # %,
we have that B > % (cf. Remark 2.3). It follows that B}%{ﬁl < x5 and therefore
there exists ¢ > 0 such that
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Algorithm SAMPLEANTIPOTTS(G)

parameters: real B € (0,1), b, M > 0 satisfying Theorem 6.3, integers ¢, A > 3

Input: Graph G = (V, E)
Output: Either FAIL or an assignment o : V — [q]

E':={e € E | e belongs to a short cycle}

if G’ = (V, E’) has a component which is neither a cycle nor an isolated vertex

then return FAIL
else

Sample a configuration ¢’ : V' — [¢] on G’ (according to pug);

Let e1,e9,...,6; be the edges in E\E'; set Gy = G’ and oy = o.

for j =t downto 1:
Suppose that e; = (u;,v;);
if 0j(u;) = 0(v;) then o;_1 = RESAMPLE; (G, uj,vj,0;) else 0,_1 = 0;
Obtain the graph G;_; by adding the edge {u;,v;} in G,

end

return o = o0y.

Fia. 4. Algorithm for sampling a Potts configuration in the antiferromagnetic case B € (0,1).
The details of the RESAMPLE subroutine are given in Figure 3. While the algorithm can also be mod-
ified to work for the ferromagnetic case B > 1, we will instead use a simpler percolation algorithm
via the random-cluster representation.

1+B 1-B 1
6.23 LRSI WAl AP
(6.23) <B+q—1+€)1+B<A—1

Let K < Bl_:ﬁl + ¢ and € > 0 be the constants in Lemma 6.6 corresponding to ¢,
and let A/, ¢’ be positive constants such that Lemma 6.6 applies for all integers h > h’
and ¢ > {'. Fix h to be any integer greater than h’. Let ¢; > 0 be the constant
in Lemma 4.4 corresponding to the values of € and h. Let § > 0 be the constant in
Lemma 4.2 corresponding to £y := 1/(5log(A — 1)) and W := 1/(Kﬁ—§) (note that

(6.23) guarantees that W > A — 1). Let also

1+ B 1+ B
bl = (A—l) <_B—|——~_q—1+2€/)7 andb:: (A—l) <_B—|——i_q—]_+36/)

Let My, M/, be the constants in Theorem 6.3 and Lemma 6.4, respectively. Let M

be sufficiently large so that M > max{2{y, 2My, 2M{} and the following inequalities
hold (for all sufficiently large n):

(6.24) A((A . 1)K) [M log n] < (b/)fMlognW and (b'/b) [M logn] < 1/7111.
Note that such an M exists since (A — 1)K < b’ < b. Finally, set

LO = |_€O log n~| = |—% logAfl ’rL~|, L= |_M logrﬂ .
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Taking a union bound over Lemmas 4.2 and 4.4, we have that, for all sufficiently
large n, a uniformly random A-regular graph G = (V, E) with n vertices satisfies the
following with probability 1 — o(1) over the choice of the graph:

1. ZeL=L0 C, (K%)e < 1/(2n%), where Cy is the number of cycles of length £
in G.
2. Every path P in G with ¢ vertices where ¢; < ¢ < L has an h-graph-
neighborhood with at least (1 — €)¢ isolated tree components.

Fix any A-regular graph G which satisfies items 1 and 2. The theorem will follow
by showing that the output of SAMPLEANTIPOTTS(G) (cf. Figure 4) is an assignment
o : V — [q] whose distribution v, is within total variation distance O(1/n°) from the
Potts measure pg with parameter B, i.e.,

lve = pellry = O0/n).

To do this, as in the algorithm SAMPLEANTIPOTTS(G), let e; = {uy,v1},...,e: =
{us,v;} be the edges of G that do not belong to short cycles (i.e., cycles of length
< {ylogn). For j € {0,1,...,t}, let G; be the subgraph G\{e1,...,e;} and p; be
the Potts distribution on G; with parameter B; note that the graphs G; are defined
exactly as in the algorithm SAMPLEANTIPOTTS(G). We will use 6; to denote a
random configuration distributed according to f;; note that o; is used to denote the
configuration considered by the algorithm at the beginning of step j of the algorithm
and, as we shall see soon, its distribution is close to that of ; on Gj.

For an integer £ > 1, denote by Py ; the set of paths of length ¢ that connect u;
and v; in G; and by Py ; = [Py, ;| the number of all such paths. Note that

(6.25) S i1 Py < UGy,

since every path with ¢ vertices connecting the endpoints of an edge {u;,v;} in G;
maps to a cycle with £ vertices in the initial graph G (by adding the edge {u;,v;}),
and each cycle with ¢ vertices in G can potentially arise at most ¢ times under this
mapping. Let also

L £
6 1-B
(626) € = W +e EL PZ,j (KH-B> .
=Lo

Let also Q;(b, M) be the set of all (b, M)-bad configurations on G;. Using the fact
that G satisfies item 2, we will show that for all j = 1,...,¢ it holds that

(6.27) pa, (9 (b, M)) < 1/n'°,
(6.28) E; [Corre, (Us,, uj,v;)] < 2¢;/B2,

where the expectation in (6.28) is over the choice of a random configuration &; dis-
tributed according to u; and over the choice of the random bichromatic class Us,
containing u; and v; under ;.

We will prove (6.27) and (6.28) shortly, but let us assume them for now and
conclude the proof of the theorem. We will prove by induction that for all j €
{0,1,...,t} it holds that

6(t — §) 4 i
(6.29) [va, = pe, [lpy < 10 T pAT Z €
J'=i+
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For j = t, the result holds trivially since oy is distributed as ug, (exactly). Assume
that (6.29) holds for j, where j € {1,...,t}; we will also show that it holds for j — 1.
To do this, let us consider the configuration 0’3_1 defined as follows:

if 6;(u;) # 6;(v;), then o, = 6; else o_; = IDEALRESAMPLE(G}, uj, v5,55),

ie., 0;71 is obtained using at the jth step of the algorithm the random configuration
6 distributed according to ug; (exactly). In contrast, note that

if Uj(Uj) 7é Jj(’l)j), then 0j—1 =0j else Oj—1 = RESAMPLEbyM(Gj,’LL]',Uj,O'j).

Let Vol _, denote the distribution of 0}71. Then, by Lemma 6.9 applied to the graph
G; and the inequality in (6.28) we have that

2 4
(6.30) ||1/(,J<71 - [}JGj_1||TV < EEj[CorrGj(U&j,uj,vj)] < BATTG-

Since 6 is distributed according to g, , by the coupling lemma, there exists a coupling
Pr(-) of o; and 6; such that

(6.31) Pr(oj # 65) = |[ve; — na, | oy

Note also that, for a configuration n ¢ ;(b, M), conditioned on ¢; = 1 and 6; =
1, we can couple o;_; and 0;»_1 so that o;_1 # 03_1 with probability at most
1/n'0. To see this, if n(u;) = n(v;), then we trivially have ol = ojo1 = 1.
Otherwise, o;_1 and a§_1 are produced by first choosing a random bichromatic
class containing u; and v; under n, which we can couple so that it is the same
in both RESAMPLE;, y (G, uj,v,,nm) and IDEALRESAMPLE(G,,u;,v;,n). Denote
this class by U and let ¢1 = n(u;), c2 = n(v;). Then, from the definition of
IDEALRESAMPLE(G), uj,v;,m) we have that the distribution of o;_,(U) is given by

ﬂgj’[cé]ﬂj‘vj, while from RESAMPLEy 37(G;, uj,vj,n) we have that the distribution of
o;—1(U) is 1/n'%-close to ng’[cé],uﬁvj. We therefore have that
(632) Pr (O’jfl#O';-fl |Uj:&j¢ﬂj(b,M)) Sl/nlo.

Invoking the coupling lemma again, we therefore obtain that
Hugj_l — Vol HTV <Pr(o; #6;)+Pr (O’j =4; € Q;(b, M))
+Pr(0j1 £ 05y |o; =065 ¢ Qb M))
(6.33) < |vo, = ey || py + 1, (925, M)) +1/n',
where in the last inequality we used (6.31), (6.32), and
Pr(o; =65 € Q(b,M)) < Pr(6; € Q;(b, M)) = pg, (Q;(b, M)).

Combining (6.33) with the inductive hypothesis (6.29) and (6.27), we obtain

6(t—7+1) 4 3
€4/

HVUJ—l _V<7§71||TV < 10 BATL

Using this and (6.30) completes (via the triangle inequality) the inductive step, there-
fore completing the proof of (6.29) for all j € {0,1,...,t} as wanted.
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We have Gy = G and 0 = 0, so (6.29) for j = 0 gives
t t L ¢
6t 4 1 4 1-B
Vo = pallpy < 10 T BAT ZIEJ’ S 51 gan ZMZL Puj (K1+B) ;
J= J=1E=Lo

where the last inequality holds for all sufficiently large n using the values of €; from
(6.26) (and the crude bound ¢t < |E| < An). Using (6.25), we therefore have that

1, 4 < 1-B\' 10
[vo = pellpy < o5 T BAT EZL {c <K1 +B> S Barip
=Lo

where the last inequality follows from our assumption that G satisfies item 1 (and
by assuming that n is sufficiently large). This completes the proof of Theorem 6.11,
modulo the proofs of (6.27) and (6.28), which are given below.

To prove (6.27) and (6.28), fix any value j € {1,...,t}. Since G, is a subgraph of
G and G satisfies item 2 every path P in G; with ¢ vertices where ¢ € [¢1, L] has an
h-graph-neighborhood with at least (1 —¢€)¢ isolated tree components. By Lemma 6.6,
which, recall, applies for all £ > ¢, we therefore have that for any path P in G; with
¢ vertices and ¢ € [max{fy, ¢'}, L] it holds that

(6.34) pa, (P is bichromatic) < K.

We are now ready to prove (6.27). For a vertex v, let X, be the r.v. that counts
the number of bichromatic paths with L vertices that start from v in a random
configuration o ~ pg,. Since G; has maximum degree < A, there are at most
A(A — 1)1=2 paths starting from v with L vertices and each of them is bichromatic
with probability at most K% from (6.34). Hence, the expectation of X, is at most

A(A _ l)L—QKL < (bI)L,

where the last inequality follows from the choice of M (cf. (6.24)). By Markov’s
inequality we therefore have that for all v € V' it holds that

pie; (Xo > b") < (/b)Y < 1/n',

where the last inequality also follows from the choice of M (cf. (6.24)). Note that for
(b, M)-bad configurations, i.e., configurations in Q;(b, M), at least one of the events
X, > b" occurs for some v € V, and therefore by a union bound over v € V' we have
that

e, (250, M)) < Z pe, (X > bL) <1/n',
veV

This finishes the proof of (6.27).
To prove (6.28), for a set U C V such that uj,v; € U, let

Corrg, (U, uj,v;) i= |76, 10y, = 1110y = 1) = 7, 0) (1l = 1 1, = 2)].

Note that by the symmetry of the states in the Ising model, we have that mg(
(To; = 1) = 7g) (1o, = 2) = 1/2 and therefore

TGU] (Tuj =1|n, = 1)
TGU] (Tuj =1] To; = 2)

TG[U] (Tuj =17, = 1)
Ta) (Tuj =L, = 2)

Corrg, (U, uj,v;) = —1‘: — 1.
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By Lemma 6.5 and since G; has maximum degree < A, we obtain that
9
Corrg,; (U, uj,v;) < ﬁCorrGj(U, Uj,Vj),
and therefore to prove (6.28) we only need to show that
(6.35) E; [Corrg, (Us,, uj,v;)] < €.

For convenience, let F; be the event that the Potts configuration &; is (b, M)-bad,
ie., F; ={0; € Q;(b,M)}, and denote by F; the event that &; ¢ Q;(b, M).

Ej [G)?FGj (U&]. , Ujs ’Uj)] = Ej [C/O?I’G]. (U&j,uj, Uj) | fj]ﬂj (f])
+ E; [GJ?FGJ (U&j s U, v5) | fj]ﬂj (fj)
1 — -
(6.36) < 5t E [Corr, (Us,,uj,v5) | Fj ],

where the inequality follows from the bounds C/o\rrGj(U&j,ujmj) <1 and py; (]—'j) <
1/n'0 from (6.27). Recall that P, ; denotes the set of paths of length ¢ that connect
u; and v; in G;. Consider also the r.v.

B
Y, = n10 + Z Z 1{P is bichromatic} x (1 " B) .

= L()PG/PIQ

Recall that Us, is a bichromatic class under ¢; which contains u; and v; (chosen
uniformly at random from among the set of all such classes if there is more than one).
Conditioned on the event 6; ¢ Q;(b, M), we have that every bichromatic component
under 6; has average growth b up to depth L = [M logn]| and therefore, irrespective
of the random choice of Us,, we obtain by Lemma 6.4 that C/c;r(; (Us;,uj,v5) <Y
Note that in applying Lemma 6. 4, we used that Pp; =0 for all £ € [1, LO] this holds
because the edge {u;,v,} does not belong to a short cycle in G (and therefore in G;_1
as well). We thus have that

_ . E,[Y] 2
(6:37) E;[Corrg, (Us,,uj,v;) | F5] < B;[Y; | Fj] < ﬁ =< (1 + W)EJ—[YA,

where the last inequality follows from 1/ug, (F;) < 1/(1 —1/n'%) < 1+2/n'0 (cf.
(6.27)). Using (6.34) and the fact that Ly > max{¢y,¢'} for all sufficiently large n,
we have that

1 L 1B -1]\*
(6.38) Ej[Yj]gﬁJrZPg,j K-

t=Lg

Since G satisfies item 1, we have that the sum in (6.38) is less than 1/n° and hence
(6.37) and (6.38) give that for all sufficiently large n it holds that

. 1] 2 (1 1
E; [Corre; (Us, uy,05) | F5] < 10+ZP€’J( +1> +nl°(nlo+n5).

Combining this with (6.36) yields (6.35), therefore concluding the proof of (6.28).
This finishes the proof of Theorem 6.11. O
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7. Analyzing random-cluster on graphs with tree-like structure. In this
section, we give the proof of Lemma 5.2. We begin by revisiting the uniqueness
results of Haggstrom [16] on the (A — 1)-ary tree; then, we use these results to obtain
Lemma 5.2 in section 7.2.

7.1. Uniqueness on the (A — 1)-ary tree. Fix an integer A > 3. In this
section, we review the results of Haggstrom [16] about uniqueness of random-cluster
measures on the infinite (A — 1)-ary tree. In fact, it will be more relevant for us to
consider the case of finite trees of large depth (rather than the infinite tree itself);
this approach has also been followed in [15, Chapter 10] for the case A = 3.

As in section 2.2, let Ta denote the infinite (A — 1)-ary tree with root vertex
p. For integer h > 0, let T}, = (V},, E},) denote the subtree of Ta induced by the
vertices at distance < h from p and let Lj;, denote the leaves of Tj,. We will consider
the random-cluster distribution on T} with the so-called wired boundary condition
where all the leaves are identified into a single vertex or, equivalently, all the leaves
are connected to a vertex “at infinity.”® In particular, for S C Ej,, let k*(S) denote
the number of connected components in the graph with vertex set V;, U{oo} and edge
set S U (Lp, x {o0}); the purpose of the extra vertex oo and the edges Lj x {oo}
connecting the leaves to oo is to capture the wired boundary condition that all leaves
are in the same cluster. The “wired” random-cluster distribution on 7}, is given by

_ pls‘(l — p)'Eh\slqk*(S)
Zh,

, where Zy = Z pISI(1 = p)lER\SIgk™(S)
SCE)

(7.1)  #,(5)

Denote by p <+ co the event that there exists an open path connecting the root p to
infinity (or, equivalently, that the root is connected via an open path to some leaf).
The following lemma is implicitly proved in [16] in the context of the infinite tree; we
give an alternative proof following the approach in [15, Chapter 10] which is carried
out for the case A = 3. (The proof is for the sake of completeness, and the reader
might want to skip this.)

LEMMA 7.1 (see [16, Theorems 1.5 and 1.6]). Let A >3, ¢>1 and p € [0,1].
Then, in the wired random-cluster distribution on Ty, the probability of the event
p <> 00 converges as h grows, i.e.,

lim @} (p <> 00) = ¢*, where " € [0,1].

h—o0

Forp.(q,A) asin (2.3), it holds that * = 0 if p < pc(q, A) and o* > 0if p > p.(q, A).

Remark 7.2. For the sake of completeness, we remark that at criticality, i.e., when
p = pe(g,A), it holds that p* =0iff 1 < ¢ < 2.

Proof of Lemma 7.1. For convenience, let d := A — 1. Let Z} o denote the
contribution to Zj from S C Ej, such that p is connected to infinity and Z; _  from
Z;,oo
2y 00 T4, -

oo

S C E}, such that p is not connected to infinity. Note that ¢ (p <> 00) =
for all h > 0. Moreover, with ¢ := % + 1 — p, we have that

5To motivate the wired boundary condition, consider the case where we have a connected graph
G and we want to upper bound the probability that a vertex v belongs to a large cluster in an
random-cluster configuration. Using the monotonicity of random-cluster (cf. Lemma 5.3), we can
restrict our attention to the graph induced by the ball of radius h around the vertex v, by conditioning
all edges outside the ball to be open. This conditioning has exactly the same effect as the wiring we
describe here.
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i () (5 (%) "
d

—q <Z}>:,oo + tZ}t,ﬁoo)d —q <(1 _p>Z;;,oo + tZZ‘VOO)
q q ’

)Z* g Z;;—\oo -k (l_p)Z;;oo—’—tZ;—\oo I
i mt S () (F) (P )

It follows that ¢, | (p ¢+ 00) = f (¢} (p ¢ 00)), where

(o))
(t+p(1——)x) +(q—1)(t—f )d

Note that® o5 (p ¢+ 00) < ¢ (p > 00) for all h > 0 and therefore, as h goes to
infinity, ¢ (p <> 00) converges to a limit ¢* which is the largest root in the interval
[0,1] of the equation

f(z) =

" = fe").
Consider the transformation u = W, whose inverse transformation is given
by ¢* = %. It follows that w is the largest root in the interval [1, ﬁ} of
the equation
+q(1—p))(u—1 d_1 1
(7.2) (p al p))( ) = — Y or equivalently p=1— ———
plu+qg—1) ul+ (g —1) 1+ h(u)

where h(y) = % is the same function as in (2.3).
We next examine for which values of p it holds that the root u of (7.2) is strictly
larger than 1 (note that ¢* > 0 iff u > 1). Recall from (2.3) that the value of p.(¢q, A)

is given by

1 where _ =D+ q-1)
1+inf,~1 h(y)’ here h(y) : (y? —y)

First, consider the case p < p.(q,A). For the sake of contradiction, assume that
u > 1. Then, we obtain from (7.2) that

1 -1 1
1+ h(u) 1+ inf,~q h(y)

a contradiction. Thus, ¢* =0 for all p < p.(g, A).
Next, consider the case p > p.(g,A). Using the continuity of the function h in

(2.3) pe(q,A) =1—

p=1- = pe(q, A),

the interval (1,00), we obtain that there exists y > 1 such that p=1— 1++(y) Note
that 1
1+h
hiy) = 7
and we have that y < 1+ h(y) for all y > 1, so in fact y € (1, —] It follows that
u, the largest root in the interval [1, ﬁ] of (7.2), satisfies u > y > 1, and therefore
"> 0. ]

6This follows from Lemma 5.3: the event p ¢ oo is increasing and ®}, can be obtained from
902-&-1 by conditioning the edges incident to the leaves of T} to be open.
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We will need the following corollary of Lemma 7.1 for a slightly modified tree
where the root has degree A —2. In particular, for an integer h > 1, let Ty = (Vh, Eh)
be the tree obtained by taking A — 2 disjoint copies of Tj,_1 and joining their root
vertices into a new vertex p (for h = 0, we let Ty, to be the single-vertex graph).
Analogously to (7.1), we use Ly, to denote the leaves of the tree and ¢}, to denote the

wired measure on T}, where all the leaves are wired to infinity, i.e.,

| — p)lEn\SIgh*(9)
Zy

5| . i )
(7.3) pi(s) =Pt where Z = 37 plSI(1L — p)/B\SIgE®),

SCEy,

and k*(.S) denotes the number of connected components in the graph (Vh U{oo}, SU
(Lh X OO))

COROLLARY 7.3. Let A > 3, ¢ > 1, and p < p.(q,A). Then, in the wired
random-cluster distribution on Tj, the probability of the event p <> co converges to 0
as h grows, i.e.,

lim ¢ (p <> 00) = 0.
h—o0

Proof. Let T, = (Vi, Ep) and T, = (Vh,E‘h). Since T}, is a subgraph of T}, we
may assume that V;, C Vj, and Ej, C Ej. Observe that

@1 () = @5 (- | Ex\Ey, closed).
Since the event p <> 0o is increasing, we have that
@t (p > 00 | Ex\E), closed) < ¢ (p ¢+ 00).

It follows that @} (p <> 00) < @) (p <> 00). Using Lemma 7.1 for p < p.(g,A), we
obtain the corollary. 0

7.2. Analyzing random-cluster on disjoint trees whose roots are con-
nected via a path. We are now in position to prove Lemma 5.2, which we restate
here for convenience.

LEMMA 5.2. Let A > 3 be an integer, ¢ > 1, and p < p.(q,A). There exist
constants K < 1/(A — 1) and € > 0 such that the following holds for all sufficiently
large integers £ and h.

Let G be a A-regular graph and P be a path with ¢ vertices whose h-graph-
neighborhood contains (1 —€)l isolated tree components. Let og be the random-cluster
distribution on G with parameters p,q. Then,

wa(path P is open) < K*.

Let us first give the rough idea of the proof. For simplicity, we will consider
the somewhat special case where ¢ = 0, but the argument can be easily adapted to
account for small positive € > 0. In particular, let H be the graph induced by the
h-graph-neighborhood of the path P, together with the edges of P. For ¢ = 0, the
assumptions of the lemma imply that H is a union of ¢ disjoint trees, each” isomorphic

7A technical detail, which is not important for this rough outline, is that we have to be a
bit careful with the endpoints of the path, since the degree regularity of G implies that the trees
“hanging” from the endpoints of the P have to be copies of (A — 1)-ary tree T} (where the root has
degree A — 1 instead of A — 2, which is the case for Th)
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to T}, whose roots are connected by a path. Using the monotonicity of the random-
cluster distribution (cf. Lemma 5.3) to upper bound the probability that P is open in
»a, we can condition all the edges outside H to be open; let ¢}; be the conditioned
probability distribution (note the analogy with the wired measure we considered in
the previous section).

Consider first the graph F which is the disjoint union of the ¢ trees (i.e., F is
obtained from H by removing the edges of the path P) and let ¢3 be the analogue
of ¢}, (i-e., the random-cluster distribution on G\ P where all edges outside F' are
assumed to be open). Crucially, since p < p.(g, A), we have by Lemma 7.1 that only
€' roots are connected via an open path to infinity, where ¢ > 0 is a constant that
can be made arbitrarily small by taking the depth h of the trees sufficiently large.
Denote by R this (random) set of root vertices, so that |R| < ¢’¢ with high probability.

Now, we add the edges of the path P and consider how this reweights the random-
cluster configuration. In particular, we focus on edges of the path which are not
incident to a root in R, letting e be such an edge. If e is open, we get a factor of
p/q in the weight of the random-cluster configuration (p because e is open and 1/q
because the total number of connected components decreases by 1); if e is closed, we
get a factor of 1 — p in the weight of the random-cluster configuration (because e is
closed—note that the number of connected components stays the same in this case).
Since |R| < €'¢, there are at least £ — 2¢' edges of the path P that are not incident to

a vertex in R. Therefore the probability that all of them are open is roughly 7¢(1=2¢)
where 7 := %. For p < pc(g,A) it holds that 7 < 1/(A — 1) and hence the

lemma follows by taking € > 0 to be a sufficiently small constant (to account also for
the roughly 2¢'L choices of the set R).

Proof of Lemma 5.2. For convenience, let d := A—1. We begin first by specifying
the constant K and how large ¢ and h need to be.

Let 7 := ﬁ and note that for all p < p.(g,A) we have that 7 < 1/d (since
pe(q,A) < 7i=)- Let K be any constant satisfying 7 < K < 1/d and € > 0 be
a small constant such that for € := 10¢%¢ it holds that Tl_aqloel < K (note that
such an e exists by considering the limit ¢ | 0). Let £ be sufficiently large so that
€0 > el > 2.

As in section 7.1, for an integer h > 0, let Ty = (Vh, Eh) denote the subtree of
the (A — 1)-ary tree with height h where the root p has degree A —2 (and every other
nonleaf vertex has degree A). Let Z; denote the partition function of the random-
cluster model where all the leaves are connected to infinity (cf. (7.3)). Let Z,’:OO be
the contribution to Z; from S C E), such that p is connected to infinity and ZA;:ﬁoo
from S C Ej, such that p is not connected to infinity. Since p < p.(q,A), we have by
Corollary 7.3 that for all sufficiently large h it holds that

(7.4) Zh o] Zh < e

We are now ready to proceed to the proof of the lemma. Consider a path P with
vertices uy, . .., ug whose h-graph neighborhood contains at least (1 —€)¢ isolated tree
components. By definition, an isolated tree component contains exactly one of the
vertices ui,...,uy and therefore the set

U= {uz ‘ u; belongs to an isolated tree component and w; # uq, u[}
satisfies |U| > (1 — €)f — 2 > (1 — 2¢)¢. Observe also that

for u € U, T',(G\P,u) induces a subgraph in G which is isomorphic to T},.
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Indeed, for v € U, denote by C, the component of the h-graph-neighborhood of the
path P that the vertex u belongs to. Since u € U, C, is isolated and therefore the
vertex set of C,, is precisely I'y,(G\ P, v) and C,, is an induced subgraph of G. It remains
to observe that C, is a tree (since u € U), every nonleaf vertex in C, different than u
has degree A (since the graph G is A-regular), and u itself has degree A — 2 (since
u # Uy, ug).

Let F be the subgraph of G induced by the vertex set UueU ', (G\P,u). Note
that F' is a disjoint union of copies of T,. For convenience, denote by Vg, Er the
vertex and edge sets of F' and similarly denote Vp, Ep for the corresponding sets of
the path P. Note that Ep is disjoint from Ep (though Vp and Vi intersect at the
roots of the trees). By Lemma 5.3, we have that

v (P is open) < (P is open | all edges in E\(Ep U EF) are open).

The conditioning in the r.h.s. has the same effect as “wiring.” In particular, let
H = (Vy, Eg) be the subgraph of G with vertex set Vp U Vr and edge set Ep U Ep.
Note that H is a path with (disjoint) copies of the tree T, “hanging” from most
vertices of the path (in particular, the vertices in U). Let L be the set of leaves of all
the trees and let W = (Vp\U) U L. Let ¢%; be the random-cluster distribution on H,
where we wire all vertices in W to infinity, i.e., ¢j}; is given by

Zy

, where Z3; := Z pISI(1 — p)Ba\SIgh™(5),
SCEu

(7.5) ¢u(9)

where k*(S) is the number of connected components in the graph with vertex set
Vi U {0} and edge set S U (W x oo). With this definition, we have that

@i (P is open | all edges in E\(Ep U Ep) are open) = ¢} (P is open).

Let @ be the contribution to Zj; from configurations S C Ey such that the path P

is open, i.e.,
Q= Z pIS\(l _p)IEH\Squ (9,
SCEm; EpCS

We will show that for all sufficiently large h (so that (7.4) holds) and all sufficiently
large £ it holds that

@8 zi=("ra ») (@) as< (g)é_lqu’f(zh/q)w'.

Assuming (7.6) for the moment, note that

QD*(P is Open) — Q* S T@*lqlogg S KZ7
ZH

where in the last inequality we used that for all sufficiently large ¢, we have Té_lqloe/e <

(717 q10¢) ¢ < K. This proves the lemma. We therefore focus on proving (7.6).
To prove the first inequality in (7.6), note that for any S C Ey, we have

IS| =[SNEp|+[SNEp|, |Eg\S|=|Ep\S|+ (-1~ |SNEp|),

(7.7)
k*(S) + SN Ep| > k*(S N Ex).
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The equalities follow from the fact that {Er, Ep} is a partition of Ey, while the
inequality follows by noting that deleting an edge in S N Ep increases the number of
connected components by at most 1. Using (7.7) and ¢ > 1, we therefore obtain that
(withm =|SNEp|and S’ = SN EF)

Zi > Z plSI(1 — p)|Ea\S| g™ (SNEr)=|SNEP|

—1
B =1\ /p\™ t—1-m 15| |ER\S'| k" (S")
e = (L)) aen X e

S'CEF

In the following, we focus on lower bounding the inner sum in (7.8). Recall that the
graph F consists of |U| disjoint copies of the tree T}, each rooted at a vertex in U.
For an integer r =0,...,|U]|, let

Qp(r) = {S’ C Ep ’ exactly r vertices in U are connected to oo in the graph }

with vertex set Vp U {oco} and edge set S" U (L x o)
Then, we have that
|U|—r 154 ENS kS _ (TUN s \res U|—r
(7.9) ¢ > ¥ -p) ¢ = (1) (Znoo) (Znoe) ™
S'€QR(r)

(Note that the r.h.s. in (7.9) counts |U| — r 4+ 1 times the component containing oo,
while £*(S’) counts only once for all §" C Ep, which explains the need for the factor
¢!YI=" on the Lh.s.). We therefore have that (using ¢ > 1)

(7.10)
U] Ul - Z U]
S’ S’ S’ T 5 Ufr h
Z PIS1(1—p) B\ h"(8) = q‘Ulz < ) (Znoo) (Zn,=o0) > ( q) .
S'CEp

Plugging (7.10) into (7.8) and using the binomial expansion yields the first inequality
in (7.6), as wanted.

To prove the second inequality in (7.6), consider as before the set of configurations
Qp(r) where exactly r roots of the trees are connected to infinity and let Qg (r) =
{S"UEp |8 €Qp(r)}. For S € Qg(r), we will show

|S| =[SNEp|+({—1), [Eg\S|=I|Er\S|,

(7.11) E*(S) +2(|U| —7) — (£ —1) < k*(SN EFr),

The equalities are an immediate consequence of the equalities in (7.7) and the fact
that, by the definition of Qg (1), we have that Ep C S for all S € Qg (r). To justify the
inequality, note that there are exactly M = r+£—|U]| vertices of the path P which are
connected to infinity. It follows that there are at least £ —1—2M = 2(|JU|—7r)— (£+1)
edges in SN Ep = Ep whose endpoints are not connected to infinity; deleting any of
these edges causes the number of components to increase by one. Using (7.11) and
the fact that ¢ > 1, we can bound @Q by

(7.12)
v Ll

Q< Z Z [S] 1 _ |EH\S\ k*(SNEp)+(+1)—2(|U|-r) _ (g)é— ZAT’

r=0 S€Q (1) r=0
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where , , ,
A, = Z p\S \(1 ,p)IEF\S \qk (8)+2(=U|=r)
S €Qp(r)

Using (7.9) again, we obtain that

~ r ~ |U|—r
Ay _ q2(l—|U\)+3r (|U) Zh,oo Zh7_‘00 )
(Zn/g)V! r Zp Z
Recall that ¢ = 10¢3¢; using (7.4), note that for all » > €/¢ we have
~ r N {— r r
(|U> ZfAL,oo Zhlﬁoo < <6|U|> e < (eé) e < 13 )
T Zh Zh r r (4q )T

We also have that |U| > (1 —2¢)¢, so £ —|U| < 2¢ef. Therefore, for all sufficiently large
¢ we have the bound

L 0N Znse N (Znn)
_ - ZAT < q4dzq3r< ) A7OO l_‘OO
(Zh/q)l | r=0 r=0 " Zh Zh
L'¢)

< q4eé 1+ Z qSE’E < ql()e%.
r=0

Plugging this into (7.12) yields the second inequality in (7.6), as needed. 0

8. Analyzing the Potts model on graphs with tree-like structure. The
goal of this section is to prove Lemma 6.6.

8.1. Analyzing Potts on trees. Fix an integer A > 3. As in section 7.1, we
use Ta denote the infinite (A — 1)-ary tree with root vertex p. For integer h > 0, let
Tn = (V, Er) denote the subtree of Ta induced by the vertices at distance < h from
p and let Lj denote the leaves of Tj,.

Recall that uniqueness on T A implies that root-to-leaves correlations on T}, tend
to 0 as h — oo; cf. Definition 2.2. The following lemma extends these decay properties
to arbitrary subtrees of Tj,; this was proved in [8] in the case of the colorings model
and the proof for the Potts model is analogous.

LEMMA 8.1. Let A, q > 3 be integers, and let B > 0 be in the uniqueness regime
of the (A —1)-ary tree. There exists a function ¥ : N — Rxq with 9(h) — 0 as h — oo
such that the following holds for any integer h > 0.

Let T}, be an arbitrary subtree of T}, containing the root p and let L) be the set
of vertices in T at distance exactly h from p. Then, for any color ¢ € [q] and any
configuration T : L}, — [q], it holds that

1
wry(op =l oy, =7) = 2| < 0(h).

Proof. We will show that the statement of the lemma holds with the function ¥(-)
given by 9¥(0) = 1 and

1
J(h) : ma . 1
( ) c€lq], T:l),(;L_>[q] Ky, [U(P) | oL, 7—] p
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Note that since B is assumed to be in the uniqueness regime of the (A — 1)-ary tree,
we have by definition that ¥(h) — 0 as h — oo.

We first show by induction on h that, for all A > 0, for all subtrees T} of T},
containing the root p, for all configurations 7 : Lj — [¢] and any color ¢ € [g], it holds
that

(8.1) pr (o, =clop =7)=pr,(0,=clog =7).

For h = 0 the result is trivial. Supposing that h > 1 and that the result holds for all
integers less than h, we prove the result for h as well. Let U = {uy,...,ua—_1} be the
children of p in T} and let U’ C U be the children of p in T}. For a vertex u € U,
denote by T}, (u) the subtree of T}, rooted at u and by Ly (u) the vertices in Lj, that
belong to the tree T}, (u). Similarly, for a vertex u € U’, denote by T} (u) the subtree
of T} rooted at u and by L} (u) the vertices in L) that belong to the tree T} (u). Using
standard tree recursions (see, for example, [11, Lemma 19]), we have that

(8.2)
_ e O == B)pn (0w = el o1, = T14m))
Sty Tuew (1= (= Bz, wy (0w = ¢ | 011 (w) = TL1 (w)))

pr, (0, =clop =7)

and

(8.3)

_ Tluew (0= Q= B)pry (0w = c | 01 ) = T14,w))
X Tluer (1= (1= Bury (0w = ¢ [ o1y ) = Tr4 )

py(0p = clog, =7)

For every u € U\U’ we have that L} (u') = 0 and therefore, using the symmetry
among the colors, we have that for every ¢’ € [¢] it holds that

(8.4) 11, () (O = € | 01 ) = Lt () = By () (0w = ) = 1/g.

For u € U’, we have that T}, (u) is isomorphic to Ty, and T}, (u) is a subtree of T}, (u),
so by the induction hypothesis we have that for any color ¢ € [¢] it holds that

(8.5) iy () (0w = ¢ 1oL () = Tor () = B3, () (0w = € | OL, () = TLy (w))-

Combining (8.2), (8.3), (8.4), and (8.5) yields (8.1), thus completing the induction.
To complete the proof it remains to observe that for any color ¢ € [g], it holds
that

pr,(0p=c|op, =T)

= Y. unlo,=cloy =700\, =n) X pr, (op,\z, =n | oL, =7).
n:Lp\ L}, —[q]

Note that by the definition of the function J(-), for any n : L\ L} — [¢] we have that
i (0 = ¢ [ ony, = 70,000 =) - %‘ < d(h)
and Zn:Ln\L’hﬁ[q] p, (or,\r; =1 |or, =7) =1, which gives that
(o =l owy =) = o] < o),

Combining this with (8.1) yields the lemma. d
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8.2. Analyzing Potts on disjoint trees whose roots are connected via a
path. To prove Lemma 6.6, we will need the following lemmas.

LEMMA 8.2. Let ¢ > 3 and B € (0,1), and set x := Bl_ijﬁl. Let P be a path with

¢ > 2 vertices and endpoints u,v. Then, for arbitrary colors c,c’ € [q], it holds that

pp(P is bichromatic | o, = ¢, 0, = ¢') < (4q/B)x* 2.
Proof. Let z be the neighbor of v (note that if £ = 2, then z = u). We have that
(8.6)

pploy=c |oy=c) = Z pploy=c |o.=c" 0, =¢)x pup(o, =c" | o, =c).
c” €[q]

Note also that for arbitrary colors ¢, ¢, ¢” € [¢q] we have that
1{6/20//}

> B/(B+q—1).

ILLP(UU:C/‘Uz:C”;a'u:C):/“‘LP(UU:CI|UZ:C//)2Tq_l_

Combining this with (8.6), we obtain that up(c, =¢ |0y =¢) > B/(B+q¢—1) and
hence

1 B
8,7 — — / — — = / = > ——.
(8.7) pplow =00 =) = uploy=clow=c) = Jrpmr

Let ¢, c2 € [g] be distinct colors in [¢] and £(cq, ¢2) be the event that every vertex
in P is colored with c1, cy. The lemma will follow by showing that

(8.8) pp(€(er,e)) =2x"""/q.

Let us briefly conclude the lemma assuming (8.8). Indeed, if ¢ # ¢/, then applying
(8.8) for ¢; = c and ¢y = ¢’ and using the lower bound in (8.7) we obtain that

pp(P is bichromatic | o, = ¢, 0, = ¢/) < (4/B)x* 72,

while, if ¢ = ¢/, we obtain by summing (8.8) for ¢; = ¢ and the ¢ — 1 possible values
of ¢y that
pp(P is bichromatic | o, = ¢, 0, = ¢') < (4q/B)x* 2.

It remains to prove (8.8). For convenience, denote by wy, ..., w, the vertices of P in
order so that u = wy and v = wy and let C' = {¢1,c2}. Note that

4
pp(E(er,c2)) = pp(ow, € C)[[rr(ow, € Clow,_, €C,... 00, €C).

=2

We have pup(oy,, € C) =2/q. For i = 2,...,n, let P; be the path induced by the
vertices w;_1,...,Ww,. We have that

pp(ow, €C | ow,_, €C,...,00, €C)=pp (0w, €C|ow,_, €C).

Since pp, (0w, € C) = pup,(0w,_, € C) = 2/q, we have by the Bayes’ rule that

1+ B
upi(o-wi ecC | Ow;_y € C) = lupi(a-wi—l eC | Ow,; € O) = m =X

Combining these, we obtain (8.8), therefore concluding the proof of Lemma 8.2. O
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We will use the following corollary of Lemma 8.2.

COROLLARY 8.3. Let ¢ > 3 and B € (0,1), and set x := Bl_:ﬁl. Let P be a path
with £ > 2 vertices and let A be a subset of the vertices which includes the endpoints

of the path. Then, for any configuration T : A — [q], it holds that

pp(P is bichromatic | oy = 1) < (4q/B)M\=2AL

Proof. Let t := |A| and denote the set of vertices in A by uy,...,u; in the order
that they appear in the path. Note that u; and w; are the endpoints of P (since by
assumption A includes the endpoints of P). For i =1,2,...,t — 1, let P; be the path
induced by the vertices between u; and u;4; and let ¢; be the number of vertices in
P;. Then, we have

wp (P is bichromatic | op = 7) < up(P; is bichromatic for i =1,...,t —1|op =7)
t—1
= H;ij (P; is bichromatic | oy, = Tu,, Ouiy = Tuisy)-
i=1
By Lemma 8.2, we have that

pp, (P is bichromatic | 0y, = Tu;, Ousyy = Tuiy) < (4g/B) x5 2

and therefore, since Zf ¢; =/{ and x, B € (0,1), we obtain that
pp (P is bichromatic | o = 7) < (4q/B)AM=1y 720870 < (4q/ B)IA\F=2IAL

This finishes the proof. O
We are now ready to prove Lemma 6.6, which we restate here for convenience.

LEMMA 6.6. Let A,q > 3 be integers, and let B € (0,1) be in the uniqueness
regime of the (A — 1)-ary tree with B # (A —q)/A. Then, for any € > 0, there exists
a positive constant K < Bljzﬁl + ¢ and € > 0 such that the following holds for all
sufficiently large integers £ and h.

Let G be a graph of mazimum degree A and P be a path with { vertices whose
h-graph-neighborhood contains (1 — €)€ isolated tree components. Let ug be the Potts

measure on G with parameter B. Then,

pe(path P is bichromatic) < K*.

Proof. Let x := Blfﬁ 7 and consider arbitrary €’ > 0. We begin by specifying the
constants K, € and how large ¢ and h need to be. In particular, let K be any constant

satisfying y < K < x + ¢ and € > 0 be a small constant such that
1/q+e€
1/q—¢

Note that such an € exists by considering the limit € | 0. Let ¢ be sufficiently large so
that

1—2¢
(8.9) (4/xB)* ( x) < K/(1+0).

(8.10) e0>2 and (1+¢)">¢%

Finally, let ¥(:) be the function in Lemma 8.1, so that for all sufficiently large h it
holds that

(8.11) 9(h) < e.
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We are now ready to proceed to the proof of the lemma. Let G be a graph and

consider a path P in GG, with vertices u, ..., ug, whose h-graph neighborhood contains
at least (1 — €)¢ isolated tree components. By definition, an isolated tree component
contains exactly one of the vertices uq,...,u, and therefore the set

U= {uz ‘ u; belongs to an isolated tree component and wu; # uq, u[}

satisfies |[U| > (1 —€)f—2 > (1 —2¢){. Note that we exclude the endpoints of the path
P from U, even if they belong to isolated tree components. Let also U denote the set
{u1,...,ue}\U, so that |U| < 2¢f. Recall that T}, is the subtree of the (A — 1)-ary
tree consisting of vertices at distance at most h from the root. By definition of the
set U, we have that

(8.12) for u € U, T'y(G\ P, u) induces a subgraph in G which is a subtree of T},.

For u € U, let for convenience V,, = I'y,(G\P, u), F,, be the subgraph of G induced on
V. and L, be the set of vertices that are at distance h from v in F,. Note that F,, is
a tree rooted at w all of whose vertices are at distance at most A from wu; L, is thus
the set of all leaves in F,, which are at distance h from u (note that there could be
other leaves which are closer to u but these will not matter).

Let F be the union of the subgraphs F,, for u € U; note that F'is a disjoint union
of copies of trees (each of which is a subtree of T}, from (8.12)). Let also L := J,,¢yy Lu-
We will also denote by Vp, Ep the vertex and edge set of the path P. Note that Ep
is disjoint from Ep (though Vp and V intersect at Vp). Finally, let H = (Vg, Eg)
be the subgraph of G with vertex set Vp U Vp and edge set Ep U Ep.

To bound the probability that P is bichromatic, we will condition on a worst case
boundary configuration on L and U. In particular, we have the bound

pa(P is bichromatic) < max_ pg(P is bichromatic | o, = 7, op = 7).
T:L—[q],7":U—][q]

To bound the r.h.s., fix arbitrary configurations 7 : L — [¢],7" : U — [q] and note
that

pe (P is bichromatic | o = 7, o7 = 7') = pu (P is bichromatic | o, = 7, o = 7'),

so the lemma will follow (since 7,7’ are arbitrary) by showing that, for arbitrary colors
¢1,¢2 € [q], it holds that

(8.13) pa(E(cr,e) lop =71, 05=17") < K%/¢?,

where £(c1, ¢2) is the event that each vertex in P is colored with either ¢; or cz. Since
U includes the endpoints of the path P, by Corollary 8.3 we have that

(8.14) pp(E(er ) | o =) < (4g/B)ITIX 2T = (4q/x BTNV,

Let Zp be the partition function of the path P and let Zp(c1,ca) be the contribution
to Zp from configurations such that P is colored with c¢; or c¢s, i.e.,

Zp: Z ’U)p(O'), Zp(Cl,Cg): Z ’LUP(O').

o:Vp—ql; OU:T/ o:Vp—{ci,ca2}; O'ﬁ:”l'/
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Then, (8.14) translates into

Zp(er,e2)/Zp < (4g/xB)TIXIL.

The trees hanging from vertices in U reweight the probability that the path is bichro-
matic but do not cause significant distortion since the states of the roots are roughly
uniformly distributed (because of uniqueness on the tree). To quantify this, for u € U
and a color ¢ € [g], let

Zy(c) = Z wr, (0).

o:V,—[ql;
OL,=TL,, Ou=cC

Let also Z, = 3_ ¢, Zu(c). By Lemma 8.1 and the choice of h in (8.11), we have
that for all ¢ € [¢] it holds that

(8.15)

We can now write ,LLH(E(Cl,CQ) |op =7, 050 = 7") as

ZO’CVP*}{Cl,CQ}; aﬁzr’ wp (U) HueU Zu (UU)

ZO’:VP—)[Q]; og=1' wP(U) HueU Zu(CTu)

pr(Eler,eo) o =7, 05=17") =

Dividing both numerator and denominator by [],, i Zu, we obtain using (8.15) that

uelU

1/q+¢
1/q—¢

|U|
) (Zp(cr,e2)/Zp)

_ N
< (4q/xB)IV! (ﬁx) :

We have |U| > (1 — 2¢)¢ and |U| < 2¢/, so from the choice of € and ¢ in (8.9) and
(8.10), we obtain that

:U/H(E(CDCQ) ‘ oL =T,0g = T/) < Kz/(l + 6)6 < Ke/q2a

pia(E(cr,e) lop =1, 05 =7") < (

which is exactly (8.13), as wanted. This concludes the proof of Lemma 6.6. a

9. Correlation decay and sampling for antiferromagnetic Ising. In this
section, we prove Theorem 6.3 and Lemma 6.4. The proofs follow relatively easily
from correlation decay bounds on trees appearing in [27]; the bounds there are stated
for the case of the ferromagnetic Ising model, but there is a simple translation of these
bounds to the antiferromagnetic case which allows us to conclude the desired results.
In section 9.1, we import the results from the literature that we need. We then give
the proof of Theorem 6.3 in section 9.2 and the proof of Lemma 6.4 in section 9.3.

9.1. Preliminaries. Following [27], for a graph G and a vertex uw in G, we
consider the self-avoiding walk tree T = Tsaw (G, u), which consists of all paths
starting from u and not intersecting themselves, except possibly at the terminal vertex
of the path.® The following lemma originates in the work of Weitz for the hard-core
model [33]; it is well-known that the lemma holds more generally for any two-state
system. The particular version we state here is close to [27, Lemma 13].

8More precisely, a self-avoiding walk in our context is a walk w = (v1,...,v¢) where vertices are
pairwise distinct, except that we allow v1 = v¢. The tree T = Tsaw (G, u) is induced by the set of all
walks starting from u, where two walks w1, w2 are connected by an edge if w; can be obtained from
wa by deleting the last vertex of wa (or vice versa). Naturally, we can relabel walks in T" according
to their last vertex, so that each vertex in T corresponds to a vertex in G (in a many-to-one fashion).
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LEMMA 9.1 (see, e.g., [27, Lemma 13]). Let G = (V, E) be a graph and let u
be a vertez in G. Consider the self-avoiding walk tree T = Tsaw (G, u) starting from
u and denote by A the leaves of the tree. Then, there is a configuration n : A —
{1,2} (described in [33]) such that the following holds for any set A C V and any
configuration 7 : A — {1,2}.

Let Uy be the set of vertices in T which correspond to vertices in A and let
n Ua\ A — {1,2} be the configuration where each vertez in Up\A inherits the state
of the corresponding vertex in A under 7. Then,

mg(ou=1]oa=7)=np(ou=1]0a=n,00a=7).

The following lemma follows from a strong spatial mixing result in [27] for the
ferromagnetic Ising model, which in turn builds upon a lemma from [3].

LEMMA 9.2. Let B € (0,1). Let T = (V,E) be a tree, A CV be a subset of the
vertices, and u be an arbitrary vertex. Let 71,75 : A — {1,2} be two configurations on
A which differ only on a subset U C A. Then,

1-B > dist(u,v)

rr(ou=1loa=m) —mr(on=1]oa=m)| < ) (1+B
velU

where dist(u,v) denotes the distance between u and v in T.

Proof. Tt is well-known that, on bipartite graphs G = (V, E), there is a measure-
preserving bijection between configurations of the antiferromagnetic Ising model with
parameter B € (0, 1) and configurations of the ferromagnetic Ising model with param-
eter 1/B, obtained by flipping the states of each vertex on one side of the bipartition.
The desired inequality therefore follows from the strong spatial mixing result for the
ferromagnetic Ising model given in [27, Lemma 14]. To translate the parameterization
of that result, note that in [27] the weight of an (ferromagnetic) Ising configuration

o is parameterized to be proportional to exp(28m(c))—therefore 1/B = e, so
tanh 8 = %' Using this translation, we obtain the desired inequality. 0

9.2. Proof of Theorem 6.3. To prove Theorem 6.3, we will use the following
algorithm that allows us to compute conditional marginal probabilities with very small
absolute error.

LEMMA 9.3. Let B € (0,1) and b > 0 be constants such that b};—g < 1, and let
A > 3 be an integer. Then, there exists My > 0 such that the following holds for all
M > M.
There is a polynomial-time algorithm that, on input (i) an n-vertex graph G =
(V, E) with mazimum degree at most A and average growth b up to depth L =
[Mlogn], (ii) a subset A C V with a configuration 7 : A — {1,2}, and (iii) a
vertex uw € V' \ A, outputs a number p € [0, 1] such that
p < B h : 1
|p_p‘ > m, where p := g0y, =1 0op =7),
i.e., p is within absolute error O(1/n't) from the marginal probability that o, = 1
conditioned on op = T, where o is from the Ising distribution mg on G with parame-
ter B.

Proof. Letting My be a large constant so that for n > 2 and Lo := [Mylogn], it
holds that

L A
(9.1) pLo ﬂ ’ < Bi
1+ B ~ 2n!1(1+ BA)
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1-B

75 < 1. Fix M to be an arbitrary constant

Note that such an M, exists since b
larger than Mj.

Let G be an arbitrary n-vertex graph with average growth b up to depth L =
[Mlogn], A CV be a subset of the vertices, 7 : A — {1,2} be a configuration on
A, and u € V' \ A be a vertex. Consider the self-avoiding walk tree T' = Tsaw (G, u)
starting from wu, and denote by A the leaves of the tree. By Lemma 9.1, we have that

there is a configuration n : A — {1, 2} such that
(9.2) nglou=1|op=7)=mp(0cu=1|0a =n,0004 =17'),

where U := U, is the set of vertices in T that correspond to some vertex in A and 7’ is
the assignment on U \ A inherited by 7 (see Lemma 9.1 for details). For convenience,
let F:=UUA and ¢ : F — {1,2} be the configuration which agrees with n on A and
with 7 on U\ A, so that (9.2) can be rewritten as

ng(ou=1]op=7)=nr(0u =1]0F = ().

Let T/ = (V', E’) be the subtree of T induced by vertices at distance at most L — 1
from u and let F' = FNV'. Let

pi=np(oy=1]orp=C() and p:=ap(oy=1|0p = ().

Note that p can be computed in polynomial time since the tree 7" and the configura-
tion (g can be constructed in polynomial time (since 7" is a tree of size O(AL)). So,
the lemma will follow by showing that

BA

(9-3) lp—p| < onTT(1 T BB’
To prove this, let J be the set of vertices in V'\F’" whose distance from u is exactly
L —1in T and note that |J| < b since G has average growth b up to depth L (cf.
Definition 3.3). Note also that, conditioned on the configurations on J and F’, the
probability that o, = 1 depends only on 7" (and not on the configuration on the rest
of the tree T'). Using the law of total probability, we can therefore expand p as

(94) p= Z 7TT/(O‘u:1‘O'F/:CFI,O'J:L)><7TT(O'J:L|O'F:CF).
vJ—{1,2}

Therefore, (9.3) will follow by showing that for any configuration ¢ : J — {1,2} it
holds that

(95) ’WT’(Uuzl‘UF’:CFHO'J:L)_JMSﬁ-

Note that we can expand p analogously to (9.4) by conditioning on the configuration
on J, so to prove (9.4) it suffices to show that for any two configurations ¢y, 1o : J — [¢]
it holds that
BA
< =
"= 911 1 BA)’

where k = |7TT/(O’u =1|op =C(pr,05 = Ll) —ﬂ'T/(cru =1|op =C(pr,05 = L2)|.
By the strong spatial mixing result of Lemma 9.2, we have that
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dist(u,v) L L
1-B 1-B ,(1-B
“SZ(BH) :|J|(B+1) sb <1+B> :

veJ

Combining this with the choice of My (cf. (9.1)), we obtain (9.5), thus concluding the
proof of the lemma. ]

Using Lemma 9.3, the proof of Theorem 6.3 follows by standard techniques. We
restate it here for convenience.

THEOREM 6.3. Let B € (0,1) and b > 0 be constants such that bﬁ_—g < 1, and
let A > 3 be an integer. Then, there exists My > 0 such that the following holds for
all M > M.

There is a polynomial-time algorithm that, on input an n-vertex graph G with
mazimum degree at most A and average growth b up to depth L = [M logn|, outputs
a configuration T : V — {1,2} whose distribution v, is within total variation distance
1/n'0 from the Ising distribution on G with parameter B, i.e.,

e~ 7l < 1/,

Moreover, the algorithm, when given as additional input two vertices u and v in G,
outputs a configuration 7 : V. — {1,2} such that 7, = 1 and 7, = 2, and whose
distribution v, satisfies

HVT - 7Té’?u,v(')HTv <1/n'°,

where ﬂ'él?u,v s the Ising distribution on G conditioned on w having state 1 and v
having state 2.

Proof of Theorem 6.3. Denote by vy, v, ..., v, the vertices of G. The algorithm
will sample the state s; of vertex v; sequentially for ¢ = 1,...,n. We just give the
details for the first part of the algorithm; the proof of the second part is completely
analogous (namely, it suffices to assume in the following that we first set v; = u, vy =
v, then fix the states s;1 = 1, so = 2, and finally sample the states s; for i = 3,...,n).

Assume that, at some time ¢ = 1,...,n, we have sampled the states sq,...,8;_1
(which can take arbitrary values in {1,2}). Using the algorithm of Lemma 9.3, we
obtain in polynomial time numbers p;(1),5;(2) € [0, 1] such that p;(1) + p;(2) = 1
and, for s € {1,2}, it holds that

BA
(9.6) |ai(3) *Pi(5)| < ma
where a;(s) 1= mg(oy, = s | 0y, = S1,...,04,_, = Si—1). We then sample the state

s; by letting s; = 1 with probability p;(1), or else s; = 2 (note that s; = 2 with
probability p;(2)). Denote by 7 the final configuration and by v, its distribution.
We will show that, for any configuration n : V' — {1, 2}, it holds that

97) v2n) ~ m6(n)| < x5 ().

so by summing over 7 we obtain

1 1
lor =mally =5 D I —ma)| <5 Y. el =1/n"

n: V—{1,2} n: V—{1,2}
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which proves the first part of the theorem; the second part follows analogously. To
prove (9.7), fix an arbitrary configuration n: V' — {1,2} and let

pi777 = TrG(UUi = T]’Ui | 0111 = T]’Ula ey 0-'01',1 = nvi,1)~

Note that
(9.8) ma(m) = [[pin and vr(n) =[] 5i(n0)-
=1 =1

Moreover, from (9.6), we have that for all i = 1,...,n it holds that

BA DPin

< <
~ 2n'Y(1+ BA) T 2ntl’

|pi,n - ﬁi(%i)

where the last inequality follows from the lower bound of Lemma 6.5. Using the
inequalities 1 —z < e™* < 1 — /2 which hold for all z € [0,1/2], we obtain that, for
€ = 1/n*!, it holds that

eiepi,n < ﬁz(nm) < eepi,fr
Multiplying over ¢ = 1,...,n and combining with (9.8) gives (9.7), thus completing
the proof of Theorem 6.3. 0

9.3. Proof of Lemma 6.4. In this section, we give the proof of Lemma 6.4,
which we restate here for convenience.

LEMMA 6.4. Let B € (0,1) and b > 0 be constants such that bﬁ—g < 1. Then,
there exists M{) > 0 such that the following holds for all M > M.

Let G be an n-vertex graph with average growth b up to depth L = [M logn], and
let u,v be distinct vertices in G. Then

1-B

L J4

1
mglon =10, =1)—mg(oy =10, = 2)‘ < 0 + E Py(G,u,v) <1+B) ,
=1

where Py(G,u,v) is the number of paths with ¢ vertices in G that connect u and v.

Proof of Lemma 6.4. Let M{) be sufficiently large so that for all n > 2 and Lg :=
[M{logn], it holds that

Lo
(9.9) ko G:rg) <1/(2n19).

Note that such a constant exists since bﬁ—g < 1. Fix arbitrary M > M{. Let G be
an arbitrary graph with average growth b up to depth L = [Mlogn], A C V be a
subset of the vertices, 7 : A — {1,2} be a configuration on A, and u € V' \ A be a
vertex.

Consider the self-avoiding walk tree T' = Tgaw (G, u) starting from u, and denote
by A the leaves of the tree and by U the set of vertices in T that correspond to v. For
a subset of vertices W of the tree we denote by oy = 1 the event that all vertices in
W have state 1 and analogously for oy = 2. By Lemma 9.1, we have that there is a
configuration n : A — {1,2} such that for s € {1,2} it holds that

(9.10)  7wg(ouw=1]0, =5)=ps, where p;:=7p(0y =1]0a =1, op\a =5).
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Let T = (V',E’) be the subtree of T' induced by vertices at distance at most
L—1fromuandlet A =ANV', U =UnNV’. For s € {1,2}, let

Py i=mr/(00 = 1|04 =nar,00na = 5).

We will show that

L 1-B\*
/ /
. AR -
(9 11) |p1 p2|_(:1PE(G7U7v) <1+B> s
(9.12) Ipr — Pyl < 1/(2n'°),  |p2 — ph| < 1/(2n'7).

Assuming these for the moment, we obtain by (9.10) and the triangle inequality that

|ta(ow =10y =1) —mg(oy = 1|0y =2)| = [p1 — 2|

L 4
1 1-B
<%+ P el
_moJrk1 é(G’u’v)<1+B> '

thus proving the lemma. It thus remains to prove (9.11) and (9.12).
To prove (9.11), note that by Lemma 9.2, we have that

1-B dist(u,w) L 1-B L
hekls S (15p)  <Rm@un(5p)

weU\ A’

where the last inequality follows from observing that each vertex w € U’\ A’ with
dist(u, w) = ¢ corresponds to a distinct path with ¢ + 1 vertices between u and v in
G. This proves (9.11).

To prove (9.12), we focus on showing that |p; —p;| < 1/(2n!%), the other inequality
being completely analogous. We follow closely a similar argument which was presented
in the proof of Lemma 9.3. Let J be the set of vertices in V'\ (U’ U A’) whose distance
from u is exactly L — 1 in T and note that |J| < bY since G has average growth b
up to depth L (cf. Definition 3.3). Note also that, conditioned on the configurations
on J and U’ U A, the probability that ¢, = 1 depends only on 7" (and not on the
configuration on the rest of the tree T'), i.e., we can write p; as

(9.13)
Z mp(ow =1]0ar =nar,ouna =105 =) xmr(oy=1t]|0a=n004=1).
vJ—{1,2}

Therefore, |p; — pj| < 1/(2n!%) will follow by showing that, for any configuration
v:J — {1,2} it holds that

(9.14) | (00w =1 0oa =nar,ouna =1, 05 =1) — pi| <1/(2n'°).

We can expand p} analogously to (9.13) by conditioning on the configuration on J,
so to prove (9.14) it suffices to show that for any two configurations ¢y, 1o : J — [g] it
holds that k < 1/(2n'?), where k equals

7 (0w =104 = nar,o0na =1, 05 = 1)

*WT/(Uu =1 \ gAr =TA OunAr = 1,05= L2)|-
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By the strong spatial mixing result of Lemma 9.2, we have that

1-B dist(u,v) 1-B L . 1-B L
“<Z(B+1) :|J|<B+1> <b <1+B> :

veJ

Combining this with the choice of M} (cf. (9.9)), we obtain x < 1/(2n'?), thus
concluding the proof of [p; — pi| < 1/(2n!%) and therefore completing the proof of
Lemma 6.4. |
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